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Abstract In this article, we study the existence and non-existence of weak solutions to the fol-
lowing quasilinear elliptic problem with principal part having degenerate coercivity and nonlinear
term involving gradient,

(1+]u)?@=1 (1+]uDo?

—div(SY ) L 2 e
u=0, z €90,

where Q@ C RY (N > 3) is a bounded smooth domain, 1 < p < N, 0 < 6 < 1, 4 is a Radon
measure.
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1. Introduction and main results

Let Q be a bounded domain in RY (N > 3) with smooth boundary 99, 1 < p < N and p
be a Radon measure in €. In this paper, we mainly consider the existence and non-existence of
solutions u € W, *(€2) to the problem

—divA(z,u, Vu) + g(z,u, Vu) = p, = €9,

1.1
u =0, x € 09, (1)

where A(z,t,&) = A;(2,t,€) : @ x R x RV — RY is the Carathéodory function, satisfying the

following conditions: there exist positive constants cg, ¢y, such that

colé[?

(A(z,t,6),8) > Wa

(1.2)
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Az, 6, 9)] < er (|71 +1(x)), Le LY (), (1.3)
(A(w,t,€) = Az, £,6)) - (€ =€) >0, (14)

for almost every 2 € Q, t € R and £, € RN with € # ¢, where 0 < 0 < 1, 1 € LP (Q) is a
non-negative function, p’ is the conjugate Hélder exponent of p, g : 2 x R x RN — R is the

Carathéodory function, such that the following assumptions hold,

9628, < oI (-1 + ) (15)
g(@,t,&)sgn(t) > p(lléibep’ (1.6)

for almost every z € Q, t € R, [t| > o, £ € RV, where b is an increasing real valued positive
continuous function, d € L'(Q) is a non-negative function, p and o are two positive real numbers.

The main features of problem (1.1) are the facts that the principal part has degenerate
coercivity, the operator has lower order term, which also produce a lack of coercivity, and the
right-hand side z is a measure. Notice that, A(u) := —divA(z,u, Vu) is well defined in W,?(Q)
when A satisfies (1.2). However, A is noncoercive in Wy ?(Q) if u is large enough. Therefore, the
standard Leray-Lions surjectivity theorem cannot be applied to problem (1.1) even in the case
fe WL (©). Thus it is necessary to change the classical framework of the Sobolev spaces in
order to prove existence results.

Nonlinear elliptic problems with measure data have been studied in a number of papers.

Bénilan et al. [1] proved the existence and uniqueness of entropy solution to

—divA(xz,Vu) = f(z,u), z€Q,
u =0, x € 09,

where f € L'(Q2). However, their method is confined to the case of an L!'(Q) datum. In
particular, the concept of entropy solution is meaningless if f is a Radon measure. The results
in [1] were improved by Boccardo et al. [2], they considered a measure f € M (), proved that
if 4 is a real number such that 1 < v < +o0o, f € My(Q), then f € L'(Q) + W17 (Q) if and
only if f € MJ(Q).

Huang et al. [3] considered how the nonlinear term |u|?"!u and singular term W
affect the existence of solution to the following degenerate coercivity elliptic problem,

- VulP?v _
{ 7dlv((ll+l‘t,ull|W—ul))+|u|q 1u:f7 ZL'GQ,

(1.7)
u =0, x € 0N.

They obtained the stability of solution to (1.7) if
rip—1[1+0(p—1)]
r—p
where f € LL _(Q\K), K is a compact subset in  with zero r-capacity (p < r < N). We

loc

)

refer to [4-12] for some related results about existence and non-existence of solutions to elliptic

equation with measure data.
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There are many papers devoted to study the existence and regularity of solutions to quasi-

linear elliptic problem with gradient term. Boccardo et al. [13] showed that problem

{ ~div(|Vul?"2Vu) + [u] 2| VulP = 5,z €Q, (1.8)

u =0, x € 08,
has solutions if 1 € ME(Q2). Similar results for problem (1.8) withp = 2and € L™(Q) (1 <m <
&) were given by Boccardo [14]. Based on the results of [15-17], Huang et al. [18] investigated

the existence of entropy solutions to a class of nonlinear elliptic problem whose prototype is

{ 7div(|w|<f’—2>w+c(x)m) + ( b(@)|Vul* u, e,

(L+[u[)0@=D 1+[u)?@=D
u(x) =0, x € 08,

where p is a diffuse measure with bounded variation on Q, 2 - 1/N <p < N, 0 <~y <p-—1,
0<A<p-1, ¢x) € LTJL’T(Q), % < r < 400, b(x) belongs to some appropriate Lorentz
spaces. For some other results see [19-23] and the references therein.

