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On a Problem of Q. H. YANG and Y. G. CHEN
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Abstract For any positive integers ki, k2 and any set A C N, let Ry, x,(A,n) be the number
of solutions of the equation n = kiai + kzae with a1,a2 € A. Let A= N\A. Yang and Chen
proved that if k1 and k2 are two integers with k2 > k1 > 2 and (k1,k2) = 1, then there does
not exist any set A C N such that Ry, k,(A,n) = Ry, .k, (A,n) for all sufficiently large integers
n. For two integers k > 1 and ¢ > 1, define fi(t) to be the number of sets A C N such that
Ry x(A,n) = Rix(A,n) holds for all integers n > t. Yang and Chen proved that fx(t) is finite
and lim;—; o M = log2. They also asked if it is true that for any integers k,l > 1 there
exists to(k, 1) such that fr(t) = fi(t) for all integers ¢t > to. In this paper, we give the exact
formula of fi(t) when t < k, which implies that f(¢) = fi(¢) for all integers ¢ < min{k, [}.
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1. Introduction

Let N be the set of all nonnegative integers. For a set A C N, let Ry(A4,n), Ra2(A,n) and
R3(A, n) denote the number of solutions of a1 +as = n, a1, a2 € A; a14as = n,a1,a2 € A a1 < as
and a; + ag = n,a1,a2 € A, a1 < as, respectively. For i = 1, 2,3, Sarkozy asked whether there
exist two sets A and B with infinite symmetric difference such that R;(A4,n) = R;(B,n) for all
sufficiently large integers n. Dombi [1] proved that the answer is negative for ¢« = 1 and positive
for i = 2. For i = 3, Chen and Wang [2] proved that the answer is also positive. Later, Lev [3],
Séndor [4] and Tang [5] provided new and nice proofs, respectively.

In [6], Yang and Chen considered the Sarkozy problem with weighted representation func-
tions. For any positive integers ki,..., ks and any set A C N, let Ry, 1, (4, n) be the number
of solutions of the equation n = kyay + - - -+ kyay with aq,...,a; € A. Let A = N\ A. They posed

the following question:

Question 1.1 ([6]) Is there a set A C N such that Ry, ., (A,n) = Rk, k(A,n) for all
n>ng?

They answered this question for ¢ = 2 and proved the following results.

Theorem 1.2 ([6]) If k1 and ko are two integers with ko > ki > 2 and (k1,k2) = 1, then
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there does not exist any set A C N such that Ry, 1,(A,n) = Ry, x,(A,n) for all sufficiently large

integers n.

Theorem 1.3 ([6]) Ifk is an integer with k > 1, then there exists a set A C N such that
Ryi(A;n) = Ry (A, n) (1.1)

for all integers n > 1.
Furthermore, if 0 € A, then (1.1) holds for all integers n > 1 if and only if

o0

A={o1J ( Ik + DR, (k + DR - 1]),

i=0
where [x,y] ={n:n € Z,x <n < y}.
Later, Li and Ma [7] proved the same results by using generating function. For two integers
k> 1andt > 1, define fi(t) to be the number of sets A C N such that (1.1) holds for all integers
n > t. By Theorem 1.3, we have fi(1) = 2. Yang and Chen [6] proved the following result and

posed a question.

Theorem 1.4 ([6]) Let k be an integer with k > 1. Then, for each integer t > 1, fi(t) is finite

and | .
lim 08 k) {k( )

t—o0
Question 1.5 ([6]) Is it true for any integers k,I > 1 there exists to = to(k,l) such that
fx(t) = fi(t) for all integers t > t?
In this paper, we give the exact formula of fi(t) when t < k.

= log2.

Theorem 1.6 Let k be an integer with k > 1. Then

2. t=1
t — b 9
Ji®) {2f—1, 2<t<k

Furthermore, for any integers k,1 > 1, fi(t) = fi(t) holds for all integers t < min{k, [}.

2. Proof of Theorem 1.6

To prove Theorem 1.6, we need some Lemmas.

