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Abstract The aim of this paper is to establish the necessary and sufficient conditions for the
compactness of fractional integral commutator [b, I,] which is generated by fractional integral I,
and function b € Lipg(u) on Morrey space over non-homogeneous metric measure space, which
satisfies the geometrically doubling and upper doubling conditions in the sense of Hytonen.
Under assumption that the dominating function \ satisfies weak reverse doubling condition, the
author proves that the commutator [b, I,] is compact from Morrey space MF(p) into Morrey
space M; () if and only if b € Lipg(p).
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1. Introduction

To unify both the spaces of homogeneous type in the sense of Coifman and Weiss [1,2] and
the non-doubling spaces whose measure satisfies the polynomial growth conditions [3—10], in
2010, Hytonen [11] first introduced a new class of metric measure spaces satisfying the so-called
upper doubling and the geometrically doubling conditions (respectively, see Definitions 1.1 and
1.2 below). And the new-introduced space is now called non-homogeneous metric measure space.
Since then, many classical results about the singular integral operators and function spaces on
homogeneous space or non-homogeneous space have been proved still valid if the underlying
spaces are replaced by the non-homogeneous metric measure spaces, for example, the readers
can see [12-20] and their references therein.

In this paper, let (X,d, 1) be a non-homogeneous metric measure space in the sense of the
Hytonen [11]. In the setting of this condition, we will mainly study the necessary and sufficient

conditions of the compactness for the commutator [b, I,] which is generated by fractional integral

1
loc

I, and function b € L}, (1) on Morrey space over (X, d, ).
Recall that a linear operator T from a Banach space X to a Banach space Y is compact
if {Tz;}32, has a convergent subsequence in Y whenever {z;}22, is bounded sequence in X.

In 2007, Betancor and Farina [9] obtained the compactness of commutator [b, I,] generated by
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fractional integral operators I, and spaces RBMO(u) under non-doubling measures. In 2008,
Sawano and Shirai [10] proved that the multi-commutators generated by spaces RBMO(u) and
singular integrals or fractional integrals are compact on Morrey spaces if one of the RBMO
functions can be approximated with compactly supported smooth functions. Nogayama and
Sawano [21] obtained the necessary and sufficient conditions for the compact commutators, which
are generated by Lipschitz functions and fractional integral operators I,, on Morrey spaces
MP(R™).

Before stating the main result of this paper, we need to recall some necessary notions.

Definition 1.1 ([11]) A metric measure space (X,d, ) is said to be upper doubling if p is a
Borel measure on X and there exist a dominating function A : X x (0,00) — (0, 00) and a positive
constant C) such that, for each x € X,r — A(z,r) is non-decreasing and, for all + € X and
r € (0, 00),

u(B(a,1)) < Aw,r) < Coa\(x,7/2). (L1)

From [12], Hytonen et al. have showed that, there exists another dominating function A\ such
that A < \, C5 < Oy and

5‘(1'77n) < C;\S\(y,r), (12)

where d(z,y) < r for all z,y € X. If there is no special explanation in this paper, we always

assume A as in (1.1) satisfies (1.2).

Definition 1.2 ([11]) A metric space (X, d) is said to be geometrically doubling, if there exists
some Ny € N such that, for any ball B(x,r) C X, there exists a finite ball covering { B(x;,7/2)};
of B(x,r) such that the cardinality of this covering is at most Ny.

Remark 1.3 Let (X, d) be a metric space. Hytonen in [11] has showed that the geometrically
doubling (X, d) is equivalent to the following statement: for any € € (0,1) and any ball B(z,r) C
X, there is a finite ball covering {B(x;, er)}; of B(x,r) such that the cardinality of this covering

n

is at most Noe™ ™, where n := logy Np.