Based on the above research results, in this paper, we are interested in existence and non-
existence of solutions to problem (1.1). We prove that there exists a solution u € Wy ?(Q) to
problem (1.1) if and only if the measure p does not charge the sets with zero p capacity in Q.
Furthermore, we show that if u,, are solutions to (1.1) with u,, € L>=(Q2), then u,, — 0 as n — co.

In order to present the main results of this paper, several definitions need to be introduced.

Definition 1.1 Let K be a compact subset of 2, r > 1 is a real number. The r capacity of K

respect to §Q is defined as

cap,.(K,Q) = inf {/ |Vu|"dz : v e C5°(Q), u> XK};
Q

where x i is the characteristic function of K.

We denote by M, (£2) the space of all signed measures on €. Denote by MJ(£2) the space of
all measure p € M,(§2) such that u(E) = 0 for every set satisfying cap, (E£,Q) = 0.

If u € Mp(Q), then |u| is a bounded positive measure on €.

Let p be a Radon measure, E is a Borel subset of 2. The restriction of p to E is the
measure A = pE defined by A(B) = u(E N B) for every Borel subset B of Q. We say that A is
concentrated on a Borel set E if A = ALE.

Proposition 1.2 Let p € M(Q2) and 1 <y < N. Then p can be decomposed in a unique way
as juo + A, where pg € M{(Q),A = puLE and cap. (E,Q) = 0.

Definition 1.3 Let g € L'(Q), a function u € Wy"* () is a weak solution to Eq. (1.1), provided
/ Az, u, Vu) - Vodx +/ g(z,u, Vu)vde = / vdy, (1.9)
Q Q Q
for every v € C§°(Q).
For all k > 0, s € R, define Ty (s) = max(—k, min{k, s}), Gi(s) = s — Ti(s).
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Proposition 1.4 Let k > 0 and s € R, then we have

0 if <k
Gi(s) = ’ sl < &, = sGi(s) >0, VseR,
s —k sgn(s), if |s| >k,
and
if <k
Ti(s) = % 1 Is] < k, = Tp(s) <k, VseR.
k sgn(s), if |s| >k,

Firstly, we consider the existence result for problem (1.1) when datum p is regular.

Theorem 1.5 Let p € My(2), 1 < p < N and (1.1)—-(1.6) hold. Then there exists a weak
solution u € Wy P(Q) to problem (1.1) in the sense of (1.9) if and only if i € M5(S).

Remark 1.6 The result of Theorem 1.5 expands the result in [2, Theorem 2.1] in the sense that,
if 1 € ME(Q), then there exists a function u € W, (), such that

u=—divA(z,u, Vu) + g(z, u, Vu)

with g € L' ().

Now consider the non-existence of solution to problem (1.1).

Theorem 1.7 Let A € M;(Q2) be concentrated on a set E such that cap,(E,Q) = 0, {u,} are

weak solutions to

—divA(x, un, Vun) + g(x, un, Vi) = frn, =€, (1.10)
Up = 0, r € 09, '
where {f,} C L*(Q) are non-negative functions such that
lim fapda = / ed), Vo € C(Q). (1.11)
n=+oo Jo Q

Then there exists k > 0, such that Ty (u,) — 0 in Wy ?(Q).

Moreover, u,, — 0 in Wy (), and

ngl}-loo Qg(;v,un,Vun)gpdx: /Qgpd)\, Y € C3(Q).

