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Abstract This paper examines the existence and uniqueness of solutions for the fractional
boundary value problems with integral boundary conditions. Banach’s contraction mapping
principle and Schaefer’s fixed point theorem have been used besides topological technique of
approximate solutions. An example is propounded to uphold our results.
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1. Introduction

Fractional calculus has attracted broad attention as it may be applied in various fields of
science and applications such like engineering, mechanics, electro chemistry, porous media, etc.,
[1-8]. Recently, using topological technique becomes very close to verify the existence of solutions
for fractional differential equations [9,10].

In 2013, Graef et al. [11], studied a type of nonlinear fractional boundary value problem with
the integral boundary conditions by constructing an associated Green’s function, spectral theory
and applying fixed point theory on cones. The existence of mild solutions for fractional differential
equations with integral boundary conditions and not instantaneous impulses was investigated by
Li and Xu [12]. They also established the sufficient conditions for the existence and uniqueness
of solutions by some fixed point theorems. Sudsutad and Tariboon [13] studied a boundary
value problem of nonlinear fractional differential equations with three points fractional integral
boundary conditions by applying standard fixed point theorems. The existence and uniqueness
of solutions for fractional differential equations with nonlocal and fractional integral boundary
conditions were studied by Derbazi and Hammouche [14]. Younis and Singh [15], found the
sufficient conditions for the existence of solutions of some class of Hammerstein integral equations
and fractional differential equations. Younis et al. [16], presented the notion of graphical extended
b-metric spaces, blending the concepts of graph theory and metric fixed point theory. Existence

and uniqueness results were established using the Banach contraction principle and some other
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existence results were obtained using O’Regan fixed point theorem and Burton and Kirk fixed
point. A new technique, based on F-Reich contraction, was given for solving some models of real
world problems, viz by Younis et al. [17].

Our aim during this paper is to verify some new results on the following boundary value
problem (BVP) for fractional differential equations involving the Caputo fractional derivative by

topological degree method and fixed point theorem.

{ cDig(t) = E(t,z), te T =[0,T], 0<q<l1, 4
.Z‘(O) = Zgn(tvx)’ J}(T) = Igg(tvx)v .

where “D? is the Caputo fractional derivative and &,7n,( : J x X — X are continuous functions.

2. Preliminaries

In this section, we introduce some necessary definitions, propositions and theorems which are
needed throughout this paper.

We define a Banach space C(J, X)) as the Banach space of all continuous functions from J
into X with the norm ||z|. := sup{||z(¢)|| : x € C(J,X)} for t € J and J = [0,T], T > 0.

Definition 2.1 ([18]) For a given continuous function & on a closed interval [a,b], the qth
fractional order integral of £ is defined by
1

Ig+§(t) = 1—‘7

o / (t — 5)71¢(s)ds, (2.1)

where I is the gamma function.

Definition 2.2 ([18]) For a given continuous function & on a closed interval [a,b], the qth

Riemann-Liouville fractional order derivative of £, is defined by

DLW = e ()" [ (=9 e (22)

where n = [g] + 1 and [g] denotes the integer part of q.

Definition 2.3 ([18]) For a given continuous function £ on a closed interval [a,b], the Caputo

fractional order derivative of &, is defined by

(DI, €)(t) = ﬁ / (t — 5" €M (5)ds, (2.3)

where n = [q] + 1.

Theorem 2.4 ([19]) Let X be a Banach space, and ¥, ¢ : X — X be two operators such that v
is a contraction operator and ¢ is a completely continuous operator, then the operator equation

Fx =Yz + pxr =z has a solution ¢ € X.

Definition 2.5 ([19]) Let Q C X and F : Q — X be a continuous bounded map. One can say
that F' is a-Lipschitz if there exists k > 0 such that

a(F(B)) < ka(B) (V) B C Q bounded.
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In case, k < 1, then we call F is a strict a-contraction. One can say that F' is a-condensing if
a(F(B)) < a(B) (V) B C Q bounded with a(B) > 0.
We recall that F : Q — X is Lipschitz if there exists k > 0 such that
[Fe = Fyll < kllz —yll (V) 2,y CQ,
and if k < 1 then F is a strict contraction.

