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Extremal (Molecular) Trees with Respect to Multiplicative
Sombor Indices

Hechao LIU
School of Mathematical Sciences, South China Normal University, Guangdong 510631, P. R. China

Abstract Topological indices are a class of numerical invariants that can be used to predict the
physicochemical properties of compounds and are widely used in quantum chemistry, molecular
biology and other research field. For a (molecular) graph G with vertex set V(G) and edge
set E(G), the Sombor index is defined as SO(G) = 3, c p(a) V& (u) + dg(v), where de(u)
denotes the degree of vertex u in G. Accordingly, the multiplicative Sombor index is defined as

[Is0(G) = Nver@ Vd&(u) +dZ(v). A molecular tree is a tree with maximum degree A < 4.
In this paper, we first determine the maximum molecular trees with respect to multiplicative

Sombor index. Then we determine the first thirteen minimum (molecular) trees with respect to
multiplicative Sombor index.
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1. Introduction

In this paper, we only consider simple connected graphs. Let N (u) be the set of vertices that
are neighbors of the vertex u. Then |Ng(u)| is the degree of vertex u, denoted by d¢g(u) or d(u).
We call a vertex u in graph G a pendent vertex (branching vertex) if dg(u) = 1 (dg(u) > 3).
Denote by n; the number of vertices with degree i, m; ; the number of edges with degree of
end-ponits ¢ and j. A molecular tree is a tree with maximum degree A < 4. For all notations
and terminology used, but not defined here, we refer to [1]. We will omit the subscript G or T'
if the graph is clear from the context.

In 2020, Gutman proposed a new graphical invariant: Sombor index (SO) [2], which is defined

SOG) = > \Jdi(u) + d%(v).

weE(G)

as

The Sombor index differs from other vertex-degree-based indices because it has a peculiar ge-

ometric interpretation. After the Sombor index was conceived in [2], the evident task was to
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determine its main mathematical properties and chemical applications, see [3-8] and the refer-
ences within. A nearly complete survey of these researches is found in [9)].
Accordingly, the multiplicative Sombor index ([[g) is defined as

[l @@= TI Ve&w-+dao.

wveE(G)

For the multiplicative Sombor index, Liu [10] had conceived the extremal values of graphs.
Recently, Deng et al. [11] treated the maximum Sombor index of molecular trees. Liu et al. [12]
ordered the minimum molecular trees with respect to Sombor index. As an extension of results
of [11,12], we consider the multiplicative Sombor index. In this paper, we first determine the
maximum molecular trees with respect to multiplicative Sombor index. Then we determine the

first thirteen minimum (molecular) trees with respect to multiplicative Sombor index.

2. Maximum molecular trees

Denote by CT,, the set of molecular trees with n vertices, CT . the set of molecular trees with

n vertices and ns +n3 < 1.

Lemma 2.1 Let T € CT,, and n3(T) > 2. Then T is not a maximum molecular tree with

respect to multiplicative Sombor index in CT,,.

Proof Suppose that d(u) = d(v) = 3, Np(u) = {ui,u2,usz}, Np(v) = {v1,v2,v3}. Since
T is a tree, there exists a unique path between u and v. We suppose the unique path from
u to v goes through us and vy. Without loss of generality, we suppose d(u1) < d(ug). Let
T* =T —{uu } +{vu1}. Then T* € CT,,.
Case 1. u »~v.
so(T) _ /16 + d2(ur) /A + d(uz) /A + d(us) [T;_; /16 + d2(vi)
[so(T) IT) V9 + () Ty v/ + 2 (vi)
3
B L+ grgan i /1 + oraan
5 5 '
\/1 + T2 \/1 + T2y
Since d(uy) < d(usz) and d(uz) > 2,
(1) If d(uz) > 2 and d(ug) = 1, then d(u;) =1 and d(v;) <4 (i = 1,2,3). Then

3
Hso(r) o V1 e [lic 1+ 57
[lso(T) \/1+4+%\/1+4+%
(2) If d(uz) > 2 and d(ug) = 2, then d(u;) < 2 and d(v;) <4 (i = 1,2,3). Then

7 3 7
Hso(™) o V1 gz s/ 1+ 552

T — 5 5
HSO( ) \/1+W\/1+W

>1

> 1
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(3) If d(uz) > 2 and d(ug) = 3, then d(u;) < 3 and d(v;) <4 (i = 1,2,3). Then
7 3 7
Hso(r) VIt ol yl+57m
™ =
[Iso(T) \/1+4+%\/1+4+%
(4) If d(uz) > 2 and d(ug) = 4, then d(u;) <4 and d(v;) <4 (i = 1,2,3). Then

T3/ 7
HSO(T*)> It gyl 1+ o

[lso(T) \/1+4+%\/1+4+%

>1

>1

Case 2. u ~ v.

