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Abstract In this paper, we consider the error estimation of the Ishikawa iteration process for
strongly demicontractive (SDC) mappings in real Hilbert spaces (without the Lipschitz condi-
tion), some convergence theorems of the Ishikawa iteration process are also obtained. Moreover,
we provide data dependence results for SDC mappings in three cases. Some numerical examples
are given to verify our results.
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1. Introduction and preliminaries

Let H be a real Hilbert space with inner product (-, -) and norm ||-||. C' is a nonempty, closed
and convex subset of H and T': C — C is a nonlinear mapping. We denote the set of fixed
points of T by Fix(T) = {x € C : Ta = z}. For arbitrary =g € C, {z,} is called the Ishikawa

iteration process [1] of T" if

{JCn-H = (1 - an)xn + anTyn, (1 1)

Yn = (1 = Bn)xn + BTz,
for all n > 0, where {«,}, {B.} are two sequences in [0,1]. If 3, = 0 for all n > 0 in (1.1),
then we obtain the Mann iteration process [2]. According to the definition of demicontractive
mapping, Maruster et al. [3] defined the concept of strongly demicontractive (SDC) mapping as
follows:
IT2 = 5.1 < allz — s.]* + K| Tz — 2,

where a € (0,1), K > 0 and s, € Fix(T') (Notice that if T is an SDC mapping and Fix(T) #
(), then T has a unique fixed point). Moreover, they studied the error estimation and T—
stability of the Mann iteration process for SDC mappings. Wang [4] obtained a new formula

of error estimation of the Mann iteration process for SDC mappings which is better than the
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corresponding results in [3]. Later on, Wang et al. [5] presented an error estimation of the

Ishikawa iteration process (1.1) for SDC mappings as follows (including the Lipschitz condition):

Theorem 1.1 ([5]) Let T be L-Lipschitzian (that is, there exists L > 0 such that ||Tz — Ty| <
L||z —y|| for any z,y € C) and strongly demicontractive with 0 < a < 1 and K > 0, s, € Fix(T).
Assume that there exist positive numbers 61,603, 0 < §; < 03 < min{l, 1 — (1 —a)(1 — K)} such
that HTTQ B x—Ta B :C||2 92

e 2 2
where x € C and Ty, g, == (1 — an)I 4+ a,Tp,, Tp, := (1 — Bn)I + B,T. For zy € C, let {x,,} be

the sequence generated by the Ishikawa iteration process (1.1) with the control sequence {c,}

and {3, } satisfying
1—6s 1-6,
<ap < ;
1—-a —a

< 0<B,<qg<l, (1.3)
2 2
L'¢"+qg+a<l1 (1.4)

for some 0 < ¢ < 1. Then the following error estimation for the sequence {x,} holds

[Znt1 — 5:)1* < [lwo — 5. [P05F! + (1 + Lg)* M (202€n—1 + €5),

where M = (%)2 -(1-K) 11:9; and €, = ||Tx, — z,|%.

Remark 1.2 If z = s, in (1.2), then we need to change the inequality (1.2) into
2 _ b2 2
1T e 50 = Tanpull” < S lIT2 — 2|

Data dependence results of various contractive type mappings have been studied by many
authors [6-9]. Recently, Giirsoy et al. [10] proved the following data dependence theorem for
SDC mappings in Hilbert spaces:

Theorem 1.3 ([10]) Let T be strongly demicontractive with a+2K € (0,1) and s, € Fix(T) Cc C
and T : C — C be a mapping with 3, € Fix(T) C C. Assume that

sup |Ts — Ts|| < e
seC

for a fixed number ¢ > 0. Then we have

~ 1-K
* T Ok < T a1 S
ls« =sull <y T €
provided that
(Ts5s — 84,15 —54) >0 (1.5)
and
(Sx — Su, S — T'54) > 0. (1.6)

In this paper, without the Lipschitz condition or the condition (1.4), we first consider the
error estimation of the Ishikawa iteration process (1.1) for SDC mappings. Secondly, a simple

convergence theorem of the Ishikawa iteration process (1.1) is obtained. Finally, data dependence
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theorems of SDC mappings (without the condition (1.5) or (1.6)) are discussed. Our results
improve and extend Theorems 1.1, 1.3 and some well-known results in [3,4,6-8].