Remark 1.8 A quite efficient way to prove the existence of a solution to nonlinear elliptic
problems with measure data is to use an approximation method. The preceding theorem can
be seen as a non-existence result for problem (1.1). More precisely, according to Proposition
1.2, given a measure u € M,;(€), it can be decomposed into gy + A. Theorem 1.7 states that,
suppose g = 0, so that = A is singular with respect to p-capacity, if we try to approximate
the measure A with f,,, which is bounded in L'(Q), then u, — 0 weakly in Wy ?(Q).

The structure of this paper is as follows: Section 2 mainly gives a lemma and theorem which
play an important role in the process of proof of the main theorem. The proofs of Theorems 1.5

and 1.7 are given in Section 3.
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2. Preliminaries

In this paper, C' denotes a constant and its value may change from line to line.
To prove the existence of solutions to problem (1.1), the following lemma and theorem are

required.
Lemma 2.1 ([13, Lemma 2.4]) Let o(t) = te with ¥ = %. Then

ag' (t) — blo(t)| > % Vt € R, (2.1)
where a and b are two non-negative real numbers.

Theorem 2.2 Let f € L>=(Q), F € (L*(Q))N with s > p—ﬁrl. Then there exists a weak solution
uw e WyP(Q) N L®(Q) to the problem

—div A(z, u, Vu) + g(z,u, Vu) = f —div(F), z€Q, (2.2)
uw=0, x € 00. ’
Proof For simplicity, suppose f = 0. The case of f # 0, can be proved similarly.

Let n € N and
g(z,t,€)

Then g,(x,t,&) is bounded and satisfies (1.5). Thanks to (1.6), we have
gn(,t,&)sgn(t) > 0, (2.3)

for almost every z € Q, £ € RY and t € R with [t| > 0.
Since g,, is bounded, by [24], there exists a weak solution u,, € Wy (Q) to

gn(2,t,8) =

{ —div A(z, up, Vuy,) + gn(, un, Vu,) = —div(F), =€ Q, (2.4)

Uy = 0, x € 0N.
As proved in [25], if {u,} is bounded in L% (), then there exists a subsequence of wu,, still
denoted by wu,, which converges to a solution to (2.2) in W, ?(Q). Hence, we only need to

estimate ||| Lo (q)-

To do this, choosing fOGk(u") mdt as a test function in (2.4) with k¥ > o, we obtain
VGk(Un) / /Gk(un) 1
Az, Uy, Vuy,) - dx + s Un, V ————dtd
AT g gt e o) [ s

[ VGi(u) i
= /QF Ak [Calan)?

On the one hand, from (1.2) it follows that,
Az, upn, Vuy) - dz > ¢ dz. 2.5
AP e G2 f T R T 22
By Proposition 1.4, G (up)u, > 0 and Gy # 0 only where x € {z € Q : |u,(x)| > k}, then (2.3)

implies
1 Gk (un)

Gk(“n)
" ) nav " 7dt2 n\4, n’v n
9n (@, tn, Vu )/o g = o V) G G

>0.  (26)
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By the Young inequality, we get

VG (un) / Co VG (un)[?
F- de < C FPdx+ — dz, 2.7
R TR Pt N e e 1 @7)
where Ay, = {z € Q: |uy(x)| > k}. Combining (2.5)—(2.7), we have
VG (un)? !
de < C F|? dx. 2.8
/Q A+ k4 [Ge(un) )P~ Ja,, " 25

Since |F| € L*(Q2) with s > p/, using the Holder inequality,

/A |F 2-@(9)|Ak7n|1_%- (2.9)
k,n
On the other hand, we have
* = VGk u )
L+ &+ |Gr(un l—apd ” <0/ = rd 2.10
([ 10+ ks ) a) T e (210)

in fact, by the Sobolev embedding,
P
. il N
([mra)™ <c [1omwpan = M1 <p <N vpewir@),
Q Q N—p

for
VGk (U,n)

(14 k+1Gr(un))®

n(x) = (1+k +|Gr(ua))' ™" = Vi(z) = (1 - 0)
According to (2.8)—(2.10), we obtain

([ 10+ k416D

Next, choosing h > k and using the fact that |Gx(u,)| > h — k where x € Ap , C A, We

have

)7 <Ol (2.11)

P

(h+ 1)) 4, |7 )" (2.12)

