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Abstract We are concerned with two points boundary value problems for a kind of conformable
fractional differential equations in this paper. By employing the fixed point theorems for a class of
sum-type operator defined on a cone, the existence-uniqueness and iterative schemes converging
to unique positive solution are established. As applications, two examples are presented to
illustrate our main results.
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1. Introduction

In recent decades, fractional calculus has become one of the most powerful mathematical tools
to model various complex problems in many science fields, including economy, chemistry, biology
and engineering [1-6], the study on all kinds of boundary value problems of fractional differential
equations received a great attention. Furthermore, based on the nonlinear operator theory in
abstract Banach space, a large number of results concerning the existence and uniqueness of
solutions had arisen in many literatures [7-11].

Zhai [12] investigated the existence and uniqueness of positive solutions for the following

fractional boundary value problems given by
—Dgu(t) = f(t,u(t) + g(t,u(t));
u(0) = '(0) = u"(0) = u"(1) =0,

where D, is the standard Riemann-Liouville fractional derivative. Existence and uniqueness
of positive solution were obtained by employing the fixed point theorem for a class of sum-type

operator. Liu and Zhang [13] studied the existence and uniqueness of the positive solutions for
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the following singular fractional differential equations:

Dy a(t) +p(t) f(t, x(t), z(t) + q(t)g(t, x(t)) = 0;
2(0) = '(0) = -~ = 2"~V(0) = 0;
2(1) = [§ k(s)a(s)dA(s),
where n—1 < a < n, D§, is the standard Riemann-Liouville fractional derivative. By employing
a kind of mixed monotone operator fixed point theorem, existence and uniqueness of positive
solutions were obtained for above integral boundary value problems. In [14], Qiao investigated the
positive solutions of fractional differential equations with infinite-point boundary value condition
as follows:
Dgia(t) + q(t) f(t,2(t)) = 0;
z(0) =a/(0) = -+ = 2("=2(0) = 0;
Df.a(l) = X, aua(s).
where n —1 < o < n, B € [1,a — 1] is a fixed number, Dg, is the standard Riemann-Liouville
fractional derivative. Existence of positive solutions was obtained by using upper and lower
solution method.

In recent years, Khalil [15] defined a new fractional derivative called conformable fractional
derivative, compared with Riemann-Liouville and Caputo fractional derivative definitions, the
conformable fractional derivative is well-behaved and it just depends on the basic limit definition
as follows )

Lo — tin LT 1)

e—0 3

where 0 < o < 1 and ¢ is a small enough variable. The new definition seems to be a natural
extension of the usual integer derivative, and it satisfies the major properties of the integer
derivative. Based on the definition of conformable fractional calculus, Bayour [16] investigated

the initial value problems of conformable fractional differential equation as follows:

{ 2 )(t) = f(t,z(t));

z(a) = o,

where f : [a,b] x R — R is a continuous function, z(®)(t) = T,z(t) denotes the conformable
fractional derivative of x at t of order a. In [17], He et al. studied a class of nonlinear Zoomeron
equation with conformable time-fractional derivative, by employing the exp(—y(¢))-expansion
method and the first integral method, various exact analytical traveling wave solutions to the
Zoomeron equation were obtained, such as solitary wave, breaking wave and periodic wave.

In this paper, we investigate the existence and uniqueness of positive solution for high-order

conformable fractional differential equations with sum-type nonlinear terms as follows:
—Tetu(t) = f(t,ut), u(t) + g(t,u(t), 0 <t <1
u(0)=0, i=0,1,2,3,...,n — 2; (1.1)
(T8 u(t)]=1 =0, m—1 < B <m,

wheren —1<a<n,m=12,...,n—1, T2+ is conformable fractional derivative.
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The remainder of this article is organized as follows. In Section 2, we recall some concepts
relative to the conformable fractional calculus and give some lemmas with respect to sum-type
operators. In Section 3, we prove the main results about the existence and uniqueness of positive

solution for BVP (1.1). In Section 4, we give some examples to verify our main results.