Next, the following two lemmas will be needed in the sequel.
Lemma 1.4 ([6]) Let X be a real Hilbert space and a € [0,1]. Then
laz + (1 = a)y|* = allz|* + (1 = a)lly||* — a(1 - @) [z — y|*
for any x,y € X. In particular, if a = %, then
Iz +ylI* + o = yl* = 2]z + 2l|y]|*
for any x,y € X.
Lemma 1.5 ([4,5]) Suppose {a,} and {b,} are two nonnegative real sequences satistying

an+l S (0707% + ﬂbn

and "
n+1 «
<=, 1.7
e (L.7)
wheren =0,1,2,...,0< a <1 and 8 > 0. Then
lim a, =0

n— o0
and
g1 < apa™ ™ 4 B(a" by + 2a"71b1).

Remark 1.6 If b, = 0, then we need to change the inequality (1.7) into b,41 < §b,. In this

case, the result is obviously true.

2. Error estimation and convergence of the Ishikawa iteration process

In this section, we give the error estimation of the Ishikawa iteration process (1.1) for SDC

mappings, and some convergence theorems are also considered.

Theorem 2.1 Let T be an SDC mapping with a € (0,1), K € [0,1) and s, € Fix(T'). Assume
that there exist positive numbers 61, 62, 0 < 0; < 03 < min{1,1 — (1 —a —¢q)(1 — K)} such that

o
|7 o % = Ty 2117 < 5 1T = 2]

for some 0 < g < 1, where x € C, Ty, g, = (1 —an)I +a, T, and Tp, = (1 — B,)] + B,T. Let
{z,} be the sequence generated by the Ishikawa iteration process (1.1) satisfying

1—106, 1—-6;
—  <a, < —"7—
l—a—q ™~ 1—a—gq

4K
<l, M= —< 1
atg<h AR

Then {x,} converges strongly to the fixed point s, and the following error estimation holds:

14+vVM
1—-vVM

, 0<8,<g<1,

41 = s:l|* < flwo — s.057F + ( )?Q(05¢0 + 205 'e), (2.1)
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where Q = (£=4-)2 — (1 — K) 1_9jq and €, = ||Tx, — z,|°.

l—a—q l—a

Proof From the proof in [3, Theorem 2], we know that
T2 = s.]| < VM|z = s.]].
Since M =a + Ufilfiy < 1, we can get
[y = sull = [|(1 = Bp)an + BuTwp — sull < (1= Bu)llwn — sill + BullTzn — sl

< (1= Bu)llen — sull + BV M|y — .l = [L = Bu(1 = VAT — 5.
< flan — 5. (2.2)

and

”yn - Tyn||2 ”(1 - 5”)($n - Tyn) + Bn(Tmn - Tyn)||2
1- ﬁn)”Tyn - anQ + ﬁn”T-Tn - TynHQ ﬁn(l - /Bn)HTxn - -Z'nH2
]_ _

= (
<( Bl Tyn — anQ + Bul| Ty — TynH2
< (1= Bu)ITyn — zall® + BulllTzn — 5]l + | Tyn — s.ll]?
< (1 =BTy — an2 + 4B, M ||z, — 3*||2 (2.3)

From (2.2) and (2.3), we have
1Tyn = s.l1* < allyn = 5.l + K[| Ty — ynl?
< allzn = s> + (1= Ba) KTy — x| + 48, MK ||z, — 5.1 (2.4)
Since
[z = sull < llwn = Tanll + | Tan — s < o — Tan|| + VM|[zn — s,
Le, ||z — sil < ﬁ”xn — Tx,||, we have
T4 )l < 1T — 82l + 1 = 521l < VTl — 2]l + 1 — 5.

< (VAT + Dl — 5] < = ?m Ta. (2.5)

Notice that K € (0,3 — /8) (see [5]), using Lemma 1.4, (2.4) and (2.5), we obtain

|41 = s.ll® =[[(1 = an)an + @ Ty — 5.