<( [l EsiG)r
Ag,n
By (2.11) and (2.12), we obtain
(h+ 1) Ay |75 < ClAga]' ™
for every h > k > ¢ and combining with

(h—k)1=9P <« p(1=0r (4 1)A=0p

we get
C p* P
P12
|Ah,n| S (h — k)(l—e)p*
Since s > % and 0 < 0 < 1, observe that
P i .
—(1=-=)>1, (1-6)p*>0.
C1-5)>1 a-op

According to [26, Lemma 4.1], there exists a constant M which depends on n, such that |Ay | =
0, for every k > o 4 M. This fact shows that |[u,||z~@) <o+ M. O



Existence and non-existence of solutions 179

3. Proofs of main results

In the process of proving Theorems 1.5 and 1.7, denote by &5 and ¢, s, respectively, any

function, such that lims_,g+ 5 = 0, lims_,o+ lim,,_, 4o €56 = 0.
3.1. Proof of Theorem 1.5

We give the proof of existence result for problem (1.1) provided the datum g is regular.

Proof Suppose there exists a weak solution u € Wy () to problem (1.1) with g € L*(9),
since A(z,t,€) € (LY (Q))N by (1.3), then p € LY(Q) + W~ (). Hence, u € ME(Q) by [2,
Theorem 2.1].

On the other hand, suppose u € M{(§2). Thanks to [2, Theorem 2.1], u can be decomposed
as f — div(F) with f € L'(Q) and F e (L*' (Q))V.

Assume that {f,} € L°(£2) converges to f strongly in L(Q), {F,} € (L*°(Q))" converges
to F strongly in (L (Q))N. Then according to Theorem 2.2, there exists a weak solution u, €
WyP(Q) to

{ —divA(x, upn, Vuy,) + g(z, un, Vuy) = fr, — div(F,), =z € Q, (3.1)

U, = 0, x € 0N.

Choosing ¢, := @(¢(T,(uy))) as a test function in (3.1) with ¢(z) = [ Wdt’ where

C

¢(s) appears in Lemma 2.1 with a = ¢ and b = b(o) (b(s) is given by (1.5)), we get

/(A(a:, Un,y VUg) - Voo + g(2, un, Vi, )pe)de = /(fngog — F, -V, )dz. (3.2)
Q Q
Next we calculate

V(pa = (P;Vw(Ta (un))a

Vi(Ty(uy)) = 88;; VT, (uy) = mVTg(un), (3.3)

where ¢ := ¢/ (Y(T,(uyn))). Now we present Q@ = (QN{z € Q: |u,(z)| >chUQ@N{z e Q:
|un(z)| < o}). By Proposition 1.4, we have

OTo(un) _ } 3oty lunl<e (3.4)
Ox; 0, |un| > o,
Then from (3.3) it follows that
Py P Vg, |un| <o,
Vg = 20 YT (4y) = PO 3.5
o= U ey ) S A T ) { 0, lu>o. P

Therefore, by (1.2), we obtain

L+ |unl)

‘VTo(un”p / ‘VTU(un)PD /
200/ — 2 pdr=cy | ————pldz. (3.6)
an{jun|<o} (1 + [ual)® Q

/
/A(x,un,vun)-w,, :/ — P A,y Ty (V) - VT, (Vi)
a an{junl<a} (



180 Maoji RI, Xiangrui LI, Qiaoyu TIAN and et al.

Proposition 3.1 Let ¢(z) = [ Wdt. Then

V(Ty(uy)) < o. (3.7)
Proof By Proposition 1.4,
U, ‘un‘ < ag,
Ty (up) = = Ty (up) <o, VYu, €R. (3.8)
o, |up| > o,

If |uyn| > o, it follows that

V(To(un)) = 9(0) = /OG mdt <o and P(T5(un)) >0,

ie., (3.7) is true.

