Journal of Mathematical Research with Applications
Nov., 2021, Vol. 41, No. 6, pp. 615-628
DOI:10.3770/j.issn:2095-2651.2021.06.006
Http://jmre.dlut.edu.cn

Lipschitz Shadowing Property for 1-Dimensional
Subsystems of Z*-Actions

Lin WANG!, Jinlian ZHANG?*
1. School of Applied Mathematics, Shanxi University of Finance and Economics,
Shanzi 030006, P. R. China;
2. School of Mathematical Sciences, Hebei Normal University, Hebei 050024, P. R. China

Abstract In this paper, the shadowing property for 1-dimensional subsystems of Z*-actions is
investigated. The concepts of pseudo orbit and shadowing property for 1-dimensional subsystems
of ZF-actions are introduced in two equivalent ways. For a smooth ZF-action T on a closed
Riemannian manifold, we propose a notion of Anosov direction via the induced nonautonomous
dynamical system. Adapting Bowen’s geometric method to our case, we show that T has the
Lipschitz shadowing property along any Anosov direction.
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1. Introduction

It is well known that the structural stability is a classical theory of smooth dynamical systems
(i.e., smooth actions of the groups Z or R), which has led to the development of shadowing theory.
The shadowing property describes the behaviour of pseudo orbits on or near a hyperbolic set.
The classical shadowing lemma states that every pseudo orbit lying in a small neighborhood of
a hyperbolic set stays uniformly close to some true orbit (with slightly altered initial position).
At present, shadowing theory is a well developed branch of the theory of dynamical systems, for
the general theory of shadowing theory, we refer to the books [1-3].

Recent years, global qualitative properties of actions of groups more general than Z and R
have been extensively investigated. For the shadowing theory, there are several recent works
for the Abelian group actions in [4-6]. For example, Pilyugin and Tikhomirov [4] considered
the characterization of a classical linear Z*-action T on C™ generated by pairwise commuting
matrices which has the shadowing property [4, Theorem 2]. Precisely, a linear Z*-action on
C™ has the Lipschitz shadowing property if and only if there exists at least one hyperbolic 1-
dimensional rational subspace of R¥, here a 1-dimensional subspace L of R* is said to be rational

if L passes through some integer lattices except for the origin 0. When each of the above
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generators A;,1 < i < k, has integer entries and whose determinant is equal to +1, we can get,
from the above result, a characterization of the induced Z*-action T on the torus T™ which
has the shadowing property. A natural question is: for more general ZF-actions on compact
metric spaces or Riemannian manifolds, how can we consider the shadowing property along
1-dimensional subspaces, including rational and irrational cases, of R¥?

The main aim of this paper is to answer the above question for certain Z*-actions. Let (X, d)
be a compact metric space and T be a continuous ZF-action on X. Given a nonzero vector
T e R*, let L+ be the 1-dimensional subspace of R* in which T lies.

In Section 2, we introduce the definitions of pseudo orbit and shadowing property for T" along
L+ in two ways. One way is based on the “thickening” technique which was introduced by Boyle
and Lind [7] to investigate the expansive subdynamics of T. For irrational L, this technique
makes it “visible” in Z* via thickening L by a positive number ¢, and hence pseudo orbit and
shadowing property are defined via these visible elements in ZF. The other way is to choose a
sequence of maps {g, }nez along L— and define the pseudo orbit and shadowing property via the
induced nonautonomous dynamical system. It is shown that the shadowing properties defined
in these two ways are equivalent (Theorem 2.6).

In Section 3, we investigate the Lipschitz shadowing property for smooth Z*-actions. Let
X = M be a closed Riemannian manifold and T' be a differentiable Z*-action. It is well known
that in the classical theory of smooth Z' actions, we often require that the system have cer-
tain hyperbolicity when the shadowing property is considered. For a smooth Z*-action T, we
propose a notion of hyperbolic (Anosov) direction via the induced nonautonomous dynamical
system. Adapting Bowen’s geometric method in [8] to our case, we show that T has the Lipschitz

shadowing property along any Anosov direction (Theorem 3.4).

2. Shadowing for 1-dimensional subsystems of Z*-actions

Let (X, d) be a compact metric space and denote the group of homeomorphisms on X with
Homeo(X, X). Fix k > 1. A continuous Z*-action T on X is a homomorphism from Z* to
Homeo(X, X) satisfying the following properties:

. Tﬁ() € Homeo(X, X) for 7 € Z*;

o Tﬁ(:r) =g for z € X;

o TTHT() =TT (T () for W, € ZF.

Note that T is generated by k pairwise commuting homeomorphisms, we denote the collection
of generators by
G={fi=T(e)=T% :1<i<k} (2.1)

where ¢ = 0,..., 1@ 0) is the standard 4-th generator of Z*. A Borel probability measure
pon X is said to be T-invariant, if p is f;-invariant for 1 < ¢ < k. We say a subset I' C X is
T-invariant if f;(T') =T for each i.