Proposition 2.6 ([19]) Ifv, ¢ : Q — X are a-Lipschitz maps with constants k, k' respectively,
then ¢ + ¢ : Q — X is a-Lipschitz with constant k + k'.

Proposition 2.7 ([19]) Ifv : Q — X is compact, then 1 is a-Lipschitz with zero constant.

Proposition 2.8 ([19]) Ifvy : Q — X is Lipschitz with constant k, then v is «-Lipschitz with

the same constant k.

3. Main results
First, let us define the meaning of a solution of the BVP(1.1).

Definition 3.1 A function x € C(J,X) is said to be a solution of the fractional BVP(1.1) if
x satisfies the equation “Dx(t) = £(t,x) almost everywhere on J and the conditions x(0) =
IEn(t,z) and z(T) = Z1 ((t, z).

In order to treat the problem of existence for a solution of BVP(1.1), we need the following
assumptions:

(H1) £:J x X — X is continuous.

(H2) For arbitrary x,y € X, there exists a constant §¢ > 0 such that

1€(t ) = &t y)ll < Ol — yll.

For the existence of solutions for the BVP(1.1), we also need the following auxiliary lemma [1].

Lemma 3.2 Let 0 < ¢ <1 and let §,n,( : J — X be continuous. A function z € C(J,X) Is
said to be a solution of the fractional integral equation

1 t —8)17 ¢ (s, x(s s—; ' —5)171¢ (s, 2(s))ds—
o) =77 [ = e a)ds = i [T =9 s o)

T T
(%—1)/0 n(s,x(s))ds—i—%/o C(s,2(s))ds, (3.1)

if and only if = is the solution of the fractional BVP(1.1).

Theorem 3.3 Assume that (H2) holds and also the following hypotheses:
(H3) For arbitrary z,y € C(J,X) there exists a constant d,, € (0,1) such that

In(x) =)l < 6yllz -yl
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(H4) For arbitrary x,y € C(J, X) there exists a constant é; € (0, 1) such that

1€(z) = CW)Il < dcllz —yll.

It
26T

I'(g+1)
then the fractional BVP(1.1) has a unique solution x € C(J, X).

+T(6,+6c) <1,

Proof Consider the operator F : C(J,X) — C(J,X) defined by

t T
F@)t) =g [ =97 6lsae)ds = s [ (0= 97 s.(5))ds—

t

T T
(7 71)/0 n(s,:z:(s))ds+%/o ((s,2(s))ds.

It is clear that, the fixed points of the operator F are solutions of the problem BVP(1.1). Now,

consider
1 ¢ -1
IF@)0) = FO < g [ 6= 57 1€ 2(9) = (o)) s+
t T 1
TI‘(q)/0 (T = s)T " |I€(s, 2(s)) — &(s,y(s))|ds+
(%—1)/0 ||77(s7x(8))—n(S,y(S))Hds—i—%/O 1¢(s,2(s)) = C(s,y(s))||ds
1 t g1 L T o B
Sw/o(t—s) 6g||a:—y||ds+TF(q)/O (T — 8)715¢||z — y||ds+
(7 -1 / Sulle ~yllds + 7 / dcllw = ylds
d t6e  T9 ¢ .
< @(E)Hx —yll+ TT(g) (?)H:E -yl + (f —1)T6,||z —y| + fT‘Sc”fE —
A t6: 791
~ gl U Ry Ie vl - Dlle =yl el =
q—1 q—1
= Al =yl (¢ = Ty = i+ e~ )

as 0 <t < T, then
20¢T1

NCE] + T (6y + o)l =yl

[F(@)(8) = F)®l <

Thus, F is a contraction mapping on C(J,X) with contraction constant [I‘QE;;I:) + T(8, + 6¢)]-
By applying Banach’s contraction mapping principle, one can deduce that the operator F has a

unique fixed point on C(J, X’) which implies the BVP(1.1) has a unique solution in C(J, X). O