Now, let |up| < 0. Then we have

Do) =) = [ g

It remains for us to consider the case —o < u,, < 0. In this case we derive

Up, 0 _
(T ) = vl) = [ e = [ G

t <u, <o and Y(T,(u,)) >0 if u, >0,

1+t
1 1 1-6
:/ T_‘ng:—l (1= un)
1—uy 1-90
1—(140)"
= 1-6 -7

by virtue of the well known inequality z® — 1 < a(z — 1), + > 0, 0 < a < 1. Thus, (3.7) is
proved. O

Further, by Lemma 2.1, function ¢(¢) is increasing function, therefore from (3.7) it follows
that

%:ﬂwnwmswwéﬁn%mzﬂwémma (3.9)

Next, by the Young inequality,

ep 1 , 11
F - V(T (un)) < ?Ww(:ﬁg(un)ﬂp = [Ful?, Ve >0, STy = 1.
Now we choose ¢ = (%)% Then
1 —1,2 2, 1
—e P =P (<, i > S(— )
p P Po pp—1

From ¢ (t) = 29¢(3 + 219752)6’9t2 > 0 for ¢ > 0, we obtain that ¢'(¢) is an increasing function.
Therefore, by (3.7), oL = @' (V(T,(uy,))) < ¢’'(0). From above inequalities, we derive

Fy - Voo = 0o (Fn - VY(Th (un)))
<@ ONFul" + ZIVH(T, ()7,

o |VT<7<un)|p /

< ¢ (0)|Fal? + 5 W@m
n

(3.10)
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here we have used (3.3) and (3.8).
At last, from (3.2), (3.6), (3.9) and (3.10), we obtain

VT (un)[? " /
c " dx + T, Uy, VUy,)psdx
o, e ot A

/ c [ IVTo(un)”
Sgpo/fndx—ﬂp’a/andx—l——/i Ldz,
(@) QI | (©) Q| | 2 Ja (1+|Un|)9p

that is

|VT, (un)|? /
D) W ;dx+/ﬂg(x,un,Vun)cpadx < (@) fallr @ +@,(U)||Fn|||ip/(m~ (3.11)

Note that

/g(x,un,Vun)%,dx:/ g(x,un,Vun)cpodx—F/ g(x, Uy, Vuy ) psde.
Q {lunl<a} {lun|>c}

Using (1.5), we have
(VT (un)|”
o Vi orda] <o) [ (Aol + d)e(@)dn, (@312
. (O uae!? )
from (1.6) it follows that
|Vu, P
9(x, Uup, Vuy, ) poda > p/ ———pedx. (3.13)
/{|un|>a} {lunlzoy (1 [un )

By (3.8), for |u,| > o
1 o

oo = ol0lo)). o) = [ >

because @(t) is the increasing function. From (3.11)—(3.13), we obtain

VT, (un)|? co , o |V, |P
MHoltn)lZ €0 sy oo 1da _7 _Vunf g,
S el sl + oty +o>9)/{un>g} T+ Tun)
< 0@ fallzrier + Hdlzsc0) + S NEIE, . (3.14)

This fact, together with (2.1), implies that

o (14 |un|)?P (un|zot (14 |un])?P

Since [[un ||z 0) < o+ M and Q is a bounded domain, we have

dz < OO+ || falluaey + Il )

/ VT ()P + / VunPdz < CQU+ | fullsray + INFRl 170 o)
Q {lun|>c} )

This proves that {u,} is bounded in W, *(£2). Hence, there exists a function u € W, *(Q2) and
a subsequence, still denoted by {u,}, which converges to u weakly in WO1 P(Q) and a.e. in Q.

Next, we will prove that u,, — u in WO1 P(Q). Firstly we prove

lim sup/ |Vu,|Pdz = 0. (3.15)
h=+o0neN J{|u,|>k}

Taking T4 (uy, — Tk—1(un)) with £ > o 4+ 1 as a test function in (3.1), we have

/ A( tn, Viay) - VT (1, — Ty (1))l + / 92, 1, V)T (1, — Ti—1 ()l
Q Q
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= / fuTi(up — T (up))de —|—/ F, - VT (up — Ti—1(up))de.
Q Q