Definition 1.4 ([20]) Given 8 € (0,1), the function f : X — C is said to satisfy the Lipschitz
condition of 3 order provided that

|f(z) = f)| < CA(z,d(x,y)))°, for any z,y € X. (1.3)

The smallest constant in (1.3) will be denoted by || f||Lip(y.)-
Let L° (1) be the space of all L (u) functions with bounded support. Then, for all v € (0,1)
and f € Lp°(u), the fractional integral I, on (X, d, pt) is defined by

_ fy)
L0 = |, T

Moreover, we refer to [15] for the bounded properties on I,. And, we have the following remark

du(y), zeX. (1.4)

about I,.
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Remark 1.5 (1) If we take
(X, d, ) == R™ |- |,p), A7) = Cr?

with d € (0,n] and the measure p to satisfy the non-doubling measure, then the I, defined in
(1.4) is just the fractional integral operator under non-doubling measures [4].
(2) If we take
(X,d ) o= (R, | |, d),

then fractional integral operator I, defined as in (1.4) is just the classical fractional integral
operator defined as follows:

:ﬁ,(f)(x) ::/]R &dy, x € R™,

n o=y
for more properties of I,(f), we can see [22-24].

In 1965, Calderén firstly introduced the commutator [b, T|(f) = bT'(f) —T'(bf) which was also
called Calderén commutator, and obtained the boundedness of the commutator [b, H] generated
by the Hilbert transform and space BMO(R™) on L?(R™) (see [25]). In 1976, Coifman, Rochberg
and Weiss [26] proved that the commutator [b, T'] which was generated by the classical Calderén-
Zygmund operator and b € BMO(R™) is bounded on the Lebesgue space LP(R") for p € (1,00).
About the more development and the applications of the commutator, we can see [27-30].

Given a function b € Lipg(p). The commutator [b, I,] closely related to the fractional integral
operator I, is defined by

b) ~ b(y)

b, L T :/ d , x e X. 1.5
Definition 1.6 ([14]) Let k > 1 and 1 < g < p < co. Then Morrey space MF(u) is defined by

Mg(u) = {f € Lizoc(u) : ”fHMg(,u) < OO};

where
g = suplekBF 5 ([ £ 1antw) " (16)

Moreover, Cao and Zhou in [14] have showed that the norm of || f| s (,) is independent of the
choices of k for k > 1.

Definition 1.7 ([11]) Let 7 > 1 be some fixed constant. A function f € Li (u) is said to be in

loc

the space RBMO(u) if there exists some constant C > 0 such that, for any ball B,

: /
—_— fx) — feldu(x) < C, 1.7
7B BI() Bldp(x) (1.7)
and, for any two balls B and S such that B C S,
|fB — fs| < CKp,s, (1.8)

here and in what follows,

1
o= /B f(@)du(x).
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Then take
| fllrBMmO() = inf{C : (1.7) and (1.8) hold}.

Moreover, Hytonen [11] showed that the space RBMO(u) is independent of the choice of T > 1.
Definition 1.8 ([13]) Let 6 € (0,00). A dominating function X is said to satisfy 0-weak reverse

doubling condition if, for all r € (0,2diam(X)) and a € (1,2diam(X)/r), there exists a number
C(a) € [1,00), depending only on a and X, such that, for all x € X

Az, ar) > Ca)\(z,r), (1.9)
and
= 1

We are now in the position to state the main theorem of this paper as follows.

Theorem 1.9 Let b€ Li (1 ),0<’y<1,0<ﬁ<1,1<q§p<oo,1<t§s<oo,%=§
and % = 5 — (B4 7). Suppose that the dominating function X\ satisfies -weak reverse doubling
condition. Then the commutator [b, I,] is a compact operator from the Morrey space M} (1) into
the Morrey space M () if and only if b € Lipg(u).

Finally, we make some conventions on notion. Throughout the whole paper, C' represents
a positive constant being independent of the main parameters. For any subset £ C X', we use
XE to denote its characteristic function. Given any ¢ € (1,00), let ¢’ := ¢/(¢ — 1) denote its

conjugate index. Moreover, for any ball B, ¢cp and rp represent the center and radius of ball B.

2. Preliminaries

To prove the main theorem of this paper, in this section, we will recall and establish some

necessary lemmas. First, we need to establish the following lemma being sightly modified in [31].

Lemma 2.1 Assume b € L (n) and 8 € (0,1). Then the following statements are mutually
equivalent:

(1) There exists a function f € Lipg(p) such that b(x) = f(x) for a.e., x € X.