1= o)z = sl + @l Ty — 521> = n(1 = @) | Ty — 20

L —ap)|lzn — 5*”2 + aniallz, — 3*”2 + K[(1 = Bu)| Ty — anQ"'
4B M||zy — 5.} = n(1 = an)[| Ty — xnl|®

<[ —an(l —a— 4B, KM)]|lz, — 5.+
o2 — a1 - )V

<[ —an(l—a—q)]||xn — s«

=(
<(

)QHTxn _InH2

202 —a,(1— Tn — 2n||%.
+(W) [, — an(1 = K)|[| Tz — x|
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Similar to the proof in [3, Theorem 1], we have
1+ VM
1-vVM

where @ = ($52.)? — (1 — K) =2 and €, = | T2, — 2, From Lemma 1.5, it follows that

)QQETH

[@ns1 — sal|? < Oaf|zn — a2+ (

{x,} converges strongly to the fixed point s, and

1+ VM
1-VvM
Remark 2.2 In Theorem 2.1, T' does not need to be L-Lipschitzian. So, Theorem 2.1 improves
Theorem 1.1.

s — 5.l < llzo — 5265 + ( PQ(83e0 + 205 er). O

Remark 2.3 Suppose T is a differentiable mapping and it is an SDC mapping with a € (0,1)
and K € [0,1), the sequence {z,} is generated by (1.1) satisfying:

1—-6 1—-0
an=ty, By =ty ———— <t < ———,
1—a—gq 1—a—gq
4K
0<ty < 1 <1 <1

In this case,
TTtltzas — Tt1t2$ = [1 — tltg(l — T/f)}(TJ) — J?),
where & = x + nt1ta(Tx — ), 0 < n < 1. If the derivative T" of T satisfies
0
1 —tit2(1 = T¢)|* < 52,
then 0
||1W11?‘11t2'r - Ttthsz < EQHTI - I||2, vz € C.

Therefore, from Theorem 2.1, we know that {z,} converges strongly to the fixed point of 7" and

the error estimation formula (2.1) holds.
Example 2.4 Let C =[—1,1], define a mapping T : C — C by

T — —%zQ, z € [-1,0.6],
—z +0.564, =z € (0.6,1],
s, = 0 is the unique fixed point and T is strongly demicontractive with a = 0.03 and K = 0.1
(it is not Lipschizian). Let ¢ = 0.55, we have

M:a+%<landa+q<l.
Since 0 < 0; < 02 <min{l,1 - (1 —a—¢q)(1 — K)} = 0.622, set 6; = 0.596, 6 = 0.6215. From
%Shﬁ%andoﬁbﬁ%
we obtain ¢; € [0.9012,0.9619] and ¢y € [0,0.55]. Thus t1t2 € [0,0.529]. We can choose some t;
and to satisfying ¢1to € [0.5225,0.529]. Then

TT, 1.2 — Tyop, 7| |2 i
[T T, twﬂ|§03mm<03m%:r£,Vx€Cmﬂx#s*
[|Tx — x||? 2
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Obviously, if = s, then
02
”TTtltzx - Tt1t2xH2 = E”T"L‘ - tz

So, all the conditions of Theorem 2.1 are satisfied. We give the following error estimation of

the Ishikawa iteration process based on (2.1):

0.9 T T T T T
—6&— True errors
0.8 Error estimations | |
07r
0.6
0.5
04r
03[

0.2

0 & & & & A Y
5 10 15 20 25 30

Figure 1 Illustration of true errors ||zr — s«|| (1 < k < 30) and error estimations with xo = 0.6

Theorem 2.5 Let T be L-Lipschitzian and strongly demicontractive with 0 < a <1, K >0
and s, € Fix(T). Assume that there exist positive numbers 61, 03, 0 < 61 < 63 < min{1,1 —
(1-a)(1 — K)} such that

02
1T T, 8,2 = Tan 5, 2lI* < 5 1Tz~ z||?,

where x € C, Ty, 8, = (1—an)I+a,Tp, and T, = (1—5,)I+5,T. Let {x,} be the sequence
generated by the Ishikawa iteration process (1.1) satisfying