Note that VTi(u, — Ti—1(un)) = Vu, if k=1 < |u,| < k, and is zero elsewhere. In addition,
using the fact that T3 (uy, — Tk—1(up))uy, > 0 if Ju,| > o and is zero if |u,| < o, by (1.6), we get

g(m, Unp,s vun)Tl (un - kal(un))dx > |g(x, Un s vun)|X{\un|2k}-

By (1.2) and using [|un ||z~ (@) < o + M again, we have

Az, up, Vuy) - VIg(un — Th(uy))dx
Q

P
> CO/ \VUnL( ) dx
(k=1<]un|<k} (14 |un])?P=
> C/ |V, |Pda.
{k—1<|un|<k}
By the Young inequality, we can write
/ Fy - VT (up — T (uy))dz < / e+ S |V, |Pdz.
Q (h—1<|un|<k} 2 Jik—1<un|<k}
Combining (3.16)—(3.18) and dropping positive terms, we obtain
[l Vuas < [ fulda +C Ful? d.
{lun|>k} {lun|>k—1} {k=1<]u, <k}

Since {u,} is bounded in L!(Q), we have

lim sup |({|Jun| >k —1})] =0.
N

h— 400 ne

Moreover, f, and |F,| are strongly compact in L'(€) and L?' (Q), respectively. Thus

lim sup (/ | frldz + C |Fn\p/dx) =0.
h=FooneN N Jjun|>k—1} {k=1<|un|<k}

By (3.19) and (3.20), using the fact that k£ > o and (1.6), we can get (3.15).
In the following, we prove Ty (u,) — Ti(u) in WP (Q) for every k > o.
Let k > o, choose p(Tk(un) — Tk(u)) as a test function in (3.1), then

/QA(x,un, Vug)  V(Tk(uy) — Tk(u))gal(Tk(un) — T (u))dx+
/Q 02, i, Vi) (T (t1n) — T (1))
- /Q Fro(Th (1) — T () dat

/QFn V(T () — T (1))’ (T (i) — T (w))da.

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

In the following, for simplicity of notation, denote ¢, := ©(Ti(un) — Ti(u)), @), = ¢ (T (un) —

T (u)).

According to Lemma 2.1, we find

lim ¢, =¢(0)=0, lim ¢, =¢'(0)=1.

n—-+o0o n—-+oo

(3.21)
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First, A can be decomposed as
() = [ 4w, VG 0) - V(T (un) = Tela) e+
[ A, IT0) - V() = Ti)) e
Due to VI (uy) = 0 where VGy(uy,) # 0, there are
| A0, 96 w0) - T (Tilat) = Tl

= —/ A(x, U, VGi(up)) - VT (u)p;,de.
Q

183

(3.22)

(3.23)

Since VT (u) = 0if x € {z € Q: |u(x)| > k}, we have VT (u)X{ju >k} — 0 a.e. in Q. Using the

fact that VT (u) € (LP(Q))Y, we obtain

VTi(u)X{ju|>k}y — 0, strongly in (LP(Q))N.

(3.24)

Combining (3.23) and (3.24) with the fact that A(x,u,, VGi(uy)) is bounded in (L¥ (Q))V, we

get
/QA(LL‘, Un, VG (up)) - V(Tk(un) — Tr(u)) @l dz = &,

and
/Q A@ ttny VT () - ¥ (Ta(un) — To(w))olyda
_ /Q A,y VT () — Al 1, V()] - V(T (utn) — T () @yt
/Q Ay s VT () - V(T (1) — T ()8 .
Since T (u,) — Ti(u) in Wy P(Q), we have
/QA(x, ey VT (0)) - V(T () — T (), = 2.
Combining (3.25)-(3.27) with (3.22), we find
(A) = /Q[A(x, s VT (1)) — Aty VT(0))] - V (T (i) — T (1))l + e
Next, decompose (B) into

(B) :/ g(mvunvvun)@"dx+/ g(x7un’vu")¢”dx'
{lun|=>k} {lun|<k}

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

According to (2.1), we deduce that ¢(£)t > 0. Using the fact that k—Tj(v) > 0 and —k—Tj(u) <

0 with k > o, for x € {z € Q : u,(x) > k}, then we have
pn = (k= Ti(u)) = 0.
For z € {x € Q: u,(x) < —k}, we get

pn = p(=k = Tj(u)) <0.
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Thus, from (1.6) it follows that
/ g(x, Up, Vg ) ppdr > 0. (3.30)
{lun|>k}

