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Abstract The first purpose of this paper is to study the properties on some g-shift difference
differential polynomials of meromorphic functions, some theorems about the zeros of some g¢-shift
difference-differential polynomials with more general forms are obtained. The second purpose
of this paper is to investigate the properties on the Nevanlinna deficiencies for g¢-shift differ-
ence differential monomials of meromorphic functions, we obtain some relations among é(oo, f),

8(00, f'), 6(00, f(2)" f(az + €)™ f'(2)), 6(c0, f(qz + €)™ f'(2)) and &(c0, f(2)" fqz + )™).
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Introduction and main results

We assume that the readers shall be familiar with the fundamental theorems and the standard

notations of the Nevanlinna value distribution theory of meromorphic functions which can be

found in Hayman [1], Yang [2] and Yi and Yang [3]. For meromorphic function f, let S(r, f) be

any quantity satisfying S(r, f) = o(T'(r, f)) for all r outside a possible exceptional set E of finite

logarithmic measure

. dt
lim — < o0.
r=oe Jiine t

We also use Si(r, f) to denote any quantity satisfying Sy (r, f) = o(T(r, f)) for all r on a set F

of logarithmic density 1, where the logarithmic density of a set F' is defined by

1 1
lim sup / —dt.
r—oo 1087 Ji1 par

Let 6(a, f) be the Nevanlinna deficiency of a to f, which is defined by

m(r, 7) N(r 73)
—tminf e\ F=a) S
o f) =il =y = ms gy
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where m(r, f) = m(r, ﬁ) and N(r, f) = N(r, ﬁ) if a = 400, a € C := CU {o0}.

If 6(a, f) > 0, then the value a is deficient in Nevanlinna’s sense. It is clear from Nevanlinna’s
first fundamental theorem that 0 < §(a, f) < 1.

In 1959, Hayman [4] studied value distribution of meromorphic function and its derivatives,

and obtained the following famous theorem.

Theorem 1.1 ([4]) Let f(z) be a transcendental entire function. Then for n > 2, f(2)"f'(z)
assumes all finite values except possibly zero infinitely often.

For transcendental meromorphic function f, Chen-Fang [5] obtained the following result

Theorem 1.2 ([5, Theorem 1]) Let f(z) be a transcendental meromorphic function. If n > 1 is
a positive integer, f(z)" f'(z) — 1 has infinitely many zeros.

Recently, many articles have focused on the zeros of f(2)" f(z+¢)—«, f(2)" f(gz) —« or their
improvements, « is a nonzero constant, where and in the following, ¢, ¢ are nonzero complex
constants, including [6-15]. The main purpose of these results is to get the sharp number of n to
make that the difference polynomials or ¢-difference polynomials admit infinitely many zeros. For
transcendental meromorphic (resp., entire) function f of zero order, Zhang and Korhonen [16]
studied the value distribution of g-difference polynomials of meromorphic functions and obtained
that if n > 6 (resp., n > 2), then f(z)"f(qz) assumes every nonzero value a € C infinitely
often [16, Theorem 4.1].

Recently, Liu-Cao [17] considered the value distribution of f(gz)"f'(z) — a(z) and obtained

the following result

Theorem 1.3 ([17, Theorem 4.2]) Let f(z) be a transcendental entire function with zero-order,
g € C\{0} and n > 9. Then f(qz)"f'(z) — a(z) has infinitely many zeros, where and in the

following a(z) is a non-zero small function of growth S(r, f).

In this paper, we further investigate the zeros of several ¢-shift difference differential polyno-
mials of meromorphic function when f(gz) is replaced by f(gz + ¢) in Theorem 1.3, and obtain

the following results.

Theorem 1.4 Let f(z) be a transcendental meromorphic function of zero order and n > 11.
Then f(qz + ¢)™ + f'(2) + f(2) — a has infinitely many zeros.

Theorem 1.5 Let f(z) be a transcendental meromorphic function of zero order, and let

Fi(z) = f(2)"faz + )" f'(2),
where m, n are positive integers and satisfy m > n + 10 or n > m + 10. Then Fy(z) — a(z) has
infinitely many zeros.