2. Preliminaries

For the convenience, in this section, we give some definitions and lemmas on conformable

fractional derivative and integral.

Definition 2.1 ([15]) The conformable fractional derivative staring from a of a function f :
[a,00) = R of order 0 < o < 1 is defined by

flt+elt—a)™) - f(t)

(T2£)(¢) = lim - ,

when a = 0, we write T,,. If (T2 f)(t) exists on [a,b], then
(T )(a) = Tim (T f)(E).

The conformable fractional integral staring from a of a function f : [a,00) — R is defined by

200 = 11 (e - o) = [ L

a)l—a

lim
t—at

dz,
where a € (0, 1).

Definition 2.2 ([15]) Let o € (n,n + 1). The conformable fractional derivative staring from a

of a function f : [a,+00) — R of order a, where f(™)(t) exists, is defined by
(Tah)(t) = (Ta_, S (D).

Let o € (n,n + 1). The conformable fractional integral of order « staring at a is defined by

SN)(E) = Iy (= a)* "1 (1)
- % -0y -0 )
Lemma 2.3 ([15]) Let a € (n,n+ 1] and f : [a, +00) be (n+ 1) times differentiable. Fort > a

we have

m R (a)(t — a)*
RAORNIOR SRl S
k=0 ’

Lemma 2.4 Let g € C[0,1] be given and T2" denote the conformable fractional derivative.
Then the following boundary value problem for fractional differential equation
“TYu(t) =g(t), n—1<a<mn
u®(0)=0, 0<i<n—2; (2.1)
[Tngu(t)]t:l =0, m—1<pB<m, 1<m<n-1

has a unique positive solution

u(t) = /0 G(t, 5)g(s)ds, (2.2)
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where
1 a—nf(] _ n—m—ltn—l —(t — n—1 ) 0<s<t< 1;
Glts) = 1 ° [(1—s) (t—s)""] Ss8st= (2.3)
L(n) | (1—s)rm-lgemn=l <t<s<1
is the Green function.
Proof In view of Lemma 2.3 and Definition 2.2, we can deduce that
7 0) u(n—2) (0) u(nfl)(o)
TOHTOF 0, (4) = w(t) — . t,u( 2 =2 _ n—1
QT () = ult) - u(0) — ' (0)t — ) )
(n—1) (O)
U
= u(t) — ———Lt"
ut) =)
and
0 1 ! 1
I°Tg(t) = t—s)" 15 g (s)ds.
() = gy [ 6= g(s)as
From u()(0) = 0, it is easy to know that
(n—1) (O) 1 t
u n—1 n—1_a—n
t) = t — t— ds. 2.4
) = T = g | = gt (24)

If 1 < 8 < 2, taking 8 order conformable fractional derivative on both sides of equation (2.4),

we have

w1 t
Tng ( ) 7o+ {d (O)tnfl _ i 1 ) A (t— S)nilsaing(S)dS}

B=1ldt (n—1)! dt (n —1)!
(n=1)(0) 1 t
. 2 — / (t—8)"2s*"g(s)ds
ﬁl[(n—2)' (n—2)!J, } (2.5)
_t2 u(n 1)(0)t . tQ_B /t(t_ )n—S a—n ( )d .
- (n—3)! 3 J, % 7 I
u("’l)(O) 128 t )
= 775”*5*1 _ t— n—3 _a—n ds.
(n—3)! (n—3)!/0( o) g (s)ds
Setting ¢ = 1, from [T§+u(t)]t:1 =0, it is evident that
1
w1 (0) = / (1—8)" 35 "g(s)ds. (2.6)
0

Now, combining (2.6) with (2.4), we obtain that

— 1 ! _Sn—Ssa—n n—1 s)ds — 1 ! _Sn—lsa—n s)ds
) = gy [ = o e e s — s [ gl

(n—=1)"J,

If 2 < 8 < 3, we can deduce that

1 ! n—4 a—nyn—1 _ 1 ! —s n—lsa—n s)ds
) = gy [ = o s — s [ s

(n—=1)"J,
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Evidently, if m — 1 < 8 < m, we have