In [4], Pilyugin and Tikhomirov introduced the notions of pseudo orbits and shadowing

property for T. Here we state them in the following equivalent forms. Let § > 0 and € > 0. A
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set of points & = {x5 : e 7ZF} is called a 6-pseudo orbit of T on T if ¢ C T’ and
Sup. 1??§kd($ﬁ+?pfi(xﬁ)) <.
A point z € X is called e-shadows the above pseudo orbit £ if
sup d(xﬁ,Tﬁ(x)) <e.
LR
Definition 2.1 Let T be a ZF-action on X and I' be a T-invariant set.

(1) We say that T has the shadowing property on I' provided for any ¢ > 0 there exists
0 > 0 such that every d-pseudo orbit for T in I' can be e-shadowed by some point x € X. In
particular, when I' = X, we say that T has the shadowing property.

(2) We say that T has the Lipschitz shadowing property for T on T' provided there exist
do, L > 0 such that any 6-pseudo orbit of T in I" with § < §y can be Lé-shadowed by some point
x € X. In particular, when I' = X, we say that T has the Lipschitz shadowing property for T'.

Combining with another important property “expansiveness”, Pilyugin and Tikhomirov [4]
showed that if there exists 77 € Z* such that the homeomorphism T7 has the shadowing property
(in another word, 7" has the shadowing property along a 1-dimensional rational subspace of R¥),
then T has the shadowing property [4, Theorem 1]. And then they gave a characterization of a
classical linear ZF-action T' on C™ which has the Lipschitz shadowing property, as we mentioned
in the Introduction section. Their work inspires us to consider how to introduce the definitions
of pseudo orbits and shadowing property for T along irrational 1-dimensional subspaces of R¥
and use them to investigate the shadowing property for general smooth ZF-actions.

Given a nonzero vector v = (v1,...,v;) € R* and denote L = {7 : 7 =k, 7 eRF ke
R}, which is a 1-dimensional subspace of R*. Here, let the direction of L= be the direction of
vector /. We call L (or ) is rational if L N Zk\{ﬁ} # 0, i.e., the 1-dimensional subspace
L— passes through some integer lattices except for ﬁ Otherwise, we say L-» (or 7) is irrational.
Since a subspace L= of R¥ may be “invisible” within Z*, we use the technique of thickening L=

¢

by a positive number ¢ to make L be “visible”. The following notations concerning thickening
are derived from [7].

For a subspace L+ of R¥ let |-| denote the Euclidean norm on R* and 71—, denote orthogonal
projection to L-; along its orthogonal complement L%, so that mp_, + TrL = id. Then the set

— —
Lt = {v e R*: |7TL%(’U/)| <t}

is the result of thickening L-; by t.

For any L, we can select t > 0 such that L%, N Zk\{ﬁ} # 0. Given 7 = (n1,...,n1) €
L% NZ*, for each 1 < i < k, let ﬁi+ (resp., WL) be the element of L% N Z* which is nearest to
7 in the i-th positive (resp., negative) direction, and if no such Wu (resp., 7;_) exists, then

let %}H =7 (resp., i = ﬁ) Hence, the set
(FYU{Ti, T s 1<i<k)

is a “small” neighborhood of 7 in L% NZF consisting of 7 and its adjacent elements along the
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axis directions.
Let I' be a T-invariant set. Fix § > 0 and ¢ > 0. A set of points £ = {z : 7 € Lty nZF} is
called a d-pseudo orbit of L% for TonI'if € C T and

sup  max {d(z5, T " (ap, ))yd(am, T (a3))} < 6.
Lt NZ* 1<i<k - “+

A point x € X is called e-shadows the above pseudo orbit £ if

sup d(l’ﬁ,Tﬁ(l‘)) <e.
A ELL, NZk
Definition 2.2 Let T be a ZF-action on X and I' be a T-invariant set.

(1) We say that L has the shadowing property for T on I' provided there exists t > 0
satisfying the following property: for any € > 0 there exists § > 0 such that every §-pseudo orbit
of L% for T in T can be e-shadowed by some point x € X. In particular, when I = X, we say
that L— has the shadowing property for T.

(2) We say that L+ has the Lipschitz shadowing property for T on T' provided there exist
t, do, L > 0 such that any 6-pseudo orbit of L% for T in T" with § < ¢ can be Lé-shadowed by
some point x € X. In particular, when I' = X, we say that L has the Lipschitz shadowing
property for T'.

Via the thickening technique, we have given the definitions of pseudo orbits and shadowing
property for T along 1-dimensional subspaces, especially the irrational cases, of R¥. Now we
redefine these notions via the nonautonomous dynamical systems along L and discuss the
equivalence of these two kinds of definitions.

Given ¥ = (v1,...,0%) # ﬁ, we define the nonautonomous dynamical systems along L.
Firstly define a sequence of {mn}nez C Z* as follows: choose T, to be any integer vector in

o N S
{mt |m—nm| :_lf}leng l —nm\}
with the smallest norm, where |¥'| = /v 4 --- + v2. Obviously, 7o = (0,...,0) and for any
M, = (Min1s e s M k) My = (M 1y smpr i) and 1 <4 <k, if n < n' then m,,; < my, ; for

v; > 0 (or My, ; > my,; for v; <0).