Let P,(2) = an2" +an_12""1+---+a12+ap be a nonzero polynomial, and t,, be the number

of the distinct zeros of P, (z), where ag,as,...,a, are complex constants. Then we have
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Theorem 1.6 Let f(z) be a transcendental meromorphic function of zero order, and let

k
Fy(2) = f(2)" Pu(f(az + ) [[ F9(2),
j=1
where m,n are positive integers and satisfy m > n +t, + k(k + 3) + 4. Then F5(z) — a(z) has

infinitely many zeros.

Theorem 1.7 If f(z) is a transcendental meromorphic function of zero order, and let

k
Fy(2) = Pu(f(2)f(az + )" [] 19(2),
j=1
where m,n are positive integers and satisfy n > m + t,, + k(k + 3) + 4. Then F3(z) — a(z) has
infinitely many zeros.
For meromorphic function f(z), we also deal with the relations of Nevanlinna deficiencies
among f(z), f'(z) and

Fy(z) = fqz + )" f'(2) and F5(z) = f(2)" f(qz + )",
and obtain the following theorems.

Theorem 1.8 Let f(z) be a meromorphic function of zero order, and g,c be two nonzero

4m+4

complex constants. If §(co, ) > 25,

then we have §(oco, F1) > 0.

Corollary 1.9 Let f(z) be a non-constant meromorphic function of zero order. If §(oco, f) >

ﬁ, then we have §(oco, Fy) > 0.

Corollary 1.10 Let f(z) be a non-constant meromorphic function of zero order. If §(co, f) >

nf;m, then we have §(o0, F5) > 0.

Theorem 1.11 Let f(z) be a meromorphic function of zero order satisfying

T
S T, 17)

and ¢ be a nonzero complex constant. Then we have

< 00, (1.1)

5(o0, F1) > (o0, f'), (o0, Fy) > 6(c0, f').

Example 1.12 Let fi(z) = %, qg=2,c=1and n=3,m =2. Then we have
223 — 1 82% + 1222 + 62 + 2
! = d 2 1) =
fl(z) 22 an fl( Z+ ) 22"’1

Thus, it yields that

128218 + Py (2)
o) = 32z 41)2% ()= ———
1(2) = f1(2)° [1(22 + 1)" f1(2) 4274 Po(z) 7

9
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where Py (z), P2(2), Ps(2), Ps(z) are polynomials with deg, P;(z) < 17, deg, Pa2(z) < 4, deg, Ps(2)
< 8 and deg, Ps(z) < 3. Since

. T(r, f1) . log r
lim su = limsu =1 < 4o0,
7-—>+O<I>) T(r, f1) 7-—>+oop 3logr
it thus leads to
8(00, F1) = 1= > 8(00, f}) = =
o0, ') = 18 0, J1) = 37
and
5 , 1
6(OOaF4) = § > 5(00,f1) = g

Therefore, this shows that the conclusions of Theorem 1.11 are sharp.

In addition, in view of the above examples, we have that §(co, F1) = % < 0(o0, f1) = % and

§(00, Fy) = 2 < §(o0, f1) = 2. Hence, a natural question is
Question 1.13 What conditions can guarantee the following inequalities that
d(o0, f) < d(00, F1) < d(c0, f),
or
5(00, f1) < (00, Fy) < (00, f)?
Example 1.14 Let fo(2) = 22, ¢ = 2, ¢ = 1. Thus we have that
5(00, f4) = (o0, Fy) = §(00, Fy) = §(00, f2) = 1.

This shows that the equalities in Theorem 1.11 can be attained.

2. Some lemmas
To prove the above theorems, some lemmas below will be required.

Lemma 2.1 ([3]) Let f be a nonconstant meromorphic function and P(f) = ag+a1 f+---+an ™,

where ag, a1, ...,a, are constants and a,, # 0. Then
T(r,P(f)) =nT(r,f) + S(r, f).
By [18] and [19, p.66], we can immediately get the following lemma.

Lemma 2.2 Let f(z) be a transcendental meromorphic function of zero order and g be a nonzero
complex constants. Then

1

T(r, flgz +¢c)) =T(r, f(2)) + Si(r, f), N(r,

flaz)
1

flgz+c¢)

)= N(r, %) L8 (r f),

N(r, f(gz+¢c)) = N(r, f) + Sa(r, f), N(r,

N(r,f(gz +c)) = N(r, f) + Si(r, ).