1— 1—
b2 0, <120

1—a —a

0<B,<gx1

for some 0 < g < 1. Then {x,} converges strongly to the fixed point s, and the following error
estimation holds:

nsr = sull? < llwo = sel0571 + (1 + La)*Q(05 €0 + 205 ' ex), (2.6)
where Q = (322)2 — (1 - K)1=% and ¢, = || Tz, — 2.
Proof From the proof in [5, Theorem 2.1], we have
Jonsr — 5.l < [1 = an(l — @)z, — 5.2 + ATz, — 202,
where
A =a,Bp[aK — (a+ K)(1 - B,) + KL*B%] + a, [K(1 — B,) — 1+ ] (1 + LB,)?
=anfnl(a+ Bn = DK —a(l = Bu)] + anfan — (1= K)J(1+ LB,)* + K L*an B~
KanfBn(1+ LBy)?
<1+ LBy)%ad — (1= K)an] + Kanfn(a + B — 1) — Ko (1 + 2L,,)
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S(]. + Lﬂn)Q[ai - (]- - K)an] + Kanﬂn(a + Bn - 2)
<1+ LB)[e% — (1 - K)a.
Then, we have

[nrs = 5.2 < [1 = @l = @)]llan — 5.2 + (1 + LB)?[02 — (1 = K)a]| Tn — ]

n

From Lemma 1.5, it follows that {x,} converges strongly to the fixed point s, and

ln1 = sull® < llwo — 5|23 + (1 + Lg)*Q(05 0 + 265 1),

where Q = (%)2 -(1-K) 1{_% and €, = | Tz, — z,|% O

Remark 2.6 In Theorem 2.5, we do not need the condition “L?¢%2 + ¢+ a < 1”. So, Theorem
2.5 improves Theorem 1.1.
Now, we give a simple convergence theorem of the Ishikawa iteration process (1.1) for SDC

mappings.

Theorem 2.7 Let {z,}22, be the sequence generated by the Ishikawa iteration process (1.1),
T be an SDC mapping with a € (0,1), K € [0,1) and s, € Fix(T). Assume that

4K -
a+m<1and 7;0&":007

then the sequence {z,}52, converges strongly to the fixed point s, of T
Proof From the proof in [3, Theorem 2], we have

|72 — s, < VM2 = s,
where M = a + %. Since M < 1, we have

st = 5.l = (1 = an)n + anTyn — s

S (L= an)llzn = sl + onl|Tyn — s

< (1= an)l[#n = sull + anVM|ly, — s.]|

< (1= ap)llzn = sull + an VM[(1 = Bo) @0 — sull + Bl Tz — 5.
< (1= ap)|zn = sull + anVM(1 = By + BV M)||z, — s.|

<[ = an(1 = VM)]|lzn — .|

[Tt - (1 = VaDaulllzo — s.|
=0
—[—vVM) 3,

IA IN
bl

e g — s.l.

Note that Y7, a, = co. Then lim,, o 2, = 84, Le., {x,} converges strongly to s.. O

Remark 2.8 In Theorem 2.7, we change the condition “there exists A > 0, such that A <
an < 17 (see [5]) into a weak condition “> 2 ja, = 00”. So, Theorem 2.7 generalizes the

corresponding result in [5, Theorem 4.1].
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Remark 2.9 By [11, Section 4], the condition “a+ ﬁ < 1”7 can be replaced by the condition
“Ja+2vVK < 17. In this case, the value range of K can be extended from (0,3 —1/8) to (0, 1).

)4

Example 2.10 Let C = [—1,1] and define a mapping T : C — C by

T %x, x € [—1,0.6],
xr =
—x+0.5, z€(0.6,1].

s, = 0 is the unique fixed point of T and T is strongly demicontractive with a = 0.067 and
K =0.1. In this case, a + % < 1.