1 t
u(t) _(nil)!/o (1 —s)" M s nn=lg(s)ds — (nil)'/o (t—8)""ts* g (s)ds
:ﬁ /01(1 _ s)n_m—lsa—ntn—lg(s)ds + ﬁ/t (1 _ S)H_m_lsa_”tn_lg(s)ds—
nil)/ (t— )" ts*"g(s)ds

Gt s) 1 sAT(L =) lnl _(f— )T 0< s <t <
S) = =——
L(n) | (1—s)mmlgengn=l 0g<t<s<1

is Green function. O

Lemma 2.5 For¥(t,s) € (0,1) x (0,1), the Green function (2.3) has the following properties:

(1') (1— r,,)n m— 1[1 E:l) g)7*r1]§o< nyn—1 < G(t 8) (1—S)n777];;7171‘;af’ﬂtn*17 Wheren = [a] —+ 17‘

(ii)) G(t,s) is a continuous function and G(t,s) > 0.

Proof It is evident that the right inequality of (i) holds. So, we only need to prove the left
inequality holds. For convenience, set
1
Gl(t,s) —_ F(ﬂ) [Safn(l o S)nfmfltnfl o Safn(t o S)nfl}
and

ML)l o<t <s < 1L

Gg(t, S) = F(n)

If0<s<t<1, we have
0<t—s<t—ts=(1-9),

and thus
(t _ S)nfl S (1 _ S)nfltnfl.

Then we get
L(n)Gi(t,s) = s "[(1—s)" ™ 1"t — (1t —5)" 1]
> 521 — )" (1= s) T
=(1—8)"™ 11— (1—s5)™s* ™"t
If 0 <t <s <1, we can deduce that
[(n)Gol(t,s) = s* (1 — )"~ m 1t
> 50— ) (1 )
= (18— (1 s
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It is obvious that G1(¢,s) and Gz(t, s) are continuous on their domains and G4 (s, s) = Ga(s, s).
In addition, for Vs,t € [0, 1], from (i), we know that

1
G(t,s) > @(1 _ S)nfmfl[l _ (1 _ S)m]safntnfl >0. O
Lemma 2.6 ([18]) Let a € (0,1), A: P x P — P be a mixed monotone operator satisfying

A(txat_ly) > taA(l‘,y), te (07 1)a T,y € P.

B : P — P is an increasing sub-homogeneous operator. Assume that

(I) There is hg € Py, such that A(hg, hg) € P, and Bhg € Py;

(II) There exists a constant dg > 0 such that A(z,y) > doBx for Vz,y € P.
Then,

(1) A: P, x Py, — Pp, B: P, = Py;

(2) There exist ug,vg € P, and r € (0,1) such that

rvg < ug < vo, ug < A(ug,v9) + Bug < A(vg, ug) + B(vg) < wvp;

(3) The operator equation A(x,x) + Bx = x has a unique solution x* in Py;

(4) For any initial values xg,yo € Py, constructing successively the sequences
Tn = A(@n—1,Yn-1) + Brn_1, Yn = AWn-1,Tn-1) + Byn—1, n=1,2,...,
we have z,, — =¥ and y,, — =¥ as n — oo.
Lemma 2.7 ([18]) Let a € (0,1), A: P x P — P be a mixed monotone operator satisfying
A(tz,t™y) > tA(z,y), te€(0,1), z,y € P.

B : P — P is an increasing a-concave operator. Assume that

(I) There is hg € Py, such that A(hg,hg) € P, and Bhg € Py;

(II) There exists a constant dg > 0 such that A(z,y) < doBx for Vz,y € P.
Then,

(1) A: P, x Py, — Pn, B: P, = Py;

(2) There exist ug,vg € Py, and r € (0, 1) such that

rvg < ug < vo, ug < A(ug,v9) + Bug < A(vg, ug) + B(vg) < wvp;

(3) The sum-type operator T = A + B has a unique fixed point z* € Pp;

(4) For any initial values xg,yo € Py, constructing successively the sequences
Ty = T(xn—layn—l)a Yn = T(yn—l; xn—1)7 n= 17 2a )
we have xz,, — x* and y, — ¥ as n — oco.