Theorem 3.4 Assume that (H1), (H2) and the following hypotheses:
(H5) For arbitrary (t,x) € J X X, there exist 61,82 > 0, g1 € [0,1) such that

lett, )| < dill]@ + 6.
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or arbitrary (t,xz) € J x X, there exist 03,04 > 0, g2 € |0,1) such that
H6) F bi J X X, th ist 3, 0 0 0,1 h th
In(t, 2)|| < dsl|z|[* + da.
or arbitrary (t,z) € J x X, there exist 05,06 > 0, g3 € |0,1) such that
H7) F bi J x X, th ist 5, 0 0 0,1 h th
1€, 2)]| < b5 |=]|* + e,

hold then the fractional BVP(1.1) has at least one solution x € C(J, X).

Proof Step 1. Prove continuity of F. Let {z,,}2° ; be a sequence of a bounded set By, C C(J,X)

such that ||z, — z| = 0 as n — oo in By (k > 0). For all s € [0,t],t € J, we have to show that
|Fx, — Fz|| — 0 as n — oo as follows:

— (Fx L tfsqfl s, xn(8)) — &(s,x(s s
[(Fan)(t) = (Fz)()| < F(q)/o(t )TECs, zn(s)) — (s, 2(s)) |ds+

t T o1 -
Tr<q>/o (T = 5)77H|& (s, 2n(5)) — (s, 2(5)) | ds+

t

T T
(-1 / Hn<s,xn(s>>—n(s,x<s>>||ds+% / I6(s, zn(5)) = C(s,2(s)) s
71 ' q—1 _ L g — s q—1 T — s
Sr(q)/o(t—s) Ol (zn x)||ds+TF(q)/0 (T = 8)9 L3¢ || (20 — )] |ds+

t T t (T
(f—1)/ 6n||(xn—x)||ds+—/ Sell(n — 2)[|ds = 0 as n — oo,
T 0 T 0

Step 2. Prove F map bounded sets into bounded sets in C(J, X). For any r > 0, we have
xe B, ={xel(TJ,X):|z| <r},

IFDO] < Fs [ =9 eCsnle)lds + i [0 =7 (ol st
t

T T
(=0 [ Intsa@)lds+ % [ 1ca(s) s

t q—1 q1 s ; T s q—1 23 s
S@/O(t—s) [01]]2]|T + d2]d +TF(q)/0 (T — $)T 26, ||z]|2* + 6o)ds+

t T t [T
(L -1 / Ballz]|% + Sa)ds + / 65l1]1 % + bs]ds
T 0 T 0

(017 + &3] [ ety HOur® o+ 6] r v
<O et TR [ gass

t T ¢ T
— —1 q2 L5 pas
(7 = Dlosr +54]/0 ds + o [0sr +56]/0 ds
Bur® 48 10 AR A G] TOEe
ST )T T A gt T D ST e+ GelT
MO + 0] | AT 51 + 6]
+ t—T)[6r?2 + 6 {578 1+ §
I'(g+1) T(g+1) + (t = T)[037% + 84] + t[657% + O]

(@t + T [01r% + 5] 0 as —
Tq+1) + (t = T)[037% + 04] + t[057% + 06| := k.
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Thus, F map bounded sets into bounded sets in C(J, X).
Step 3. Prove F(B,) is equicontinuous. For t1,t5 € J and 0 < t; <ty <1, let x € B, then,

I(Fa)ten) = (Fo)ta)l| < s [ (= o) teloaloas = s [ =) e ao)as

t, [T t, [T 1 [t 1
T ; n(s,x(s))ds—kf/ C(s,x(s))ds—@/o (ta — 8)T7 ¢(s,x(s))ds+
le(s s+ = (s,z(s))ds — = (s,z( s
F)/< >s<<d+/ /c )ds]
: <1 (tz—s)q—1ws<s,x<s)>||ds+'“ - )15, 2(s) s+
It — ’52|

/ (s, a(s)) s + 2721 / 1C(s, (s )Hder% / (2 — )7 [[€(s, 2(s)) | ds.