Lemma 2.3 ([10, Theorem 2.1]) Let f(z) be a nonconstant zero-order meromorphic function
and g € C\ {0}. Then

)zﬁm}) L Si(r f),

flgz +¢)

f(Z) ):Sl(raf)'

m(r,
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Lemma 2.4 ([3, p.37]) Let f(z) be a nonconstant meromorphic function in the complex plane

and | be a positive integer. Then
T(r, fO(=) ST(r.f) +IN(r, f) + S(r, ), N, fO(2)) = N(r, f) + IN(r. f).

Lemma 2.5 Let f be a transcendental meromorphic function of zero order, F5(z) be stated as

in Theorem 1.5. Then we have
(Im =n| =2)T(r, f) + S1(r, [) < T(r, F1) < (n+m+2)T(r, f) + S1(r, f). (2.1)
Proof If f is a meromorphic function of zero order, from Lemmas 2.1, 2.2 and 2.4, we have
T(r, f(2)"flaz+ )" f'(2)) S T(r, f(2)") + T(r, f(gz + )") + T(r, f'(2))
< (n+m+2)T(r, f) + Si(r, f)-
On the other hand, from Lemmas 2.1-2.4, we have
(n+m+1T(r, f) = T(r, flgz + )" ") + Si(r, f)

= m(r, f(qz + )" ") + N(r, f(gz + )" ") + Su(r, f)

flgz+c) flgz + )" flgz+c) flgz + )"
f'(z)  fle)m f(2) f)m
<T(r,F1)+ (2n+3)T(r, f) + Si(r, f).

< m(r, F1(2)

)+ N(r, Fi(2)

)+Sl(r?f)

Thus, we prove that the first inequality of (2.1) holds when m > n.
From Lemmas 2.1, 2.2 and 2.4, we have
(n+m+1)T(r, ) =T(r f(z)"") + Si(r, f)
f()" T (2)
=T(r, +Si(r, f
( f(qz—i—c)mf’(z)) 1(r, f)

f(2) fEm
f/(Z))+T(r, f(qz—l—c)m

< T(r, F1(2)) + 2m +3)T(r, f) + S1(r, f)-

<T(r, F1(2)) + T(r,

)+Sl(7n7f)

Thus, it follows that the second inequality of (2.1) is proved when n > m. O

Lemma 2.6 Let f be a transcendental meromorphic function of zero order, F5(z) be stated as

in Theorem 1.6. Then we have
k(k+3 k(k+3

(m—n— %)T(r, f) S T(r,Fo(2)) < (m+n+ (T)

Proof Since f is a transcendental meromorphic function of zero order, by Lemmas 2.1, 2.2 and

)T(va) +Sl(r7f)'

2.4, we can deduce the second inequality. On the other hand, it follows by Lemmas 2.1, 2.2 and
2.4 that

(m+ k)T(r, f) = T(r, f™*) + S1(r, f)
F(2)F Py (2)
Pu(f(gz+ ) TT5_, FO(2)

<T(r, )+ S1(r, f)
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< T(r, F2) +T(r, Pa(f(gz + ) + T(r, kf(i
Hj:l f(j)(z)

N(Taf)+sl(raf)

>+Sl(raf)

<T(r,Fy) + (n+2k)T(r, f) + @

k(k +1

< T(r Fy) + <n+2k ; 2)) T(r, f) + 1, f),

that is
k(k+3)

T(r,Fy(z)) > (m—n— 5

YT (r, f) + Si(r, f).

Thus, this completes the proof of Lemma 2.6. O

Similarly, we get the following lemma.

Lemma 2.7 Let f be a transcendental meromorphic function of zero order, F3(z) be stated as

in Theorem 1.7. Then we have
k(k+3)

(n—m— T)T(r,f) <T(r,F3(2)) < (m+n+

M, )+ 5160, 5).