3. Main results

In our considerations, we work in the Banach space C[0,1] = {u : [0,1] — R is continuous}
with the standard norm |ju| = sup{|u(t)| : t € [0,1]}. Notice that this paper can be equipped
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with a partial order given by
z,y € Cl0,1], <y x@) <y fort € [0,1].

Let P = {u € C[0,1]|u(t) > 0,t € [0,1]}. Tt is clear that P is a normal cone in C[0,1] and the
normality constant is 1. In addition, for given h > 0, set P, = {a € E|x ~ h}, in which ~ is an
equivalence relation, i.e., for all z,y € E, x ~ y means that there exist A > 0 and g > 0 such
that Az >y > px.

By Lemma 2.4, we know that the boundary value problems (1.1) for conformable fractional

differential equations has an integral solution:

1 1
u(t) = / G(t, 5)f (s, u(s), u(s)ds + / G(t, 5)g(s, 2(s))ds,

where G(t, s) is given by (2.3). Now, we define two operators,

1
Alwo)(0) = [ Glt.5) (s, u(s).0()ds (3.)
0
and )
Bu)(t) = / G(t, s)g(s, u(s))ds, ¢ € [0,1]. (3.2)
0
It is evident that w is a solution of boundary value problems (1.1) if and only if u = A(u, u)+B(u).

Theorem 3.1 Assume that

(Hy) f:[0,1] x[0,+00) % [0,400) — [0, 4+00) is continuous and g : [0, 1] x [0, +00) — [0, +00)
is continuous;

(Hz) For fixedt € [0, 1], f(t,u,v) is increasing in u € [0, +00), and decreasing in v € [0, +00);
g(t,u) is increasing in u € [0, +o00) for fixed t € [0,1];

(H;) For Vvt € [0,1], A € (0,1), there exists a constant v € (0,1) such that f(t, Au, A\~ v) >
NV f(t,u,v);

(Hy) For ¥Vt € [0,1] and X € (0,1), g(t, \u) > Ag(t,u), and there exists a constant §y > 0
such that f(t,u,v) > dog(t, u).
Then:

(1) The boundary value problems (1.1) has a unique positive solution =* € Py, where
h(t) =t""1 and n = [a] + 1;

(2) There exist ug, vy € Pp and r € (0,1) such that rvy < up < vy and

o < / G(t, 5)( (5, uo(5), v0(3)) + g5, o (5)))ds,

vo > / G(t,8)(f(5,v0(s), uo(5)) + g5, vo(5)))ds,

where G(t, s) is defined by (2.3).
(3) For any initial value ug,vg € P, there are two iterative sequences {uy}, {v,} for approx-

imating v*, that is, u, — **,v, — x*, as n — oo, where

U = / G (t, 5)(f (5, n(), 1n(5)) + g(5, n(s)))ds,
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1
Unt1 =/ G(t,s)(f(5,vn(s), un(s)) + g(s,vn(s)))ds,
0
we have ||u, — u*|| = 0 and ||Jv, — u*|| = 0 as n — 0.

Proof Step 1. We prove that A is a mixed monotone operator and B is an increasing operator.
From (H;) and Lemma 2.5, it is easy to know that A: P x P — P and B: P x P — P. From
(Ha), for Yu;,v; € P, i = 1,2 with ug > us,v1 < vg, we get

1
m%mwzﬂmmmwwmmMs
z/Gmwmm@m@mzm%mw
0

That is, A is a mixed monotone operator. Moreover, we can conclude that the operator B is
increasing from (Hy) and Lemma 2.5.

Step 2. For Vu,v € P, we show that A(Au, \"1v) > A7 A(u,v)(t) and B is a sub-homogeneous
operator. For any A € (0,1) and w,v € P, from (H3), we have

A()\u,/\_lv):/o G(t,8)f (s, u(s), \"tv(s))ds

1
zmAwaww><mrwmwm>

that is A(Au, \~1v) > A A(u,v)(t) for A € (0,1) and u,v € P. In addition, from (Hs), for any
A€ (0,1),u € P, we obtain that

B(Au)(t /Gts (s)\u()ds>)\/Gts )g(s,u(s))ds = ABu(t).