(2) Slép m S 1b(z) —mp(b)|du(x) < co, where mp(b) represents the mean value
of function b on ball B, that is,

ms®) =z | b)dn(w).
Proof (1)=-(2). By the Definition 1.4 and b(z) = f(x) with f € Lipg(u), we have
e o / a) = s (D) du(2)
< u<13> 57 e // 17(@) = £ dut)duty)

1
< O o153 55 e 7 / / S
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< CHf”LipB(p.) < oo.

Taking the supremum over ball B, we get (2).
(2)=(1). Without loss of generality, we assume that there exists a function f € Lipg(u). For
any x, y € B, by Definition 1.4, we can deduce that

|f(@) = f()] < O\, d(z,9)))° < C[\(ep,r5)]".

Further, we get

AT i [ 1) = ma(f)duta)
Su( o o) / @) = JWdn@) + e / F(@) = ms(f)ldn(a)
S BN emrs)] / (@) = F)ldn(x) < C,

especially, we take b= f with f € Lipg(p). Thus, we show that (1) holds. O

Now we recall the following lemma which is sightly modified from [10].

Lemma 2.2 Let h be an integrable function on a bounded ball By. Suppose that there exists
a non-decreasing function w(-) and a constant ¢ € (0,1] such that for every ball B and some

constant fg
1
57 [ Ih(@) = faldute) < wlra) Mea, o))
B) /s
Then there exists a function v which almost everywhere equals to h such that

v(z) = v(y)l < Cwld(z,y))ld(z, y)]" (2.1)

holds for all x,y € By, with the constant C' only depending on ¢.

Lemma 2.3 Let (X,d,u) be a non-homogeneous metric measure space, 5 € (0,1) and b €
Ll

ive(1t). Then, the following statements are mutually equivalent:

(i) b€ Lips(n).
(ii) The following two equalities hold:

1:51520(5?"3& Do)l 1+,3/ |b( B(b)|dp(x )) 0 (2.2)
rg>R
and
ltlir(r}(B:Stl(Rg Nen.rn)] 1+ﬁ_/ |b(x B(b)|du(w )) 0. (2.3)
rg<t

Proof (i)=(ii) is obvious, the details are omitted here.
(ii)=(i) (2.3) implies that
b= lim mp(.2-s)(b)

]A)OO

belongs to the space Lipg(u), further, (2.2) implies

b= lim (mp(. 2-4)(b) — mp(. 25 (D))

Jj—oo



78 Guanghui LU

in Lipg(p). Thus, we have b € Lipg(p). O

Also, we need to establish the following lemma.

Lemma 2.4 Let 1l <g<p<ooandl<t<s<oo. Assume that K : (X x X)\ {(z,y): 2=

y} — C is a compactly supported L*°-function and satisfies the following conditions:

|K (2, y)| < m, (2.4)
and, for all z, *’, y € X with d(z,y) > 2d(z,z') and ¢ € (0,1],
T m/ 4
K(9) = K@)l + K () = Kl < Co S8 e
Then
Tf(z) = /X K (2, 9) f () dpu(y) (2.6)

is a compact operator from Morrey space MF () into Morrey space My ().
To prove the Lemma 2.4, we also need the following lemma whose proof is similar to [10,

Proposition 2.1].

Lemma 2.5 Let 1 < ¢, p < co. Suppose that the kernel function K : (X x X)\ {(z,y) : . =
y} — C satisfies

HElen oy 3= {/X (/X |K($7y)\pldu(y)>§du(x)}% < oo,

Then the operator T defined as in (2.6) is compact operator from LP(u) into L(1).

Proof of Lemma 2.4 Let B be a large doubling ball such that supp(k) C B x B. Define the

following three linear operators T, 15 and T3:
Ty : fe My(p) = xs - f€Li(n),
To: feLli(u)—Tfe L(n)

and
Ts3: feL®(p) = xp-fe€M(u).

By applying Lemma 2.5 and the fact that T' = T575T1, the proof of Lemma 2.4 is completed. O

3. Necessity of Theorem 1.9

To prove the necessity of Theorem 1.9, we first recall some notion and signs.
Assume that b € RBMO(u) with |[b]|remo(u) = 1. And define

1
o5 (. 5) = s [ 1) = mi()ldn(e).

where 8 € (0,1) and B is a doubling ball. If there is no special instruction, we always assume
that oscg(b, B) > 0 in the latter of the paper.
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Let
co =mp(sgn(b —mp(h))) € [-1,1]. (3.1)

Define

Then we can get the following properties:

fo(b—mp(b) >0, / F)du(y) =0, |f] < 20u(B)] Fxa
X
and

/ (b(y) — ms(®)f / 1b(y) — mp®)[1f ) |du(y)
X
< 2u(B Fmp(lb - mu®)]) < Clu(B)*.