[so(T*) _ VA+16/16 +d?(u1) /4 + d?(us) /16 + d*(v1) /16 + d2(v3)

[Iso(T) VI 99+ d2(u1)\/9 + d2(uz)y/9 + &2 (v1)1/9 + d2(v3)
10 7 7 7
Y ?\/1 Rl o1y \/1 + 5@ \/1 + 5T @y
= .
VIt mEe

Since d(u1) < 4, d(v1) < 4, d(vs) < 4 and d(ug) > 1. Let d(u1) = d(v1) = d(vs) = 4 and

d(uz) = 1. We can desire the minimum value of II[—[SO((T)), thus

10
Mot , VBT oy T
o 2 e

As required, we complete the proof. O

Lemma 2.2 Let T € CT,, and ng(T) > 2. Then T is not a maximum molecular tree with

respect to multiplicative Sombor index in CT,,.

Proof Suppose that d(u) = d(v) = 2, Np(u) = {u1,u2}, Nr(v) = {vi,v2}. We suppose the
unique path from u to v goes through us and vy. Note that ug > 2. Let T* = T — {uuq } + {vuq }.
Then T* € CT,,.

Case 1. u »~ .

[Iso(T*) _ 9+ d?(ur) /1 + d?(u2) /9 + d?(v1) /9 + d*(v2)
[Tso(T) A+ @(u1)y/4 + d2(uz) /4 + d2(01) /4 + d2(v3)

5 5
B \/1 + e \/1 + T \/1 + T

3
VIt e

Since d(ug) > 2, d(uy) < 4, d(v1) < 4, d(v2) < 4. Let d(u1) = d(v1) = d(ve) = 4 and

d(ug) = 2. We can desire the minimum value of HSO(T*), thus
[Iso(T)

[Iso(T™) \/1+4+42\/1+4+42\/1+4+42

[so(T ) 1+ 25
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Case 2. u ~ .

[so(T7) \/1+9\/9+d2 \/9+d2 )>1
[Is0(T) \/4+4\/4+d2 INZEX 20N

As required, we complete the proof. O
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Lemma 2.3 Let T € CT,, and na(T) > 1, n3(T) > 1. Then T is not a maximum molecular

tree with respect to multiplicative Sombor index in CT .

Proof Suppose that d(u) = 2, d(v) = 3, Nr(u) = {uy,u2}, Np(v) = {v1,v2,v3}. We suppose
that the unique path from u to v goes through ws and vy. Note that us > 2. Let T* =

T — {uuy} +{vur}. Then T* € CT,,.

Case 1. u »~ .

[so(T%) \/16+d2 (u1) /14 2(uz) [To_, /16 + d2(vi)

HSO( ) Hz 1\/4—i_d2u’Z Hz:l V9+d2vi
L+ 4+d2(u Hz 1/ 1+ 9+dz(vi)

L+ iy

Since d(uz) > 2, d(u1) < 4, d(v;) <4 (i =1,2,3). Let d(u1) = d(v1) = d(v2) = d(v3) = 4

and d(uz) = 2. We can desire the minimum value of %SO((TT)), thus

7
so(T7) Lt 75 [T /1 + o
[Iso(T) — V1t 2=
Case 2. u ~v.

[Tso(T*) V14 164/16 + d2(u1)y/16 + d2(v1)/16 + d2(v3)
[Iso(T) VA 9/A+ d2(ur)\/9 + d2(01)/9 + 2 (v3)

As required, we complete the proof. O

>1

Lemma 2.4 ([11]) Let T € CT,,, and p be the number of pendent vertices in T'. Then

(1) ifn =0 (mod3), then ny =1, ng =0 and p = 2;
(2) ifn=1 (mod3), then ny =0, n3 =1 and p = 2”"’1,
(3) ifn =2 (mod3), then ny =0, ny =0 and p = 242,

Theorem 2.5 LetT € CT,, n>13. Then

20175 - n =0 (mod 3)
[I, () <q 2125-177% - 32"5°, n=1 (mod3)
175 n =2 (mod 3).

Proof From the Lemmas 2.1-2.3, we know that if 7" € CT,, has maximum multiplicative Sombor

index, then 7' € CT . Let p be the number of pendent vertices in 7. By Lemma 2.4, we have

Case 1. n =0 (mod3), then no =1, n3 =0 and p = %
Let d(u) = 2, Np(u) = {ug,us2}.
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If d(uq) =1 or d(ug) = 1, then
[I. () =vV12+22. V2482124435 . (42 +47)"F

=10-177%" . 32" = 402
V17

n—9

2173 -327%5 .

If d(uy) = d(usz) = 4, then

n—p—3

[[, (D) =@ +4) (1> +47)8 - (42 +4°)"F~ =20-175 . 32557,
Case 2. n =1 (mod3), then no =0, n3 =1 and p = 2"3—+1

Let d(v) =3, Np(v) = {v1,v2,v3}. Suppose that d(v1) < d(v2) < d(vs).
If d(v1) = 1 and d(v2) = d(v3) = 4, then

[I (1) =V12+8 (32 +4%) - (12 +47)"F - (42 4 42)"F5
—25v/10- 175" - 32" = 25v/5440 - 1775~ - 3275,
It d(ur) = d(o2) = 1 and d(vg) = 4, then
[I (1) =02 +38%) - V38 +42- (12 +47)"F - (42 4+ 42)H5
=50 177"
It d(v1) = d(v2) = d(v3) = 4, then
[L (1) =32 +4%)% - (124 4%)% - (42 4 42)* 7

2n+1 n—13 2n—>5 n—13

=125-17"¢ -32"6 =2125-17 6 -32 ¢

2n—5 n—13

32" = 1600- 175 - 32

Case 3. n =2 (mod 3), then ny =0, n3g =0 and p = 2"3—”

[1, (1) = (12 +4)F - (42 422517 5075

This completes the proof. O

3. The first thirteen minimum (molecular) trees

Denote by T (resp., Tp,) the set of trees (resp., trees with n vertices). We first introduce some

important transformations which will decrease the multiplicative Sombor index.