As t; — to, one can deduce (Fx)(t1) — (Fx)(t2) that means F(B,.) is equicontinuous.

As consequence of Steps 1 to 3 together with the Arzela Ascoli theorem, one can get F :
C(J,X)—C(J,X) is completely continuous.

Step 4. Consider the following set of solutions of the system (1.1)

S={xeC(J,X): there exists A € [0,1] such that x = A\Fz}.
We shall prove that S is bounded in C(J, X). For € S and A € [0, 1], we have
1 t

t T
o) = MF2O] < s [ (6= el a0 = s [0 =7 el

T T
(7= [ atsalonis+ 1 [ cloateasl

1t o1 " T q—l
< @/0 (t—5) T 1E(s, (s ))Hds+Tr( )/ (T — 8)71|¢(s, z(s))||ds+

t

T
1) [ Intssanias + £ [ it x(oplas

t(tq71 + Tqil)[(sl’l”ql + 52]
- I'(g+1)
The above inequality together with ¢i,¢2,¢935 € [0,1) and Step 2 show that S is bounded in

+ (t - T) [537"‘12 + (54} + t[55rq3 + 56}

C(J,X). As a consequence of Schaefer’s fixed point theorem, one can conclude that F has a
fixed point which is the solution of the BVP (1.1). O

Remark 3.5 If the growth conditions on &£, and ( include linear growth case, then the set of

solutions of the system (1.1) is conex.

Lemma 3.6 The operator F : C(J,X) — C(J,X) is compact. Consequently, F is a-Lipschitz

with zero constant.

Proof Consider a closed subset M C C(J,X). As we prove in Theorem 3.4, F : C(J,X) —
C(TJ,X) is continuous and completely continuous, then by applying the Arzela Ascoli Theorem
F:C(J,X) = C(T,X) implies F(M) is a relatively compact subset of C(J,X). Therefore,
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F:C(TJ,X) — C(J,X) is compact. Consequently, by Proposition 2.7, F is a-Lipschitz with

zero constant. O

Example 3.7 Let us consider the following fractional BVP

c2 “ta(t -
{ Diz(t) = iy t€J =01, 0<g<1, 52)
z(0) = D2, cim(ty), x(1) =>272, djx(ty),
where 0 < to <t; <---<1,¢;,d;,%,5 =0,..., are given positive constants with Z;’io cix(t;) <

00, T3z dja(ty) < oo and Ty e+ 2o dy = -

Set ¢ = %, for (t,2) € [0,1] x [0, +00), we can define (¢, x Also, for t € [0, 1]

; ) = TR T
we have z(t) = iz For o,y € [0,4+00), we have

6(t.0) = 89 e 50 ~ ey S0
1 T—y

O P St R [ Y SN N
I )ty 3Ty

Next, we shall check that (H3) and (H4) are satisfied with T' = 1, then one can get §,, = >~ ¢;
and ¢ = > d;. Indeed,
26T
I'(g+1)
which is satisfied for ¢ € (0,1). Then by Theorem 3.3 the problem (3.2) has a unique solution
on [0,1].

(SMIN)

3
+ =<1

T = ——
+ (57, + (5() F(%) 7

4. Conclusion

In this article, we investigated some sufficient conditions for existence and uniqueness of
solutions for the fractional boundary value problems with integral boundary conditions. Banach’s
contraction mapping principle and Schaefer’s fixed point theorem have been utilized besides
applying topological technique of approximate solutions. Finally, the given example confirmed

our results.
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