Lemma 2.1 ([7]) There exists a set A C N such that Ry, ., (A,n) = Rk, .k (A,n) for all
integers n > nyg if and only if there is a polynomial p(z) (including zero polynomial) of degree at

most ng — 1 such that for |z| < 1,

[1( ) -1 (e - 3 at) =pte)

i=1 a€A i=1
Lemma 2.2 Let k and t be two positive integers with k >t > 1 and let A C N. The equality
Ri1k(A,n) = Ry x(A,n) holds for all integers n >t if and only if

xA(0) +xa(l) =1, (2.1)
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xa(@)+xali+k)=1 for0<i<t-1, (2.2)

XA(z')—FXA([%]):l for i>k+t and t—1<i<Fk, (2.3)

where xa(m) is the characteristic function of the set A, that is, xa(m) = 1 if m € A and
xa(m)=0ifm ¢ A.

Proof Let f(z) be the generating function associated with A, that is,

oo

f(z) = Zx“ = ZXA(i):vi.

acA i=0
Suppose that Ry (A, n) = Ry x(A,n) holds for n > t. It follows from Lemma 2.1 that there

is a polynomial p(z) (including zero polynomial) of degree at most ¢ — 1 such that for |z| < 1,

pla) =F(@) (@) ~ (= — F@) (== ~ F&))
_f@) @) 1
l-z + 1—zF  (1—a)(1 —ak)
that is, .
fl@) = 7= = f@) A+ z+- 2" 4 plz)(1 - 2F), (2.4)
Let
-1
p(z) = Z ot
i=0
Then o o
p(x)(1 —2F) = Zaixi - Z okt
i=0 =0
Since - '
Fa) Utz +a ) =3 xal()e’
i=0
and

=0
it follows that
1 . k E—1y _ = . j i
— = @)Uttt = ;a xa(lz)a'.
So
[e%s) . [e’e) i ) t—1 ) t—1 )
> xali)at => (1 xa(lp e’ + ot = et
1=0 1=0 1=0 1=0

Noting that t < k, we have
xa(i) :1—XA([£D for i>k+t and t—1<i<k
and

xali) = 1= xa([2]) + o0, xali+ k) =1 - xa(l

)—a; for 0<i<t—1.
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Then '
XA(i)-i-XA([%]):l for i>k+t and t—1<i<k

and
Xa(®) +xa(@+k)+xa(0)+xa(l)=2 for 0<i<t—1. (2.5)

Take ¢ = 0 in (2.5), and we have
2xa(0) + xa(k) +xa(1) = 2.
If xa(0) =1, then xa(1) =0. If x4(0) =0, then xa(1) = 1. Therefore,
xa(0) +xa(l) = 1.
It follows from (2.5) that
Xa(@) +xa(i+k)=1 for 0<i<t-—1,

which proves the necessary part of Lemma 2.2.
Next, we prove the sufficient part of Lemma 2.2. Tt follows from Lemma 2.1 and (2.4) that

we only need to prove there exists a polynomial p(z) of degree at most ¢t — 1 such that

F(#) = = FE) U+ b ) () (1 ),
It follows from (2.3) that
%) ‘ k+t—1 ‘ (e
x) =ZXA(i)xl = Z xa(i)x' + Z xa(i)x
i=0 i=0 i=k+t
k+t—1 . %) i .
= > xal@e'+ Y (1 = xallz))e’
1=0 i=k+t
k+t—1
= > A(0) +xal[£)) = D’ +Z (1= xa(l
ZIO k+t—1 i .
== @)@ +z+-+2" )+ D (xali) +xa([z) - D',
=0
By (2.1)-(2.3) and t < k we have
k+t—1 i .
Z Oea(®) +xallz]) = 1)af
Z_01571 k4+t—1 . )
= (XA()+XA( ) — Dz’ + Z xa(i) + xa [k])—l)xz
o i e i+k .
= (xali) + XA([E]) — 12" + > (xali+k) + xa(l 3 J) - D
i=0

-~ Ti .
|
= o

(xa(i) +xa(0) — 1) x%tz (1= xa(i) + xa(1) = 1)z

-
Il
=)
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— (1— ") S (eald) + xa(0) - 1)
1=0
Let .
p(x) = 3" (i) + x(0) - 1)a.
1=0

Then the degree of p(z) at most ¢ — 1 and

fla) = —

:1—:10

This completes the proof of Lemma 2.2. O

—fE) Az +- 25 +p(a) (1 - 2P).