Definition 2.3 Let g, = T7n+1=7in for n € 7. Note that gn = id when mnﬂ = mn Then we
call g?oo#oo = {gn }nez is a nonautonomous dynamical system along L.
Clearly, the sequence {m}nez and hence the induced nonautonomous dynamical system

g?oo’+oo along L—, may not be unique. However, we can see that for any such {mn}nez, we

have
. mpy My k 1
Jim (—— .1 s = ok ):m(ul,...,uk). (2.2)
\/ > ie1(mni)? Y > ie1(mni)?

Remark 2.4 Fix a nonautonomous dynamical system g?mm

Note that if mnﬂ = M, then g, = id. By the definition of 97 there are at most [V/k]

—00,007
=

adjacent identity mappings between any two non-identity mappings in g, ... In the long run,

= {gn}nez along Lz as above.
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these identity mappings do not affect the dynamic behavior of g?oopm particularly the shadowing
s

property of g?oo,oo discussed below. Take such g, = id away successively from g* ., we get a

g

—00,

o) along L—. Without loss of generality, we

?oo,oo = {gn}neZ is equal to id.

is said to be an a-pseudo orbit for

modified nonautonomous dynamical system (g

always assume in the rest of this paper that no element in g
“+o0

n=—oo

Let a,e > 0. A sequence of points § = {z,
07 +o0 = {gn}nez on T if € C T and
sup d(gn(Tn), Tny1) < .
neZ

oo if

n=—oo

We say that @ € X e-shadows an a-pseudo orbit £ = {z,}

max{sup d(gg (z), zn), supd((g,") " (x),2n)} <e,
n>0 n<0

where g = g,_10---0gg forn>1, gt =idforn=0and g,' =g_10---0g, forn < —1.

Definition 2.5 Let T be a Z*-action on X and T’ be a T-invariant set.
(1) We say that g? has the shadowing property on I provided that for any € > 0 there

00,400

exists o > 0 such that every a-pseudo orbit for g? in I' can be e-shadowed by some point

00,+00

x € X. In particular, when I' = X, we say that g?oo’ 4o has the shadowing property.

(2) We say that g?oo’ 4o has the Lipschitz shadowing property on I' provided there exist
g

—00,400

some point x € X. In particular, when I' = X, we say that g?oo’ 1o has the Lipschitz shadowing
property.

The sequence of the generators {f; : 1 <4 < k} is said to be equi-Lipschitz continuous if
there exists a constant L] such that d(f;(z), fi(y)) < Lid(x,y) for any z,y € X,1 <i < k.

ag, L > 0 such that any a-pseudo orbit (with o < ay) for g in I' can be La-shadowed by

Theorem 2.6 Let T be a continuous Z*-action on X and I' be a T-invariant set. Fix a nonzero
VU € R* and let gzxwoo = {gn}nez be a nonautonomous dynamical system along L. Then
the following statements are equivalent:

(1) L- has the shadowing property for T on T

(2) g?oo’ too has the shadowing property on I'.

Moreover, if the family of generators { f; : 1 < i < k} is equi-Lipschitz continuous on X, then
for any T € R the following statements are equivalent:

(1’) L+ has the Lipschitz shadowing property for T on T.

(2) g?oo’ 4o has the Lipschitz shadowing property on T'.

Proof By Definition 2.3, there is a sequence of {mn}nez C ZF such that g, = TTnt1=Tin,
(1)=-(2). Suppose L has the shadowing property for T on T, i.e., there exists t > 0 satisfying
the following property: for any £ > 0 there exists J(g) > 0 such that

every &(¢)-pseudo orbit of L%, in I' can be e-shadowed by some point z € X. (2.3)

Here t may be less than vk or greater than or equal to vk. When t > vk, then clearly
{mn}nez C L% NZF. Otherwise, we can choose t; > vk > t and show in the following that L-
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has the shadowing property for 7' on I with the thickness ¢;. Let £ = {2+ : e L% NZF} be
a d-pseudo orbit of L% on I" for some 6 > 0, then clearly its subset ¢ = {z4 : e Ly n /8
is also a §-pseudo orbit of L’%. By equicontinuity of {f; : 1 < i < k}, for any € > 0 there exists
¢’ > 0 such that if £ is ¢’ shadowed by a point z, then £ can be ¢ shadowed by the same point.
For &', take §(¢’) > 0 such that (2.3) holds. So any §(¢’)-pseudo orbit & = {z : 7 € L’% NZ*}
on I' can be € shadowed by some point, and hence we get that L4 has the shadowing property
for T on T' with the thickness t;. For simplicity of notations, we therefore assume that ¢t > vk
and then

{Mntnez € L NZF. (2.4)

Now we show that g?oo&oo has the shadowing property on I'. Given € > 0, take d(¢) > 0
such that (2.3) holds. By equicontinuity of {f; : 1 < i < k} and (2.4), for the above §(¢) there

exists a > 0 such any a-pseudo orbit £ for 9?007 Too

can be extended to a d(¢)-pseudo orbit n(§)
of Lt,. Therefore, by (2.3) n(¢) can be e-shadowed by some point € X with respect to L%,
g -
and hence clearly ¢ can be e-shadowed by = with respect to g?oo, 4oo- This shows that g?oo’ Too
has the shadowing property on I'.
(2)=(1). We choose t > vk such that (2.4) holds, and show in the following that L+ has

the shadowing property for 7' on I' with the thickness ¢.