T

(3.3)

Here we have used the properties of the RBMO norm for (3.3).

Now we should establish the following lemmas being used in the proof of Theorem 1.9.

Lemma 3.1 For all z € X \ 6B, then the following inequality

[u(B)]'~7
Az, d(z, cp))] '

Ly((b —mp(b))f)(x) < C
holds.

Proof For any = € X'\ 6B. By applying the definition of the fractional integral, Definition 1.1

and (3.3), we have

—m o [ ) —ms®) b(y) —ms(h)
L (b= mp (b)) f)(x) /B D, d(a =] W) + /X\B A, d(a, y))]

[ by) —mpb)
- N, d(, )| W)

C
Nz, d(z,c5)

[u(B)]"
Mz, d(z, )]

Thus, the proof of the Lemma 3.1 is completed. O

f(y)du(y)

T L 00) — ma(b) F)n()

Lemma 3.2 For any € X \ 6B, and € € (0,1), then the following equality

[u(B)]' 7 5
Az, d(z, cp))]' =7 [d(z, cp)]*

[ f(z)| < C
holds.

Proof By using the fact [, f(y)du(y) = 0, we can get
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_ f(y) B Fy)
_/X [[A(%d(aﬂ,y))P*7 [A(:c,d(:c,cB))pw]d“(w-

Via (1.1) and (1.2), for z € X\ 6B and y € B, we can deduce that

Mz, d(z,y)) < Mz, d(x,cp) +d(y,cp)) < CaA(z,d(z,cp))
and

/\(l‘,d(l‘,CB)) < )‘(mvd(ych) + d(l‘,y)) < C’A)\(x,d(x,y))7

that is, Mz, d(z,y)) ~ A(z,d(z,cp)). Hence, we can get
e oI P
(A, d(w y)I'=7 A, d(z, e))]' 7
‘ /)\(1 ,d(z,cp)) dt ’
1y hdeyy 7
C
Mz, d d — Az, d
[)\(.’L‘,d(.T,CB))]2_7| (fE, (xay) + (Cva)) (.’E, (xay)”
< c [d(CB,y)
— M, d(z,ep)) P d(w,y)
< C [ TB :|5
B P‘(wad(xacB))]li’y d(CB7x) ’
where we have used the following fact [13, Remark 1.4 (iii)]

<

"Mz, d(z,))

Ay, +1t) — Nz, 7)] < C\ Mz, r), forr e (0,00), t€[0,r] and d(x,y) € [0,r].

Further, we have

C
L@ < 3 d e den s / F@)ldu)
w(B)] " rp
<O o, co ) dien 7)), PW) —mo®lduty)

The proof of Lemma 3.2 is completed. O
Lemma 3.3 For any z € X \ 6B,

. NS 170:)) i
I’Y((b B(b))f)( )Z [)\(Z‘,d(l‘,CB))]l_’Y

Proof Since (b(y) — mp(b))f(y) > 0, we can get

oscg(b, B)(1 — |col)-

(b(y) — mp (b)) f(y) =[u(B)] 7% (by) — mp(b))[(sen(b — mp(b)) — co)x]
=[u(B)] "7 b(y) — ms(b)| [u(B)]*%cOw(y) — mp(b))
> [(B)]F|b(y) — mp ()] — [1(B)]~#|eol[b(y) — mp (b)]
=[u(B)] 7 (1 — |eol) b(y) — mp (D)
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Further, by applying the definition of fractional integral as in (1.4), we can get

L(@=msO)N@ 2o | A'bf)d;mB(?_'Wdu@)

1 — [co
Z[;L(B)]% Az, d(z,cR)) —’v/ [b(y) (b)|du(y)
el (B
Z[u(B)]% Az, d(z, cp))]'~ 1+ﬂ/ 1b(y) (0)[du(y)
(B3
~ Mz, d(z,cp))]t—

Thus, the proof of the Lemma 3.3 is completed. O

oscg(b, B)(1 — |co|).