(1) Set a, =1-— n%m, Bn = 4. Then the conditions of Theorem 2.7 are satisfied (the
conditions in [5, Theorem 4.1] are also satisfied). Let zy € [—1,0.6]. By (1.1), we have

U O B
and
1 2 1
= a¥n —(1—
Tnpr =gt t (L= o2 )Tn
1 7
:72 n
9< +n+2)x

9”+1H n+271)x0'

So, lim,, o0 T, = Si.
(2) Set ay, = %ﬁ, Bn = %. Then Y »° /o, = co. The conditions of Theorem 2.7 are satisfied
(but the conditions in [5, Theorem 4.1] are not satisfied). Let z¢ € [—1,0.6]. By (1.1), we have

2
Yn = gwn
and
1 2 1
e L i
1 7
N §(9_ n+2)xn

9”‘*‘1 H n+2—z)x0'

So, we can also get lim,, o0 Tr, = Sx.

3. Data dependence for SDC mappings

Let 5, be a fixed point of T. Due to various reasons, it is difficult to calculate §, by using
existing methods or iterative algorithms. But we can calculate the fixed point s, of another
mapping 7" and use s, to approximate S,. This method is called “Data Dependence”, by using
a mapping which is easy to calculate the fixed point to replace the fixed point of the mapping

that we need.

Theorem 3.1 Let T : C — C be an SDC mapping with s, € Fix(T) and T : C — C be a
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mapping with 5, € Fix(T). Assume that

sup |[T's — Ts|| < e

seC

for a fixed number ¢ > 0. Then we have

[ 5. < _1-2K
BTSN T T Ak ©
provided that
(T3, — 5., T3, — 5.) >0, (3.1)
0<a+4K < 1. (3.2)

Proof According to (3.1) and the proof in [10, Theorem 5], we can get
50 = 52 < all5e — s> + KI5, — TS + sup | Ts — T2 (33)
seC
By Lemma 1.4, we have
|75, = 517 = 1(5s — 52) + (52 — T5.)|I?

<15 = 52) + (50 = TSI + G2 — 52) — (50 — T5,)|1

— 2[5 — a2 + 2. — T5.

< 2|54 — 8u||? 4 2a||5. — 5.2 + 2K|| T3, — 5.2

Thus,
2+ 2a
T3, — 3.7 < S — 52 A
IT5. ~ 52 < 2520 5. — 5. (3.4)
From (3.2)—(3.4), we obtain
1-2K

s — S| S ——e€ O
s =8ull <\ T——c €

Example 3.2 Let C' = [—1,0.7], define mappings T, T : C' — C by
oo [~ wel-Log
—z+0.8, z¢€(0.6,0.7]

and
Ts = 0.05sinz + 0.054.

Obviously, s, = 0 is the unique fixed point of T" and T is strongly demicontractive with a = 0.112
and K = 1077, In this case, 0 < a + 4K < 1. On the other hand, 5, = 0.056840 is the unique
fixed point of 7. So, we have (T3, — s., T3, — 5.) > 0. Note that sup,cc || T's — T's|| = 0.118232,

we can get the following estimation by using the conclusion of Theorem 3.1:

0.056840 = ||s, — 3| < \/ L= 2x 1077 118939 — 0.125467
’ ST = V1 —0112—4x 1077 T - '

Remark 3.3 In Example 3.2, since (s, — 8,,5, — T'5,) < 0, the fixed point 5, of T cannot be

estimated by Theorem 1.3. So, to some extent, Theorem 3.1 generalizes Theorem 1.3.
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Theorem 3.4 Let T : C — C be an SDC mapping with s, € Fix(T) and T:C — C bea

mapping with §, € Fix(T). Assume that
sup |T's — Ts|| < e
seC

for a fixed number ¢ > 0. Then we have

[ 5 < M
=T 0 3K ©
provided that
(85 — 84y 85 —T8,) >0, (3.5)
0<2a+3K < 1. (3.6)

Proof By Lemma 1.4 and (3.6), we have
56 = 3cll? = [[(5 = T3:) + (T3, = 5.)|1?
< (s = T52) + (T35 = 8)1° + [ (54 = T5) — (T3, — 5.
= 2|5, — T3, + 2||T5. — 5.
< 2al|3, — s.]|® + 2K|| T3, — 5.]|> + 2| T3, — T5,|°