—+o0
n=—00

Let € = {z: 7 € Lty NZ*} be a pseudo orbit of LL, and its subsequence n = {z7 }

be a pseudo orbit for gio, Yoo

By equicontinuous of {f; : 1 < i < k}, for any € > 0 there
exists g > 0 such that if n is gg-shadowed by a point x € X then £ can be e-shadowed by the
same point x. Suppose gz)q L oo has the shadowing property on I', then for g9 > 0 there exists

£

a > 0 such that any a-pseudo orbit n for ¢g* can be gp-shadowed by some point z € X.

00,+00
By equicontinuous of {f; : 1 < i < k} and (2.4), for @ > 0 there exists 6 > 0 such that if &
is a d-pseudo orbit of L., then its subsequence 7 is an a-pseudo orbit for g?oo’ Loor SO any
d-pseudo orbit of Lt? can be e-shadowed by some point € X, and hence we get that L+ has
the shadowing property on I'.

Now suppose that the family of generators {f; : 1 < i < k} is equi-Lipschitz continuous on
X. Then it is clear that g?oo’oo is also equi-Lipschitz continuous.

(1")=(2’). Suppose L has the Lipschitz shadowing property for 7" on I', then there exist
t >0, dg, L > 0 such that any d-pseudo orbit of L% for T in I with § < §p can be Lé-shadowed
by some point z € X. By a similar discussion as in (1)=(2), we can get L increases while as t
increases. Without loss of generality, we assume that ¢ > vk and then (2.4) holds.

Now we show that g?oo, 1o has the Lipschitz shadowing property on I'. By equi-Lipschitz
continuity of {f; : 1 <4 < k} and (2.4), there exists K > 0 such that any a-pseudo orbit &
for g?oo, 400 Can be extended to a Ka-pseudo orbit 7(§) of Lt? for T. Therefore, by Lipschitz
shadowing property of L=, the Ka-pseudo orbit(Ka < dy) (£) can be LK a-shadowed by some
point x € X with respect to LY, and hence clearly the a-pseudo orbit(a < ap) € can be La-
shadowed by z with respect to g?oo’ 10> Where o = %‘) and L = LK. This shows that 9_7007 Lo
has the Lipschitz shadowing property on I'.
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(2)=(1"). We choose t > vk such that (2.4) holds, and show in the following that L+ has
the Lipschitz shadowing property for T on I" with the thickness ¢. Let £ = {z5 : e L% aV/a:

be a d-pseudo orbit of L’% for T on T, by equi-Lipschitz continuity of {f; : 1 < i < k} and (2.4),
“+o00

there exists K'(L}) > 0 such that its subsequence n = {x5 },27  is a K'd-pseudo orbit for
g?m Joo- Suppose g?oo, +o0 has the Lipschitz shadowing property, then 7 can be LK'$-shadowed
by some point z € X if K'6 < «ap. By equi-Lipschitz continuity of {f; : 1 < i < k} again,
there exists E(L’l, L) such that £ is Lé-shadowed by the same point. Thus L- has the Lipschitz
shadowing property on I' with constants 6o = %5, L>0.0

3. Shadowing along an Anosov direction for smooth Z*-actions

In this section, we investigate the shadowing property of 1-dimensional subsystems for smooth
ZF-actions. Let M be an m-dimensional closed Riemannian manifold. We denote by || - || and
d(-,-), respectively, the norm on T'M and the metric on M induced by the Riemmanian metric.

Let T : ZF —Diff"(M, M),r > 1, be a C" ZF-action on M, where Diff" (M, M) is the space
of C" diffeomorphisms equipped with the C"-topology. We still denote the generators of T by
fi, 1 <4 < k. A Borel probability measure p on M is said to be T-invariant (resp., ergodic), if
w is fi-invariant (resp., ergodic) for each .

In the classical theory of smooth Z' actions, we often require that the system has certain
hyperbolicity when the shadowing property is considered [2,3]. For example, any Anosov dif-
feomorphism has the Lipschitz shadowing property and, more generally, any diffeomorphism has

the Lipschitz shadowing property on its hyperbolic sets.

Definition 3.1 Let T be a smooth Z*-action on M and I' be a T-invariant set. We say that T
has a hyperbolic direction on I' provided there exists a nonzero o € R¥ such that any induced
nonautonomous dynamical system g?oo’ +oo = {9n}nez is uniformly hyperbolic on I' in the fol-
lowing sense: there exist an invariant splitting TrM = E* @ E* and constants 0 < A < 1, N >0
such that for any v € I';t € Z we have

[1D(grrn-10---0ge)(x)v]| < Avll,v € E°(x),
ID(ge4n—10--0g) " (@) < Aljoll,v € E*(2).
Particularly, when I' = M, we say that T' has an Anosov direction.