Lemma 3.4 Let ¢ > ¢’ > 1 be sufficiently large and « € (0,1). Assume that ¢y as in (3.1)
satisfies |co| < ¢. Then

1 HB—3+4
(/ cilyen)e I[b,Iy]f(y)ltdu(y)y > Mom(b,]g)a —), (3.4)

where implicit constant is independent of B,b,s and ¢'.

Proof By Minkowski inequality, write

</c’r <d(y,cs)<sr Hb’lﬂf(ywdﬂ(y))

-(/ ey 0= M) w) = (0) = ma NI (W)l )

- </§/TBSd(y7(/'B)S<TB ‘I’Y(b - mB(b))f(y)‘td/L(y)> B

= Dl + D2.

1
t

[

o=

-

By applying the Lemma 3.3, we have

Di Z[u(B) (/ <d(y.es)<ers MY d(juc(g)](lw‘“)%scﬂ(b’ B~ e
2B (/ <d(y.es)<ers MY d(jﬁc(g;)](l_”s)b%cﬁ(b B = e

B+y—3+1
mmcﬂ(b, B)(1 —v).

Now we turn to the Ds. By applying Lemma 3.2, we have

[b(y) — mp (B [w(B)* ) :
D, 5(/<,TB<CI(%CB)<§TB [)\(y, d(y, cp)) s d#(ﬂ))

2
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[w(B)]' > / ra
< Vs b — mn(b)|® esq
SWenra T ) = maO) T )
) /
< bly) — b)|°d
ST em o rnsitvemgors Y T mEO) )
L (B 5. B)
N Mep,drp)tr T AR
Combining the estimate for D; and choosing ¢ > ¢’ > 1, we can deduce
(/ b, 1£(0) " dute))
¢'rp<d(y,cB)<srp
[(B)] TPt 1 [u(B) P
D s b,B)(1—1)— b,B
R Nem,orp)] oscg (b, B)( L) () [/\(CBS/?”B)]l_'YOSCﬁ( ,B)
(Bt
> DNep g oscg(b, B)(1 —¢).

Hence, we complete the proof of the Lemma 3.4. O

The proof of the necessity for Theorem 1.9 is stated as follows.

Proof of Theorem 1.9 Assume that (2.2) fails. Let there be a sequence of balls such that
lim;_, o p(B;) = oo and
oscg(b, Bj) > ¢ >0, (3.5)

here € € (0,1) is not dependent on j with j € N. Set
¢; = m, (sen(b— m, (b)), (3.6)
fi = n(B)] 77 (sen(b — m, (8)) — ¢))x;- (3.7)
According to the condition (3.5), it is not difficult to find that

suplog|c;| < 0.
jeEN
By choosing a subsequence, we may assume that rp, , > drp, for all j € N, where 6 > 0 is

determined at the end of the proof.
Suppose that j, k € N with j > k. Then we have

11b: Iy f5 = [0, Iy fellnag

ol

e

=  sup [u(Blcp,,srp,))]:

B(cp;sTBy)

> [u(B(ch,chj))}si</]B( )|[b»fw]fj( ) — [b, L) fi(2)| du(x )

(/B(c ) “ba L] fj(z) — b, Iv]fk($)|tdu(x))

_.
S

2 B ([ L@ ) -

(‘/B(cg STB,) |[b7 Iv}fk(l‘”tdu(m))

1
t

@ |

=

[W(B(cg,,s7B,))]
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= Eq + Es.

By applying the Lemma 3.4, we can get

B2l o ([ bk @)

1
s

(B

> oscg(b, B;)(1 — sup |¢;
N[)\(CBjagrBj)]17V B( J)( j€g| J|)
oscg(b, Bj)
> 1— .
e, s 7 SRl
where we use | = ¢ — (8 +7).