3. Proofs of Theorems

Now, we will show the proofs of our theorems in this section.
Proof of Theorem 1.4 Since f(z) is a transcendental meromorphic function of zero order, we
first claim that f/'(z) + f(2) —a £ 0. In fact, if f'(z) + f(2) — a = 0, that is, f{;gzja = -1. By
solving the above equation, we have f(z) = Ae™* + a, where A # 0 is a constant. Thus, we have
p(f) = 1 which contradicts the fact that f(z) is of zero order. Set
a—f(z) - f'(?)

flaz+om
Thus, it follows by Lemmas 2.1, 2.2 and 2.4 that

FG(Z) =

Fs(2)
Ta—f(z) = f'(2)
< T(r, Fs) +T(r, f(2)) + T(r, f'(2)) + S1(r, f)
<T(r,Fs) +3T(r, f(2)) + Si(r, f),

nT(r,f):T(r,f(qz+c)”)+51(r,f) gT(T )+Sl(raf)

that is,
(n—=3)T(r,f) <T(r,Fg)+ Si(r, f). (3.1)

On the other hand, we can easily get that
T(r,Fs) <T(r, flgz+)") +T(r, f)+T(r, f') + S1(r, f) < (n+3)T(r, f) + Si(r, f).  (3.2)
Noting that n > 4, and from (3.1) and (3.2), it thus follows that
T(r,Fs) = O(T(r, f))-

By Lemma 2.2, we have
— 1

flaz+o)"
Nrg=T

L prsraps Ly 75 ey s
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1

flaz+ o™+ f(2) + f(2) —a

Assume that f(gz 4+ ¢)" + f/'(2) + f(z) — a has finitely many zeros, then

SN(T7 )+N(Taf)+sl(raf)

N ) < N ) + 10 ), (33)
Since ) )
N(r, FG) < N(r, f(gz +¢)) + N(r, m) +0(1), (3.4)
and
N(r, Fs) < N(r, )+ N(r,a— f(z) — f(2) + O0(1), (3.5)

flgz+¢)
using the second main theorem and Lemmas 2.1, 2.2 and 2.6, from (3.3)—(3.5), we have

_ 1 _
T(r,Fs) < N(r, Fs) + N(r, F) + N(
6
<T( !
— T? YT
T I -1
< 7T(7‘7 f) + 51(7", f)
Thus, it yields by the above inequality that (n — 10)T(r, f) < Si(r, f), which is contradiction
with n > 11. Thus, f(qz + ¢)™ + f'(2) + f(z) — a has infinitely many zeros. O

T, oo 1) + S(r, Fs)

)Y +4T(r, f) + Si(r, f)

Proof of Theorem 1.5 (i) Assume that m > n+10. Since f(z) is a transcendental meromorphic
function of zero order, by Lemma 2.5, we have S(r, f) = S(r, F1). Thus, by using the second

fundamental theorem and Lemmas 2.2 and 2.4, again, we have

(m_n_2)T(T7f) < T(erl) +Sl(raf)

§N(T,F1)+N(T,Fi1)+ﬁ(r,m)+5(r,F5)
Yo f) 4 T I
< N(r, f(2)) + N(r, f(gz +¢)) + N(r, f(2)) + N(r, f(z))+N( ’f(qz+c))+
_ 1 — 1
N(r»?)ﬁ-N(ﬁm)-FS(ﬁFﬁ
<TT ) + N ) + S0 ),
that is,
m—n—38 — 1
T2 2T(?",Fl) +S(r,Fy) < (m—n—8)T(r,f) < N(r, P —a) a(z)) + Sy (r, ).
In view of m > n + 10, it yields that
m—-—n-—_§8
e

Hence, F(z) — a(z) has infinitely many zeros.
(ii) Assume that n > m + 10. Similar to the same discussion as in the proof of Theorem

1.5 (i), it is easy to get that F(z) — a(z) has infinitely many zeros. O

Proof of Theorem 1.6 If f(z) is a transcendental meromorphic function of zero order, then
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by Lemma 2.6, we get S(r, f) = S(r, F2). Thus, by using the second fundamental theorem and
Lemmas 2.2 and 2.6 again, it follows that

om—n~"EEDy10 1) < 70, 1) 4 810
< N(r, B5) + N(r, F%) + N, m> + Si(r, Fy)
<N(r,f)+N(r, f(gz +¢) + iﬁ(r, 7 _1 7‘) + N(r, m)—k
=1 v
Zk:N(r i)JrN(r ;)Jrs (r, Fy)
2N GG PN ) A
k(k+1) _ |
<(B+t,+ —5 T k)T (r, f)+ N(r, m) + S(r, Fy),
that is,
— :Ln:nJFkk((i:;)g) — 3T(Ta Fy) 4+ S(r, F2)
< (m—n =ty = h{E+3) = 9T f) < N o) + S0 ).