Example 3.2 Let T be the Z2-action on the torus T? with the generators induced by the

matrices {A1, A2}, where

2 1 1 -1
A = d Ay = A7 = .

Clearly, they are both hyperbolic. The eigenvalues of A; are \; = 3+T\/g and Ay = 3-V5

2
let E; and E, be the corresponding eigenspaces in R?. Since A, is the inverse of A;, Ay has

, and

eigenvalues 1 = Ao and us = A1, with eigenspaces F; = E5 and F; = E;. Denote by Gy the set
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of all 1-dimensional subspaces (or 1-planes) of R?. Let L; be the line in G; with slope 1. We

can see that any direction of L € Gy \ {L1} is an Anosov direction.

Example 3.3 Let T be a C",r > 1,ZF-action on M with the generators {f;,1 <1i < k} and
u a T-ergodic measure. By the Multiplicative Ergodic Theorem for T (see [9]), there exist a
measurable T-invariant set I' € M with u(I") = 1, an invariant splitting TrM = @;Zl E;, and
numbers A; ;,1 <¢ < k,1 < j < s, satisfying the following properties:

(1) for0#ue Ej,1<j<s,

ngrfoo % log |Df*(x)ul| = Aij, xel. (3.1)
(2) for each W = (n1,...,nx) € Z*, ecach 1 < j < s and any 0 # u € E;, we have
1 k
Jim =~ log|[D(f{" o0 fi*)! (w)ul| = ZnA vel. (3.2)
For a nonzero vector v = (v1,...,v¢) € RF and a nonautonomous dynamical system
g?oo’oo = {gn}nez along L—, by the proof of [10, Theorem 3.3], we can see

n—o00 N

k
.1 Vi
lim — log ||D(gn+t71 O .- ogt)(x)uH = E W)\”7 te Z,.’I; € F7U € EJ
=1

If the limit in (3.1) is uniform in = € T, then we can see that any nonzero vector o =
(v1,...,v,) € R* with Zle vidij # 0, 1 < j <'s, can determine a hyperbolic direction on
T.

Now we give the main result of this paper.

Theorem 3.4 Let T be a C",r > 1,Z*-action on M. If T has an Anosov direction, then there
exists L which has the Lipschitz shadowing property for T on M.

Since M is compact, || D f;|| is bounded for any i € {1,...,k}, then the family {f; : 1 <i < k}
is equi-Lipschitz continuous. By Theorem 2.6, we only need to prove that any nonautonomous

dynamical system g?m 100 along L+ has the Lipschitz shadowing property on M.

Lemma 3.5 For a fixed N > 0, there exists a constant L} such that if a sequence of points
g

—00,00

&= {ka}kJrzoioo is a Lia-pseudo orbit for {g(x+1)nN—1© " © GrkN frez-

¢ = {x}2>° . is an a-pseudo orbit for g = {gn}nez, then the subsequence of points

Proof Clearly, the sequence g? = {gn }nez of maps is equi-Lipschitz continuous, i.e., there

00,+00
exists a constant Lj such that d(g,(z), g, (v)) < L1d(z,y) for any x,y € T',n € Z.

Since & = {x, },;12° __ is an a-pseudo orbit, we have d(g, (), Tns1) < a. By Lipschitz conti-
nuity, d(go(zo), 1) < a implies d(g10go(w0), 91(1)) < L1d(go(2o), #1) < L1cv, and d(g1(z1), x2) <

a, then we have d(g1 o go(0),x2) < L1 + . Inductively, we can get

LN -1
d(gn—10---0go(z0),an) < LY ta+ LY Pa+ -+ Lia+ta= Ll Lo
=

N
Denote LT = %, then we have d(gy_1 00 go(xg),zn) < Lia.
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The same reasoning as above shows that

d(ge+1)n—-1 00 grn(ZrN), T(h41)N) < Lia k € Z.

—+o0

Hence, the subsequence of points ¢’ = {zpn}1 7

is a Lja-pseudo orbit. O

Proof of Theorem 3.4 Suppose T has an Anosov direction. Then we can choose a uniform
hyperbolic nonautonomous dynamical system g?oo’ +oo = {9n}nez induced by a nonzero 7 € Rk,
By Proposition 3.6, there exists N > 0 such that {g+1)nv—1 © -+ 0 grkn}rez has the Lipschitz
shadowing property.

Let & = {z,},;2° . be an a-pseudo orbit for g?oo)oo = {9gn}tnez. Then by Lemma 3.5, its

n—=—oo

subsequence {zn }/>° _ is an L}a-pseudo orbit for {g(y+1)ny—10 -0gkn }rez. Since {gx+1)n—1°

-+ -0 grN }kez has the Lipschitz shadowing property, there exist numbers g > 0, Lo > 0 such that
any d-pseudo orbit (with § < dp) {ka}',:‘:”ioo for {g+1)n—10"--0gkN }rez can be Lod-shadowed
by a point x € M, i.e.,
d(.%‘,l'()) < L26, (33)
d(gkr1yn-1°" 2 go(T), T(ry1)n) < L2d, k>0,

and
d((g—10- 0 gen) H(x),zkn) < L2b, k< —1.