For E,, from Hoélder inequality, it follows that

B <lp(Bles, o)1 H( [ Bl aw) ([ )

1

s

(/ .1, fy (@) )
B(cp;:srB;)

Combining the E; and Es, we obtain

116 15]f5 = [0y Iy) fell aaz )

> u(Blen,sra ([ B 1) @)l () -

(cB;,sm8;)\B(cB;,5'TB;)

t
s

'}

=

=

=

1_ s
s

=

[(B(cs,s78,))] 16, 1) ()] *dpu())

( /3(ch st )\B(ep; 5'T5;)

[

1
t

1
s

> [u(Blep,srn,))] b, L) (@) dpu()) "~

1

s

( ‘/B(CBJ' 7§TBJ' )\B(CBJ' 7§/7’Bj )
1

</X\B<CB. gy L1fe(e) duta)

T ¥ N YSI T T

~ [)\(CBj7§TBj )]1_7 [)‘(CBJ'?gTBj )]1_’Y

for some constant w. By (1.3) and |fx(z)| < 2[M(Bk)]7%XBk (x), we have

[0, 1] fr ()] S/X [AQZEZ)(;S%)JW
dp(y)

<CUBI bl | g

<Cl(BR)]) ™7 bllips (uy L+ (X3, ) (@).

| fi(y)|dp(y)

k

Here, if x € 6By, then

du(z)
To42x8.)(2) <~/B(m,7r3k) Az, d(z, z))]1 =B+

oo

dp(z)

<
- kzzl /B(m,z'f“ X (T O\Be. 2~k x (Trp,)) M@, d(@, )]0+
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(B(z,27"* x (Trp,)))

0
= 2 w2 K (T ) B

- 1
<C[\(z,rp,)]" T ( > W)

k=1

<C[Mz,7p,)]". (3.9)

On the other hand, if x € X\ 6By, and z € By, then A(z,d(x, 2)) ~ A(x,d(x,cp,)). Thus, we
can deduce that

_ au(:) H(B)
Las)0) = [, ST S e T

Combining (3.9) and = € X, we have
|6, Iy) fie (@) <Clp(Br)]™ 7 1l Lip s () Lo+ (X B ) ()

<Clu(BR)) ™ M5, 8], {1+ 5

w(Bi) [Nz, d(z, ¢, )] P
(z,d(z,cp,)) Az, rp,)]P T

_1 Az, r 1—(v+8
SCP‘(xa T'By, )}B-ﬁ-’)’ P ”bHLipﬂ(u) (]. + )\(.’IT(C‘Z(J,‘BCICB)))) 3y ) (310)

Further, we obtain that

(fon Bl a)

_1y, A@,rp,)  \[1-(r+8)]s
< bl : A (Btv=2)s(q1 o ML TBy) v d
~ || |LIPB(H){/X\B(CB_SWB,)[ (‘T7TBk)} ( + )\(x’d(x’ch))) [JJ(SC)}
J J

< ||b|\LipB<u){ Z/ﬁ Nz, rp, )] B+~ x
=1

“B(cp;,s'r;)\6¢" ' B(cp,,s'T5;)

1

s

w |-

A($7TB)¢) [1_("/"1‘/8)]'9 %
U+ S @ en)) die) }
e 1 e, re )] "»
< bl TR
Pﬂ(”){ ; [C(6f71)]1*(v+ﬂ) [/\(ch,g’rBj)]l’Z’W*ﬁ) }

e, ,s'rp, )] "3 T8+

P‘(CBJ' ) g/TBj )]17%

}

S blip, (04

AeB;,s'rBy) q1-1
S ||bHLip5(lL) [m] ' (3.11)
5 k
Thus, we have
116, I, 1 f5 — (b, Iy) frell az ()

oscg(b, Bj) w / 3
> G = — — b, I z)|*dp(x
~ P‘(Cijg?ﬂBj)Pi’y [A(CBj’CrBj)]177 ( X\B(ch,g’rBj)H ’Y]fk< )| M( )>

oscg(b, B; w Xep,,s'rp,) 111

2 Ol Pl BB -, (312

~ P‘(CijgrBJ )]177 [)‘(CBjagrBj)]l )\(CBj?(;g/TBk)

for some w independent of ¢/, ¢ and §. If we choose ¢ > ¢’ > 1, then § > 1 such that G > 0, we
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see that the sequence {[b, I,]fi} does not converge in M3 (p).