Step 3. Let ho(t) = 1t"1. Tt is easy to know 3h(t) < ho(t) < 2h(t), evidently, ho € Py, we
show that A(hg, hg) € P, and Bhg € Pj,. On the one hand, from (H;), (Hs) and Lemma 2.5, we
know that

1
A(hg, ho)(t /Gts (s,ho(s), ho(s ds-/Gts "153 “Hds

<t )h()/o (1= 5)"=m=15=n f(5 1,0)ds.

On the other hand, we have

1
hOahO / G t, 8 S ho( ho ds_/ G t, 5 8 *S ’5871—1)(:18
1

JE— _ — 5 _ g)n—m— 1 SO f(g
F()0/0[1(1)](1) F(5,0,1)ds.
Furthermore, from (Hg) and (Hy), we get

f(s,1,0) > f(s,0,1) > dog(s,0) > 0.

Since g(t,0) # 0, it is easy to know

1 1 1
.1,0)ds > .0, 1)ds > 6, ,0)ds > 0.
Af@ M>Aﬂs>s>%y@>w
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Set

1 1
ly = —/ 1— )" m 12 f(5.1,0)ds
and

1 ! m n—-m-—1_a—n
la F(”)/o 1—-(1-9)")(1-ys) s f(s,0,1)ds.

Evidently, I[; > lo > 0, and loh < A(hg, ho) < l1h for Vit € [0,1], that is A(ho, ho) € Pp. Similarly,
! 1
1
(Blo)(®) = [ Gt s)gts.hof)ds = [ Gt 9)glo, 557 s
0 0
1
< MO [0 et igls, s
0

I'(n)
and
(Bho)(t) = | Gt 5)g(s, ho(s))ds = / G(t,s)g(s,%s"‘l)ds
0 0
w ' _ —_3)m —s n—m—lsa—n g S
> fo [ =a=9ma-s) o5, 0)ds.
Set, )
I3 := ﬁ/o (1—s)"" " s mg(s,1)ds
and )
1 m —s n—m—lsa—n s s
l4-=m/0[1—(1—8) (- s) 9(5,0)ds.

It is obvious that I3 > Iy > 0 and l4h < Bhg < l3h, that is Bhg € P,. In addition, from (Hy),
for Vu,v € P and t € (0,1), we obtain

/Gts (s,u(s), ())ds>5O/Gts g(s,u(s))ds
750Bu)

Now, all conditions of Lemma 2.6 are satisfied and an application implies that there exist

ug,vg € P, and v € (0, 1) such that yvg < ug < vg and
uy < /0 G(t7s)<f(s,uo(s)7vo(s)) +g(s,uo(s)))ds,
1
0> [ 6)(£(51m(s),10() + 9(s00(5) s

In addition, the boundary value problems (1.1) for conformable fractional differential equations
has a unique positive solution u* € Pj,. Furthermore, for any initial value ug, vg € P, construct-

ing successively the sequences
1
Unt1 :/ G(t,5)(f(s,un(s),vn(s)) + g(s, un(s)))ds,
0

U1 = / G(t, 5)(f (5, 0n(5), Un(5)) + 9(5, va(5)))ds,
0

we have |Ju, —u*|| = 0 and ||v, —u*|| > 0asn — 0. O



358 Bibo ZHOU and Lingling ZHANG

Corollary 3.2 Let g(t,u) = 0. Assume that (Hy)—(Hs) hold and f(t,0,1) # 0. Then, the

following boundary value problem for conformable fractional differential equation

T u(t) = f(t,u(t),u(t)), 0<t<1l, n—1<a<n;
uD(0)=0, i=0,1,2,3,...,n —2; (3.3)
[T u(t)];m1 =0, m—1<B<m, m=12..,n-1

has a unique positive solution u* in Pj,. Moreover, constructing successively the sequences
1
wn = [ Gt5) (5o (5), 001 (),
0

1
Up, :/ G(t,s)f(s,vn-1(8), un—1(s))ds,
0
we have u,, — u* and v,, — u* as n — oo.

Theorem 3.3 Assume (H), (Hz) hold, and suppose that

(Hs) For VA € (0,1),t € [0,1],u,v € [0,+00), there exists a constant u € (0,1) such that
g(t, \u) > Mg(t,u), and f(t, \u, \"2v) > N f(t,u,v).