Now, we will prove Theorem 1.6.

Proof of Theorem 1.6. It follows from Theorem 1.3 that f(1) = 2. We will use induction on
2 <t <k to prove fi(t) =2!71.
If t = 2, by Lemma 2.2, then R; (A, n) = Ry x(A,n) holds for all integers n > 2 if and only

if
xXA(0) +xa(1) =1, xa(0)+xa(k) =1, xa(l)+xak+1)=1
and .
XA(z’)—FXA([%]):l for i>k+2 and 1<i<k
Then
A={orY ( G[(k + 1R, (k + 1)k - 1])
i=0
A=K ( [j[(k: FEEHL (ko + 1)kH2 - 1]).
=0

Therefore, fi(2) = 2.
Assume that fj(t) = 2071 with 2 < ¢ < k—1. Then there are 2!~ different sets Ay, Ao, ..., Aye—1
such that
Ry k(Aj,n) = Rik(A;,n) (1<j <27

holds for all integers n > ¢. It is clear that every set A; also satisfies
Rik(Aj;,n) = Ry (4, n)

for all integers n > ¢ + 1. By Lemma 2.2 we have
X4, () +xa,(t+Ek)=1

and

xa, (m) + xa, () = 1.

m e G([kst, E5(t+1) = 1U[E(t+ k), k°(t+k+1)—1]).

s=1
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For every set Aj, let A; be a set satisfying

poy (m) =xa,;(m), m¢ U ([B°t, E°(t+1) = 1U[E(t+ k), k°(t+k+1)—1])

s=0
and
Xar(m) =1—xa,(m), me | J(E6E({E+1) = 1JUR(+k), k(¢ +k+1) 1))
s=0
Then
Xy (t) + xay (t+ k) =1
and

X, (m) + XA;_([%]) =1, me [ JURt R (t+1) = U R+ k), k(4 + 1) — 1]).

s=1
Moreover,

X, (0) +xa7 (1) = 1,

XA;(i)—l—xA;(i—i—k):l for 0<i<t,

XA;(¢)+XA;([21):1 for i>k+t+1 and t<i<k.

It follows from Lemma 2.2 that Rlﬁk(A;-, n) = Rlﬁk(A;., n) holds for all integers n >t + 1.
Next, we will prove these sets Ay, A}, ..., Aye—1, A, are different. Then fi(t + 1) > 2%, If
there exist A} = A’ (i # j), then

1= xa,(m) = xa:(m) = xa,(m) =1—xa,(m)
for all m e oo o ([k%¢, k5(t + 1) — 1] U [k*(t + k), k*(t + k + 1) — 1]), which implies

Xa,(m) = xa,(m),m € | J(Bt,k*(t +1) = U RSt + k), k°(t+ k + 1) — 1)).
s=0

Also, it is clear that
Xa,(m) = XA (m) = XA (m) = xa,(m)
for allm ¢ (Joo o ([k°t, k*(t+1) —1JU[k*(t+k), k*(t+k+1)—1]). Hence, A; = A, a contradiction.
Therefore, A},..., A}, , are different. It is clear that A; # Aj. If there exist A} = A; (i # j),
then
xar(t) = xa; (1), xar(t) # xa (), xa,(0) = xa:(0) = x4, (0).
Noting that ¢t < k — 1, we have

1=, (0) % x, (15) = 3, (8) 4 X4, (0) = xar (6)+ 0, (0)

Since

1=, ) + () = X0 + xa,(0),
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it follows that x , () = xa; (t), a contradiction. Therefore, Ay, A, ..., Ayi-1, A, are different.
Then fi(t+1) > 2% Let A be a set with Ry x(A,n) = Ry x(A,n) for all integers n > ¢ + 1. It
follows from Lemma 2.2 that

xa(0) +xa(l) =1,

xXa(@)+xa(i+k)=1 for 0<i<t,
XA(i)‘FXA([%]):l for i>k+t+1 and t<i<k.

Since the set A is completely determined by xa(1), x4(2), ..., xa(t), it follows that fx(t+1) < 2.
Therefore,
fe(t+1)=2"

This completes the proof of Theorem 1.6. O
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