Using (1.5), we get

|V Ty (un)|P
9 m’””’vu” SO”dx < b(k / T o 1 Pn dx + b(k / d(x ©On dl‘, 3.31
‘/{|un|<k} ( ) ‘ ) T funpyer 27! (k) | d(@)lenl (3.31)

Since d € L'(£2), and by (3.21), we have

Q

Combining (3.31) and (3.32) with (1.2), we obtain
b(k
‘/ g(x, Uy, Vun)ganda:‘ < Q/ Az, tn, VT (uy)) - VT (up)|@nlde + ,.  (3.33)
{lun|<k} ¢ Ja

Note that
-/QA((E, u, VI (w)) - V(Ti(upn) — Ti(w))|pnldz = e, (3.34)

and
/ Az, un, VT (un)) - VI (u)|on|de = &,. (3.35)
Q

It follows from (3.33)-(3.35), that

‘/ g(m,un,Vun)gondx’
{lun|<k}

< %“) /Q[A(:v,un,VTk(un)) — A, un, Vi ()] - V(T (un) = Ti(w))lpn|dz.  (3.36)
By (3.29), (3.30) and (3.36), we get
(B) > —% / (A, tn, VT (n)) — A, 1, V()] - V(T () — Te(w))[pldz. (3.37)

For (C) and (D), since f,, and F, are strongly compact in L'(€2) and (L (€2))V, respectively,
Tie(un) = Tr(u) in W, P(Q), by (3.21), we obtain

(C)=¢n, (D)=c¢n. (3.38)
According to (3.28), (3.37) and (3.38), we get
/Q[A(ﬂfaum VT (tn)) = A, un, V()] - V(Ti(n) = Tie(u)) [y, — %j)\ganl]dx =en. (3.39)

Combining (3.39) with Lemma 2.1, we have
/ [A(z, un, VT (up)) — Az, Uy, VTE(w)] - V(T (un) — Ti(w))da = €.
Q

This shows that Ty (u,) — Tk(u) in Wol’p(Q).
Let E C Q be a measurable subset. Then

/ |Vun|pdx:/ \Vun|pda:—|—/ |V, |[Pde. (3.40)
E En{|un|<k} En{|un|>k}
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Let € > 0 be fixed. Since

/ VPdo< [V,
En{|un|>k} {lun|>k}

(3.15) implies that there exists a k > o, such that
/ |Vup|Pdr < E, Vn eN. (3.41)
BEO{jun|>k} 2

For fixed k, due to

/ |V fPda < / VT () de,
En{|un|<k} 2

the strong compactness of T (u,) in VVO1 P(Q) implies, there exists § > 0, such that

/ Vun|Pdz < S, Vn €N, (3.42)
EN{jun|<k} 2

it |E| < 4.
By (3.40)—(3.42), there exists § > 0, such that

/ |[Vu,|Pde <e, VneN,
E

for every e > 0 if |E| < 6.

This fact shows that {|Vu, [P} is equi-integrable. Then there exists a subsequence, still
denoted by u,,, such that Vu,, almost everywhere converges to Vu and w,, converges to u strongly
in WyP(Q).

In order to pass to the limit to problem (3.1), we need to prove g(x, tun, Vu,) — g(z,u, Vu)
in L1(Q).

Since g(x, uy, Vu,) almost everywhere converges to g(z,u, Vu) in , we only prove the equi-
integrability of {|g(x, un, Vun)|}.

Using the above method, let £ C 2 be a measurable subset, we have

/ |g(x,un,Vun)|dx=/ |g(x7un7vun)|dx+
E En{|un|<k}

/ lg(z, up, Vuy,)|dz. (3.43)
En{|un|>k}

Let € > 0 be fixed. Using the fact that VT (u,) = Vuy, if |u,| < k and (1.5), we get
|VTk(un)‘p

g(x, Uy, Vuy)|dze < b(k / —————— +d(z))dx

S e =) J s e + 1)

< b(k) [E (W + d())d.