(Hg) There exists a constant g > 0 such that f(t,u,v) < dog(t,u) for Vt € [0, 1] and u,v > 0.
Then:

(1) The boundary value problems (1.1) has a unique positive solution ©* € Py, where
h(t) =t""! and n = [a] + 1;
(2) There exist ug,vg € Py, and r € (0,1) such that rvy < ug < vg and

o < / G(t, 5)(f(5,10(5), v0(3)) + g5, uo(s)))ds,

1
vo > / G(t,5)(f(s, v0(s), uo(s)) + g(s, v0(s)))ds,

where G(t,s) is defined by (2.3).

(3) For any initial value ug,vo € Py, constructing successively sequences
1
Un+1 =/ G(t,s)(f(s,un(s),vn(s)) + g(s,un(s)))ds,
0

1
tnit = [ Gl vn(5)uns) + gl vns)) s,
0
we have u,, — u* and v,, — u* asn — 0.

Proof Firstly, from (H;) and (Hsy), we obtain that A : P x P — P is a mixed monotone operator
and B : P — P is increasing. For VA € (0,1), u,v € P, from (Hs), we can know that

AQu, \"1) = / G(t,s)f(s,Au(s), \"tv(s))ds

0
>\ / G(t, 5)f(s, uls), v(s))ds = AA(u, v)(£)
0
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and
1
B(Au)(t / G(t, $)g(s, \u(s))ds > )\“/ G(t,s)g(s,u(s))ds
0
= M Bu(t).
From (Hz) and (Hg), we can deduce that

;f(s 0.1), f(5,1,0)> f(5,0,1), ¥s € (0,1).
0

Since f(¢,0,1) £ 0, it is obvious that

9(s,0) >

1 1
/ f(s,1,0)ds > / f(s5,0,1)ds >0 (3.4)
0 0
and

1 1
1)d Od — Old 0. 3.5
/Og<s,>sz/0 g(s,0)ds > /fs 5> (3.5)

Secondly, by employing Lemma 2.5, we get

1 ! n—m—1_a—n
@/0 (1—-13s) Ls@™m f(s5,1,0)ds

1 ! m n—m—1_a—n
zm/o IT—-(1-=9")(1-y9) s*7"f(s,0,1)ds >0

and
1 ! n—m—1_a—n
7F(n)/0 (1—s) s "g(s,1)ds
1 ! m n—m—1_a—n
Zm/o 1—(1-=9)")(1-ys) s "g(s,0)ds > 0.

From the proof of Theorem 3.1, we obtain that A(hg, ho) € P, and B(hy) € Pp,. Furthermore,
from (Hg), for Vu,v € P and t € [0, 1], we have

/ G(t,s)f(s,u(s),v(s))ds < 50/ G(t,s)g(s,u(s))ds = doBu(t). (3.6)

Finally, an application of Lemma 2.7 implies that there exist ug, vy € Py and r € (0,1) such

that rvg < ug < vg, and
o < / G(t, 5)( (5, u0(5), v0(5)) + g(5, o (5)))ds,
vo > / G(t,8)(f(5,v0(s), o (5)) + g5, vo(5)))ds.