where 71,79, ..., are distinct roots of P,,(t) = 0. Noting that m > n + ¢, + k(k + 3) + 4, it
yields that
m—-n—t,—k(k+3)—3

<1
—_— k(k+3)

5(0’3 FQ) < 1-
Hence, it follows that F5(z) — a(z) has infinitely many zeros. O

Proof of Theorem 1.7 Similar to the argument as in the proof of Theorems 1.5 and 1.6, we

can prove the conclusions of Theorem 1.7 easily. O

Proof of Theorem 1.8 Set F7(z) = f(z)"*™*1. So, it follows that N (r, Fr) = (n+m-~+1)N(r, f)
and T(r, F7) = (n+m + 1)T(r, f) + S1(r, f). Thus, it yields that Si(r, F7) = Si(r, f) and
d(00, F7) = 0(o0, f). Besides, we have

f(z) \m f(2)

1 1-6
N(Tv f) S N(Ta f) < mN(Ta F7) S mT(T,F’7) + Sl(ra F7)? (37)
1 1 1 1 1
N(r, }) < N(r, ?) < mN(ﬁ E) < mT(ﬁ Fr) +O(1). (3.8)
Hence, in view of Lemmas 2.1-2.4 and (3.6)—(3.8), it follows that
_ [, &)
T(T, F7) = T(T Fl f/(m

<T(r,F1)+mN(r, %) + N(r ,%) +mN(r, f) + N(r, f) + Si(r, f)
<TG, Fy) + HL:LL (r, F) + %N(r, Fy)+ Si(r, f),
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which implies
n—(m+1)(1-9)
n+m+1
And by applying Lemmas 2.2-2.4 and (3.6)—(3.8) again, it follows
flgz+¢) o )
f(z) o f
)+ N(r, 2) +mN(r, f) + N(r, f) + Si(r, f)

T(’I‘, Fl) Z T(T,F7) —|—Sl(7’, F7) (39)

N(r,F1) < N(r,F7) + mN(r, )+ N(

1
f
< (n+2m+2)(1—-0)+m+1
- n+m+1

1
f
T(r,F7) + Si(r, f),

< N(r, F7) + mN (r,

that is,
n+2m+2)(1—-46)+m+1

n+m+1

Thus, from (3.9), (3.10) and § = (o0, f) = §(o0, F7) > nj_g':i?), it follows that

i su N(r,Fy) < (n+2m+2)(1-90)+m+1
i T F) = n—(m+1)(1-9)

N(’I‘,Fl) < T(T,F’r) —‘rSl(?“, f) (310)

<1,

that is,

N(r, F;
§(o0, F1) =1 — limsup (r, F) >0. O

7—~+00 (7’, Fl)
Proofs of Corollaries 1.9 and 1.10 Noting that
f(Z) f(z)m n f(z)nL
fz)™t =Fy ————, )" =F————
* P faz o 1O T B
thus, by using the similar discussion as in the proof of Theorem 1.8, we can prove Corollaries 1.9

and 1.10 easily. O

Proof of Theorem 1.11 Let
'™ ™
f(z)m f(qz + C)m :

f'(2)™* = Fa(2)

Then we can deduce

(m+ (e ) < o B2 + (o + DG, ) 4 mm(r, 2225+ 0(0).
In view of Lemma 2.3, it yields that
m(r F3) > (m+ Dmr, ) + $1(r, f). (3.11)
On the other hand, it follows from Lemmas 2.2 and 2.4 that
N(r, F2) < (m+ ON(r, ) + N5, f) < (m + DN (r, 1), (3.12)

From the assumption of Theorem 1.11, we have
Sl(r7 f) T(T7 f)