Take 6 = Li«a. By equi-Lipschitz continuity and (3.3), we have
d(go(l‘),go(l’o)) S le(x,xo) S L1L25 = LngL’{a,

then we get
d(go(z), 1) < d(go(x), go(20)) + d(go(wo), z1) = L1L2Lia +

by triangle inequality. By the same ways as above, we have

d(g1g90(x),z0) < LiLaLia + Lia + a,

d(gn—20---0go(z),zN_1) < L{V_ILQL’{a + L{V_Qa + o+ Lo+ o
=LV ' LoLia+ (L] — LY Ha
< LH(LY 'Ly + 1)
Inductively, for any k£ > 1, we can get
d(gk+1yN=1°-0go(), T(ey1yn) < LaLlia,
d(G(k+1)N © Gk+1)N-1© 0 go(T), T(eg1yn41) < LiLloLia + @,

A(G(k+1)N+1 © Ok 1)N © Gkt 1)N—1 0+ 0 Go(2), T 1yn+2) < LILoLia+ Lia + v,

d(g(rr2)N—20 0 Grr1)N—1 0"+ © go(2), T(sayn—1) < Li(LY 'Ly + 1)a.
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By the same discussion, for any £ < —1, we can get
d(gk_j\lf 0---0 g:%(x),ka) < LyLia,
d(Gnir © 0 9-1 (@), 2en41) < L1l Lo+ a,

d(Ggn 120 0 971 (2), wpnt2) < LiLeLia+ Lia +a,

d(Gemin_1° 09-1(@),2enin—1) < Li(LY "Lo + 1)cv.

Denote L = L}‘(L{V_ng +1), ag = %, and we can see that © € M La-shadows the a-pseudo
1
orbit ¢ = {x,};7>° . Hence, g?oo, 4o has the Lipschitz shadowing property on I'.

The proof of the theorem is completed. O

Now, we give the following Proposition, which is crucial to Theorem 3.4.

Proposition 3.6 Let T be a C",r > 1,Z*-action on M and g?ooﬁroo = {gn}nez be uniformly

hyperbolic on M (see Definition 3.1). Then there exists N > 0 such that the nonautonomous

dynamical system {g(x+1)N—1°" " © gkN }rez has the Lipschitz shadowing property in the follow-
oo

ing sense: there exist numbers &g > 0, Ly > 0 such that for any d-pseudo orbit & = {zpn}{2° _,
0 < g, xxN € M, there exists a point x € M that Lod-shadows &.

Proof Here, we shall adapt Bowen’s method as in [8] to prove this Proposition. Since g?ooﬁ_oo =
{gn }nez is uniformly hyperbolic on M, there exists N > 0 such that the nonautonomous dynam-
ical {g(k+1)N—10° """ grn}rez is uniformly hyperbolic on M in the following sense: there exist
an invariant splitting TM = E*@ E" and constant 0 < A < 1 such that for any x € T,k € Z

we have

I1D(g(rs1yn—-1 0~ 0 gen) (@)l < Allvll, v € E*(2),
ID(geeryn—10 0 gun) " (@)oll < Alloll, v € E*(a).

Let & = {zpn}{2° ., be a d-pseudo orbit for {g1)n—1 00 gen}rez in M. To simplify the
notation during the proof, denote hy = g y1)nv—1 00 grn and yx = TEN-
Using the standard graph transform method, we can establish the stable manifold theorem
for {hy}rez on M. For any x € M, denote the local stable manifold
W;(@) = {y € M : supd(hy(), hi () < p}

and the local unstable manifold
Wi(z) :={yeM: ig%d((hgl)’l(x), (he )7 W) < p}

where hf = hy_j 0---ohg for k > 1, hE = id for k = 0 and h;l =h_j0---0k for k < —1.
Clearly, the local stable manifolds and unstable manifolds have the local transversal intersection
property, i.e., there exist H > 0 and pps > 0 such that for z,y € M with d(z,y) < p < py the
intersection W, (x) N Wi ,(y) consists of a single point in M which is denoted by [z,y], and
similarly let W5 ,(y) N Wi, (z) = [y, z].
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Take a 61 > 0 such that
d(hk(x)7hk(y)) < Ad(l‘,y) fO?”y € W(i (1‘),]6 S Zv

(3.4)
d(hi Y (x), byt (y) < Ad(z,y) fory € W (z),k € Z.

We can assume the hyperbolicity constant A is small enough to meet our needs. (Otherwise, we
can find a P € N such that A" is small enough to meet our needs, and transform the problem of
{hi}rez into the problem of {h(41yp—10---0hip}icz. It is easy to prove that {hy}rez has the
Lipschitz shadowing property if and only if {h41)p—1 00 hip}iez so does.)