< 2al|3, — 5.]|? + 2K || T3, — 5.]|* + 2sup ||T's — T's||%. (3.7)
seC
According to (3.5) and the proof in [10, Theorem 5], we obtain
1
5. = T5.) < T ll5. — 5.l (35)
By (3.7) and (3.8), we can get that
1 -
55 — 3. ||> < 20|53, — s.]]? + 2K ta 15 — s.||? + 2sup | T's — T's||?.
1-K seC
Then,
- 2(1 - K)
x T Sk S P e———— S
Ise =8l <\ T 5a =3k © ©
Example 3.5 Let C' = [—1,0.7], define mappings 7,7 : C — C by
T — 1—10952, x € [-1,0.6],
—z+0.8, z€(0.6,0.7]
and

Ts = 0.05sinz + 0.082.

Obviously, s, = 0 is the unique fixed point of T and T is strongly demicontractive with ¢ = 0.108
and K = 0.0071. In this case, 0 < 2a 4+ 3K < 1. On the other hand, 5, = 0.086310 is the unique
fixed point of T So, (s, — 8., 5. — T5.) > 0. Since sup,c¢ || T's — T's|| = 0.089768, we can get the
following estimation by using the conclusion of Theorem 3.4:

2 x (1 —0.0071)
1—2x0.108 — 3 x 0.0071

0.086310 = ||s, — &.|| < \/ x 0.089768 = 0.144848.
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Remark 3.6 In Example 3.5, since (T'5, — s.,T5, — §,) < 0, the fixed point §, of T cannot
be estimated by Theorem 3.1 and Theorem 1.3. So, to some extent, Theorem 3.4 generalizes
Theorem 1.3.

Remark 3.7 Notice that
in{ 1-2K 2(1 — K) - 1-K
M UK 120 3K T 1—a_2K°

If (1.5) and (1.6) are all satisfied, we often use Theorem 1.3 to estimate the fixed point 3, of T'.

Theorem 3.8 Let T : C — C be an SDC mapping with s, € Fix(T) and T:C — C bea

mapping with §, € Fix(T). Assume that
sup |Ts — Ts|| < e
seC
for a fixed number ¢ > 0, and
1
a+ 3K < 3 (3.9)

Then we have
2(1 - 2K)

L — A <y L e
lse = 5:ll <\ 15 —6x €

Proof By (3.4) and (3.7), we can get that

242 ~
155 — 3. ||? < 2al|s. — 84]|* + 2K +2a |54 — 3.||? + 2sup || T's — T's||?.
1 - 2K seC
Therefore,
i 2(1 - 2K)
« — Sx|| <\ ——= €.
s =8 =\ T3k €

Remark 3.9 (1) For Example 3.2, if a = 0.112, K = 1077, then we have a + 3K < % We can

get the following estimation by using the conclusion of Theorem 3.8:

2x(1-2x1077)
1-2x0.112—-6 x 107

For Example 3.5, if a = 0.108, K = 0.0071, then we have a + 3K < % We can get the following

estimation by using the conclusion of Theorem 3.8:

x 0.118232 = 0.189810.

0.056840 = ||s, — §,|| < \/

2x (1—-2x0.0071)
1-2x0.108 -6 x 0.0071

0.086310 = ||s, — &.]| < \/ % 0.089768 = 0.146388.

(2) Notice that
1-2K  2(1-K) 2(1 — 2K)
M TR T 2a 3K 126K
If (1.5) or (1.6) is satisfied, then the estimation result of Theorem 3.8 is not better than that of

Theorems 3.1 or 3.4. But we know that §, is often unknown in calculation. In this case, (3.1)

and (3.5) cannot be verified. Thus, Theorem 3.8 has more application value than Theorems 3.1,
3.4 and 1.3.



522 Chao WANG and Honglei FAN
4. Conclusions

This paper studies two problems. Firstly, the error estimation and strong convergence of
the Ishikawa process for fixed points of SDC mappings under different conditions are consid-
ered. Some examples are given to illustrate the applicability of our results. Secondly, the data
dependence of SDC mappings is discussed in three cases, and their respective advantages are

illustrated with examples.
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