Due to d € L*(2) and the fact that Ty (u,) is strongly compact in W,?(Q), then there exists
d > 0, such that

/ 19(2, tn, Vaug)|dz < S, Vn €N, (3.44)
EO{lun|<k} 2

for every e > 0 if |E| < 4.
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Notice that

/ 19 s V)| < / 192,y V)| da.
En{|un|>k} {lun|>k}

Using (3.15) and (1.5), there exists k > o, such that
/ lg(x, U, Vuy,)|de < 57 Vn e N. (3.45)
En{|un|>k} 2

By (3.43)-(3.45), we show that {|g(z,un, Vuy)|} is equi-integrable. Hence, we can get (1.9) by
taking the limit of (3.1). O

3.2. Proof of Theorem 1.7

Before giving the proof of Theorem 1.7, we need to construct a suitable collection of cut-off

function.

Lemma 3.2 ([13, Lemma3.3]) Let A € My(§2) be a non-negative measure concentrated on a
set E and cap,(E,Q) = 0. Then there exists a {15} € C§°(Q), such that

/ |V¢5|pdx =¢e5, 0< s <1, /(1 — g5)d\ = g5, (3.46)
Q Q

for every § > 0.
In the following, we give the proof of Theorem 1.7.

Proof Since f, are non-negative, u,, are also non-negative by (1.6). Due to that {u,} is bounded
in Wy?(Q), there exists a subsequence {uy,}, a function u € Wy?(Q) and G € (L*' (Q))V, such
that u, — u in W, ?(Q) and a.e. in Q, A(z, u,, Vu,) — G in (LP' ().

Since b is a continuous function, there exists k& > 0, such that

b(k)k < %0 (3.47)

Choosing v = (k — Ty (un))ths as a test function in (1.10), since v € W, P(Q) N L®(Q), we
have

_ /Q A, i, Vi) - VT () hsda+ (A)
[ Atz 00, T - Tl Teun)do s (B)

/Q 92t V) (k — To(un))bsda (©)

= /an(k — Ty (up))ihsda. (D)

By (1.2), we get

VT (un,)P
(A) < _CO/Q M;;(Zjll)dmd%

Since k — Ty (un) — k — T (u) a.e. in 2, we have that Vis(k — Ty (up)) = Vips(k — T (u)) in
(LP(2))N. Then by (3.46), we find

(B) = /QG Vs (k= T (w))da + 20 = £n.s.
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Using (1.5), we have that

©1= [ bk~ Tidwn) s
{0<u, <k}
According to (3.47), we obtain

/ b(R)(k — T () pd(z)dz < <2 [ sda)az = e
[0<un <k}

I(C )|_/m¢5dw+55.

VT (un)[”

(& ) +d(x))dz.

Hence

Clearly, (D) > 0. Then

@ I(Vljlv S:L)LP Psda < ep5.
Due to
c/ VT (tn, |p¢5dx</ VT (u |pw da / WT’“ w dz,
(1+k)?
we get

IV T Psde = 2 (3.48)
Q

Choose T (u,)(1 — 15) as a test function in (1.10), by the same way, we have

/Q VT4 ()P (1 — 05) = £n. (3.49)

By (3.48) and (3.49), we obtain
/ VT4 (wn)|Pde = e,
Q

that is Ty (u,) — 0 in WO1 P(Q). Since the limit is independent of the choice of subsequence, the
whole sequence {u,} is such that sequence Ty (u,) — 0 in Wy(Q2). Thus, u = 0 and so uy,
converges weakly to 0 in WyP(Q).

In order to prove the second part of this theorem, observe that the strong convergence to
zero of Ty (uy) follows Vu, — 0 a.e. in Q. Then (1.3) and A(x,un, Vu,) = G in (L? (Q))N
imply that G = 0. Choosing ¢ € C(2) as test function in (1.10), we have

/A X,y Up, V) - chdx+/ g(z,un, Vup)odr = | foede. (3.50)
Q Q
Since G = 0, we have

A(z,up, Vuy,) - Vodz = e,. (3.51)
Q

Combining (3.50) and (3.51) with (1.11), we obtain

tim [ g(e,un Van)odo = [ g
Q

n——+00 Q

for every ¢ € C}(2). This concludes the proof of Theorem 1.7. O
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