. ) Sl (7’, f) — lims —
WP 7, g7y = S T ) T 7 (319
Then, it follows from (3.11)—(3.13) that
N(r Fa) _ (m+ 1N (r, f')
T(r,Fy) = (m+1)N(r, f') + (m+ Dym(r, f') + Si(r, f)




40 Xiumin ZHENG and Hongyan XU
N(r, ) N(r, )

ST )+ S0 S) T (eI )
Hence we have 6(o0, /) < 6(oc0, Fy).
Besides, using the similar method as above and noting that
frE)mm fe)m
f/ Py n+m+1 — F ,
) R Tz + g
we can easily deduce that §(oo, ') < §(o0, F1). O

Acknowledgements We thank the referees for their time and comments.

References

(1] W. K. HAYMAN. Meromorphic Functions. The Clarendon Press, Oxford, 1964.

[2] Lo YANG. Value Distribution Theory. Springer-Verlag, Berlin, 1993.

[3] Hongxun YI, C. C. YANG. Uniqueness Theory of Meromorphic Functions. Kluwer Academic Publishers
Group, Dordrecht, 2003.

4] W. K. HAYMAN. Picard values of meromorphic functions and their derivatives. Ann. of Math. (2), 1959,
70: 9-42.

[5] Huaihui CHEN, Mingliang FANG. On the value distibution of f™ f’. Sci. China Ser. A, 1995, 38: 789-798.

[6] Y. M. CHIANG, Shaoji FENG. On the Nevanlinna characteristic of f(z+n) and difference equations in the
complex plane. Ramanujan J., 2008, 16(1): 105-129.

[7] R. G. HALBURD, R. J. KORHONEN. Difference analogue of the lemma on the logarithmic derivative with
applications to difference equations. J. Math. Anal. Appl., 2006, 314(2): 477-487.

(8] R. G. HALBURD, R. J. KORHONEN. Nevanlinna theory for the difference operator. Ann. Acad. Sci. Fenn.,
2006, 31(2): 463-478.

[9] 1. LAINE, C. C. YANG. Value distribution of difference polynomials. Proc. Japan Acad. Ser. A Math. Sci.,
2007, 83(8): 148-151.

[10] Kai LIU, Xiaoguang QI. Meromorphic solutions of g-shift difference equations. Ann. Polon. Math., 2011,

101(3): 215-225.

[11] Yong LIU, Xiangguang QI, Hongxun YI. Value distribution of difference polynomials of meromorphic func-
tions. Electron. J. Differential Equations 2013, No. 269, 9 pp.

[12] Xudan LUO, Weichuan LIN. Value sharing results for shifts of meromorphic functions. J. Math. Anal. Appl.,
2011, 377(2): 441-449.

[13] Xiaoguang QI, Yong LIU, Lianzhong YANG. A note on solutions of some differential-difference equations.
J. Contemp. Math. Anal., 2017, 52(3): 128-133.

[14] Zhitao WEN. Meromorphic solutions to difference Painlevé equations I and II. Electron. J. Differential
Equations 2016, Paper No. 262, 18 pp.

[15] Q. ZHAO, Jilong ZHANG. Zeros and shared one value of ¢-shift difference polynomials. J. Contemp. Math.
Anal., 2015, 50(2): 63-69.

[16] Jilong ZHANG, R. J. KORHONEN. On the Nevanlinna characteristic of f(qz) and its applications. J. Math.
Anal. Appl., 2010, 369(2): 537-544.

[17] Kai LIU, Tingbin CAO. Values sharing results on g-difference and derivative of meromorphic functions.
Hacet. J. Math. Stat., 2016, 45(6): 1719-1728.

[18] M. J. ABLOWITZ, R. G. HALBURD, B. HERBST. On the extension of the Painlevé property to difference
equations. Nonlinearity, 2000, 13(3): 889-905.

[19] A. A. GOL'DBERG, I. V. OSTROVSKII. The Distribution of Values of Meromorphic Functions. Nauka.
Moscow, 1970. (in Russian)

[20] Xiumin ZHENG, Zongxuan CHEN. On the value distribution of some difference polynomials. J. Math. Anal.
Appl., 2013, 397(2): 814-821.