Moreover, the boundary value problem (1.1) for conformable fractional differential equations has
a unique solution v* € Pj. For any initial values zy,yo € P, constructing successively the

sequences
1
Unt1 :/0 G(t,5)(f(s,un(s),vn(s)) + g(s,un(s)))ds,

Vg1 = / G(t, 5)(f (5, 0n(5), 1n(5)) + 9(5, v (5)))ds,
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we have u,, — u* and v,, > u* asn — oco. O

Corollary 3.4 Let f(t,u,v) = 0. Assume that g satisfied all the conditions of Theorem 3.3 and
g(t,0) £ 0 for t € (0,1). Then, the following boundary value problem

—To%u(t) = g(t,ut)), 0<t<1l, n—1<a<mn;
u0)=0, i=0,1,2,3,...,n—2; (3.7)
19 u(t))i=1 =0, m—1<B<m, m=1,2,...,n-1

has a unique positive solution u* € Py; Moreover, for any initial values ug, € Py, constructing

successively the sequences

1
Upt1 :/ G(t,8)g(s,un(s))ds, n=1,2,...,
0

one has u,, — u* as n — 0o.

4. Applications
In this section, we conclude this article with the following two examples.

Example 4.1 Let a = % and 8 =

problem:

[\Sl[S3

We consider the following two-point boundary value

I

T x(t) = 2(x(t)F + 2+ (2(t) +1)"2 + 1, t€(0,1),
z(0) = 2'(0) = 2" (0) = 2’"(0) = 0, (4.1)
+
Conclusion. BVP (4.1) has a unique positive solution z* in P, where hy(t) = t*.
Proof Let g(t,z) = (z(t))3 4+ 12 and g(¢,0) = 2 £ 0, f(t,z,y) = (z(t))5 + (y(t) + 1)~ = + 1.
Clearly, g : [0,1] x [0,400) — [0, +00), f:]0,1] x [0,400) x [0,400) — [0, +00) are continuous.
And it is easy to see that g(t,z) is increasing in = € [0,4+oc0) for fixed t € (0,1), f(¢t, z,y) is
increasing in « € [0, +00) for fixed ¢t € (0,1) and y € [0, +00), decreasing in y € [0, +00) for fixed
t € (0,1) and = € [0,+00). In addition, VA € (0,1) we get
g(t, Az) = (Az()T + 12 > AT (2(1)) T + At
> M(@(t)* +1)g(t, 2) = Mg(t,2)

and

Moreover, setting dp = 1, we have
flta,y) = (@) + (y() +1)7% +1 2 (@(0)7 + 6> = dog(t, z).

By employing Theorem 3.1, we know that BVP (4.1) has a unique positive solution z* in Py,
where hy(t) =t*. O
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Example 4.2 Let a = % and g = % We consider two points boundary value problem for the

conformable fractional differential equation as follows:

—T9" a(t) = 2+ 2(x(t)) ¥ + cos t+ g, € (0,1),
4
x(0) = 2'(0) =0, (4.2)

ot _ 1
[ 3 (t)]e=1 = l4+e(1)?

Conclusion. BVP (4.2) has a unique positive solution z* in Py,, where ha(t) = t2.

1

Proof Let g(t,z) = 2+(x(t))3, f(t,z,y) = cos? t—|—(x(t))1—|—y—}rl. Evidently, g : [0, 1] x[0, +00) —
[0,400) and f : [0,1] x [0,4+00) X [0,400) — [0,400) are continuous. And it is easy to verify
that g(t,z) is increasing in x € [0, 4o00) for fixed ¢ € (0,1), f(t,z,y) is increasing in x € [0, 4+00)
for fixed ¢t € (0,1) and y € [0,400) and decreasing in y € [0,+o00) for fixed ¢ € (0,1) and

x € [0,+00). Moreover, we get

gt Az) = 24 (Ax(t)F > AT2 4+ AT (2(t)F = Nig(t,z)
and
b Xe A7) = o+ (ua(0)} + 1
1 A

> Acos?t + Nz(t)T + —— > \f(t, z,y).
> (@O) + 2 2 Aflh o)
Furthermore, f(¢,0,1) = cos?t + 1 # 0, setting §y = 1, we obtain

f(t.a.9) = cos*t + (@) + — <2+ (a(0) = dugl. ).

In consequence, an application of Theorem 3.3 implies that BVP (4.2) has a unique positive

solution z* in Py,, where ha(t) = t2. O
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