01 01 pm

Let g :min{2H+1,E7 1

}, and take A small enough satisfying
22 <1, 2)\H < 1. (3.5)

Note that & = {y}/>° _ is a d-pseudo orbit(§ < dg) for {hk}rez in M. We will find a sequence
{y;}i2° _ which Lyd-shadows & in three steps.

k=—o0

Step 1. Find a sequence {y}}; 25, which (2H+2)d-shadows the positive half sequence {yj } ;5.

Firstly, we consider a finite piece {yx}7_, of £ for n > 1. In the following, we will define two
sequences {z;}7_,, and {y}}7Z] successively. The existence and uniqueness of these points are
ensured by the property of local transversal intersection. The first sequence {zj}7_; is defined
as follows. Since d(ho(yo),y1) < 0, take

{21} = [y1, ho(yo)] € Wis(y1)-

Note that z1 € W§s(y1), by the invariance of local stable manifolds we obtain that hi(z1) €
W3gs(hi(yr)). As hi(z1),y2 € M and d(y2, h1(y1)) < 6, then by (3.4) and (3.5), we get

d(h1(z1),y2) < d(hi(21), hi(y1)) + d(hi(y1), y2) < AHO + 6 < 26.
It follows from the property of local transversal intersection that
{22} = [y2, ha(21)] € W3p;5(y2)-
Now assume that for any 2 < k <n —1,
{2} = [yn hi—1(26-1)] € W5 (yr)-

Note that z;, € W3y s(yk), by the invariance of local stable manifolds, we obtain that hy(2x) €
W3\ s (hie(ui)). As hy(2zk), yks1 € M and d(yg+1, hi(yx)) < 9, then by (3.4) and (3.5), we get

d(hi(2k), yk+1) < d(hi(2x), hi(yx)) + d(hi(Yx), Ye+1) < 2AHG + 6 < 20.

It follows from the property of local transversal intersection that

{2e41} = [Yrr1, e (21)] € Wops (Yrs1)-

Now we define the last sequence {y,}7_] as follows. Let y,, ; = h ' (2,). Since z, €
Wi s(hn—1(2n—-1)), by hyperbolicity, we have y/, _; € W3';s(2n—1). Assume for any 2 < k < n—1,
Y, is defined. Then take y, , = h; ', (y}). Finally let y) = hg ' (y}). Hyperbolicity and (3.5) are

the guarantee of the above steps. From the definition of these two sequences, we can see that
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each element in the family

{{y07 y()}a {hO(yO)a 21, yll}v {hl(zl)v 22, yé}v ceey {hn*Q(ZH*Q)v Zn—1, y;q}» {hnfl(znfl)v Zn}}

lies in a local unstable manifold. Moreover, {y} }7—, shadows {yx}}—5. Now we estimate, for 1 <
k < n—1, the distance between y;, and y,. Since 2z, € Wiks(hn_1(2,-1)), and ¢/, _; = h;; 1 (20),
by hyperbolicity, we have y],_; € W34 5(2n—1), that is to say

d(zn—1,Y_1) <2XHS§ < § (by (3.5)).

So
AdYn-1,Y_1) <dYn—1,2n-1) + d(zn_1,9_1) < 2HS + 4.
Then
d(hn—2(2n-2),Yn—1) < d(hn—2(2n-2), 2n-1) + d(2n-1,4,_1) < 2HS + 0.
Hence,

d(zn—2,Y_5) < Md(hn—2(2n-2),yh_1) < AN(2HJ + 0)
< I+ N0 <25, (by(3.4)and (3.5))

so we have

d(ynf% y;LfZ) < d(yn727 zn72) + d(zn,% y;72) < 2HO +26.

Now assume that for 3 < i <mn — 3, d(zn—s,y,_;) < 20, so we have d(z,—i, Yn—i) < 2HS + 26.
Then

A(hn—i—1(Zn—i—1)sYn_i) < d(hp—i—1(zn—i—1)s 2n—i) + d(zn—i, ys_;) < 2H8 + 26.
Hence,

d(zn—i—1,Yn—i—1) < Md(hn—i—1(Zn—i-1),Yn_;)
< M2HGS +26) < 5+ 205 < 25 (by (3.4), (3.5)),

so we have
AYn—i—1,Yp—i—1) < dWYn—i—1,2n—i—1) + d(Zn—i—1,Yp_;—1) < 2HS + 26.
Note that d(z1,y]) < 24, so we have d(y1,y]) < d(y1,21) + d(z1,y]) < HO + 26. Then
d(ho(yo),y1) < d(ho(yo), z1) + d(z1,97) < HS + 29,

and
d(yo, yh) < Md(ho(yo), y1)) < A(HS + 26) < 2.