Now we assume (2.3) fails. Then there is a sequence of balls { B; }32; such that lim;_,oc pu(B;) =
0 and (3.5) holds. With an argument similar to that used in the first part of this proof, by passing
to a subsequence, we may assume that rp, , < drp, with j € N, where § > 0.

Notice that

1

(/B(c erp) b, Iv]fk(x)ﬁdu(x)) E

< 0||bLipﬂ<u>(/B(

< C”bHLiDﬁ(H) [/\(ch ) er)]ﬂ+A/7; [B(ch , ST'B; )] s
/\(CBj ) §5TBk)] =18
/\(CBj 5 TBk)

1

Az, 7B,)] (6+7_%)Sdu(z)) 1

€B;,STB;)

-

< CIbllLips () [

Thus, we have (3.12), and we see that the sequence {[b, I,]f;} never converges in M} (u). Thus,
combining the above estimates and Lemma 2.3, we can show that b € Lipg(p). O

4. Sufficiency of Theorem 1.9
In this section, we will mainly state the proof of the sufficiency for Theorem 1.9.

Proof Without loss of generality, we may assume that a function a € C%°(u). Using the
endpoint estimate of the commutator [b, T'](f) generated by the operator T'(f) as in (2.6) and
b € Lipg(u), we see that

106, ) sz )= g () < CllONLip 5 () (4.1)

If a € Lipg(p), then there exists a sequence {b;}32; C C2°(u)-functions such that
1
la = bjllLips () < =
J
with j € N. Via (4.1), we can obtain
C
11655 Iy](f) = [as LY agz (uy—aap () < CllbG = allnip, (u) < -
Thus, once we prove that [b;, I,] is a compact, it will follow that [a,,] is compact, too. Thus,
we can set a € C°(u).
Let

_ (@) ~ aly) )
bl = [ e @), se X

Then, for any x € X', we have

la, I]e f(z) = [a, I ] f ()

afz) — afy)
< ez Bl s 91000
< el o g ) @),
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where a’ represents the derivative of the function a. Thus, under the condition for the norm

topology of B(MP(u), M;(u)), the following equation

limfa, I,). = fo. I}

holds.

Next, let us assume

R _ ‘1(33) - a(y) "
la. 1] f @) = /Kd(x,m N, ()| W), red.

Suppose that the support of function a is a given ball By, cp, and rp, are the center and

radius of the ball By, respectively. Then, by applying the Holder inequality, Definition 1.6 and

(1.1), we have

Lf(y)]
/d(ﬂﬂ y)>R P\(%d(x,y))]l—vd“(y)
<y )

h kz;l /6k13<d(z,y)<6kR Az, d(z,y))]t

<03 g / (my)m|f<y>|qdu<y>)E[u(B(x,GkR»P*

— du(y)

< Cll fllaze uy A e Z

C/(6k-1) é
< Cll fllazz (A, R)T

further, we can obtain

lla 1) f(z) — [a, L) R (@)
la(z) - a(y)|
= /d@,y)ZR N d(z,9)))'

< Cllf larg o llall o )

=1 f(w)ldu(y)
Bo (.’L‘)

Notice that

1
s

(] e ’;f;(yiﬂ F@)lan() an(z)]

/ (z:l /leRSd(m,y)gﬁkR (e, d(xyly))](ky)s du(x)) dp(y)

> B(cp,,6"R :
<o [ 10I(X p e myis) W

=, [3(Blcsy, 6 R))’ CNE
= ¢ [A(CBmgk—lR)]l—’y (/BO ‘f(y)| dlu’(y)) [,U(Bo)] q

w =

o] c k % N
< Clf sz (32 e o o))~
k=1 0’

—XB al| e XBO()
ey 9 o T A g )
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1

—  [Acp,,6FR)]» _1
<l (32 b e ) M)

< C
< WHJ’HM;?(#),

which yields

la, I)e = [a, I ) EF Nl agz (uy—s arp (uy = 0(R7T)
for some 7 > 0. Therefore, we only need to show that [a, I,] £ is compact. The integral kernel of
K! is defined by

a(z) — a(y)
Nz, d(z, y))] 1= Xe<d@w) <k}

and K[ is in L%°(u). Thus, via the Lemma 2.4, we see that [a, I,]E is compact. O

K (z,y) = (z,y), for all z,y € X,
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