Therefore, we prove that {y},}7=} (2H + 2)d-shadows {y;}7—4. In fact, by the construction, we
can see that the sequence {y,;}z;é is uniquely determined by {y}7Z5, and yy € Wg(yo). For
convenience, we relabel {y;}Z;ll by {y}cn}z;ll to indicate its dependence on n. Let yg be one
limit point of {yg,, },729. Obviously, g € W3 (x0). Now we define sequences {y;}}/ %5 successively
as follows. Let yi' = ho(yg). Inductively define yj!, ; = hi(y}) for k > 2. It is easy to see that
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yi € Wi(2k), 2 € Wiys(yk) for any k > 1 and the sequence {yj*}{ %5 (2H + 2)é-shadows
{rhiZ5-
Step 2. Find a sequence {y;}{_

{yk‘ }2:—00 ‘
Since the strategy in this step is similar to that in Step 1 except for the type of local manifold

which (2H + 2)d-shadows the negative half sequence

—00

in which the shadowing sequence lies, we only give the outline of the construction of {ny}O:_OO.
For simplicity, we assume that for any k < 0, d(h; "', (yx),yx—1) < & (otherwise, we can take
0 < &’ < & such that for any §'-pseudo orbit {yx}>° . we have d(yy, hx—1(yk—1)) < ¢’ for k <0
and show that {y;}/>° _ can be L,6’-shadowed by some sequence of points). Firstly, for any

k=—oc0
-1

finite piece {yx})_, (n < —1) of &, we define two sequences {z;};_ and ~{y§};=1n_~_1 successively

as follows by the property of local transversal intersection, hyperbolicity, (3.5). Let
{z1} = [(hZ1(w0)), y-1] € Wiis(y—1),

{72} = [(hZ1(21)), y—2] € Wigs(y—2),

{20} = (W21 (2n41)), Yn] € Wa'hs(Yn)-

Let y;, 11 = hn(2,). Inductively define y; = hp_1(y;,_,) for any n+2 < k < —1, and let

yo = h—1(y_1). From the construction, we can see that each element in the family

{{yO, yé}’ {h:i(yo)a Z—1, y/—l}v {h:%(z—1)7 Z—2, yl—2}7

) {h;}rl(zn+2)v Zn+1s y;L-‘rl}’ {h;l(zn+1), Zn}}

lies in a local stable manifold. Moreover {y}9_, ., shadows {y})_, ;. Now we estimate the
distance between yj, and y, for any n+ 1 < k < 0. Since z, € Wiys(hy, ' (2n41)), we have
d(h; Y (2ns1), 2n) < 2H6. By hyperbolicity, we get

A(znt1, Y1) < Ad(hy N (2n41)s 2) < 20HS < 6.
And then
AYn+1:Yng1) < AYnt1, 2nt1) + d(2nt1, Ypyr) < 2HE + 0.

Similarly, we have d(zx,y,) < 26, d(yk,y)) < 2HS + 2§ for any n + 2 < k < —2. Moreover,
d(z-1,y"1) <26, d(y-1,y_1) < H6 + 24,

d(yo, vh) < AMd(h~"1(%0),y"1) < Md(h™}(0),2-1) + d(z_1 +y"1)] < M(HS + 26) < 26.

Therefore, we prove that {y} }o_, ., (2H + 2)d-shadows {yx}{_,,. 1

Relabel {y}c}%:n+1 by {y}c,n}%:n+1 and let y§ be one limit point of {y{)’n}o

0
k=—0o0

Obviously,

=—00"
y§ € Wis(yo). Now define the sequence {y;} as follows. Let y°, = h”1(yg). Inductively
define yj, = h,:l(y,‘jﬂ) for any k < —2. Clearly, y; € W3s(2x) and z, € Wiy s(yx) for any k£ < —1,
and {y$)}0___(2H + 2)d-shadows {yx}0__ ..

Step 3. Construct the desired sequence {y;};>°

k=—o0"
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Note that
Yo € Was(vo), Yo € Was(vo),

so we have d(y§, yd) < d(ys, yo) +d(yo,yy) < 46. By the property of local transversal intersection,

we can take
Yo = [¥0» ()] € Wins(vg)-

We now define the sequence {yZ};L_”i as follows. For the positive direction, inductively define

o0
yr = hg—1(yi_,) for &k > 1. By hyperbolicity, d(y}y,y;) < Ad(yy_,,y5_,) for & > 1, ie,
d(y¥,ys) < 4HS and d(y,y;) < 4\*HG for k > 1. Therefore, d(yg, vo) < d(yd, yg) + d(yo, yy) <

4H6 + 26 and for k > 1,
dyi, ye) < dy,ur) + d(yk, y) < ANFHS + 2HE + 26 < 4H6 + 20. (3.6)

For the negative direction, inductively define y; = hgl(y;: 41) for & < —1. By hyperbolicity,
Ay, i) < A(Yj 1, Yigq) for k < =1, e, d(ys, y5) < 4H6 and d(yy, yy;) < AN"FHS for k < —1.
Hence, d(yg,v0) < d(ys, ys) + d(yo,ys) < 4HS§ + 26 and for k < —1,

Ay, ur) < d(yi, ur) + d(yg, yi) < ANTVHS +2HS + 26 < 4HS + 26. (3.7)
Also note
d(yo,ys) < 4HO + 20. (3.8)
Denote Ly = 4H + 2. By (3.6)—(3.8), we conclude that the sequence {y;}/>° __ Lod-shadows the
S-pseudo orbit {yx}>° . O
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