PR PR
A~ A~
AN AN
RN
~ -t
: J transformation A N P I|
VH, el >~ e H, !
P TR us Uy u; u; Uy up~
1 |
3¢ G G» l

Figure 1 Transformation A of Lemma 3.1

Lemma 3.1 Let Hy, Hy € T anduy € V(Hy), {uz,us,us} C V(Ha), usus € E(Hz). dpr,(uz) =

A

t >3, dy,(us) £ 2>2, dp,(us) =1, and t £ dp,(usz) > dy, (u1) = y. Suppose that G is the
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graph obtained from H, and Hy by connecting vertices u; and uy. Let G* = G—{ujus}+{ujuq}
(see Figure 1). Then [[4o(G*) < [150(G).

Proof Let Ny, (u2) = {wy,wa,...,w}, dp, (w;) = a; for i =1,2,... .
Case 1. ug # us
[Tso(@)  Vy+12+t+1)2-/(z+1)2+1-[[i=1"/a? + (t+ 1)
[Iso(G*) V12 +4- V22 +4- [y Va? + 82
VU D2+t +1)

(y+1)2+4\/1+ 1—522

Since z > 2, t > 3, t > y, we have

If y > 3, then
[Iso(G ) \/(y—i-l) +(t+1) 2(y +1)2 o1
Hsol@ f N(TES Ve f VT 124
If y = 2, then
[Iso(@) _ VO+(+12 Vo442
[so(G NERYE \/’ Vi3
If y =1, then
[Tso(G \/4+ (t+1)2 \/4+42

HsoG* NERYE \f v

In this case, we suppose w; = uyg. Then

[lo(G)  Vuy+1)2+(t+1)2 /t+1)2+1-[,_, /27 + (t +1)2

[Is0(G*) Viy+1)2+4-V12+4- Hz o\ 27+ t2

As required, we complete the proof. O

Case 2. ug = us.

\
/ \ . / \
’ H \ transformation B K H \

\

-— o — &M o [P s [ SN PR—
u; Uy u, w; w2 vy Vit Vi wy w, v, Ver Vi U U, u,

G G
Figure 2 Transformation B of Lemma 3.2

Lemma 3.2 Let H € T and wy,ws € V(H), dy(w1) > 2, and Py = ujug - - - uj, Py = v1vg -+ - v
are two paths. Suppose that G is the graph obtained from H, P, and P» by adding edge uiw;
and wyvy. Let G* = G — {uiwi } + {ujvr} (see Figure 2). Then [[¢(G*) < [[go(G).

Proof If dy(w;y) > 3, by transformation A of Lemma 3.1, the conclusion holds. Next we only
consider dy(wy) = 2. Let dyg(w1) = 2, Ng(w1) = {1, 22}, du(x;) =d; (i =1,2).
If wy # we, k,1> 2.
[so(@) _ V243 V2T [, V& +37
[lso(G*) V2222 V221 22 . T2 1\/m
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If wy #wo, k=1,1> 2. Let dg(wz) =t. Then

[lso(@) _ V22432 VEL T2 [, Vi +3
[s0(GY)  VEZ+ 2 V22T [, /& + 22

Since t > 2,
13(t2 + 1)(d? + 9)(d3 4+ 9) — 8(t% +4)(d? +4)(d? + 4)
= [5d3d3 + 85d3 + 85d3 + 925|t* — 19d3d3 — 11d? — 11d3 + 541 > 0.

[1s6(G)
Thus, Hssc?(G*) > 1.

Ifwl#wg, k:].,kZZ
[lso(G@) _ vI2+3

1
[Is0(G*) V22122
If wy #we, k=1,1=1. Let dg(wz) = t. Sinc

[so(@) _ V2437 VEF T2 [, \/d2 + 3

[Iso(G*)  VIZ422. V2212 [, /& + 22
\/51:[ 1+ 4def 4 2

== > 1+
14 57 1135

2 VETT
VB2

> 2, we have

Il
I1

> 1.

4+ d?

If (1) w1 = wa, kvl Z 2; (2)1[)1 = w2, k= ]-al Z 27 (3) w1 = wa, I = 17k > 2; (4) w; = w2,

Il =1,k =1, we can similarly proof. O

’ \ transformation C / \

i
]
|
1
ﬁi

Figure 3 Transformation C' of Lemma 3.3

Lemma 3.3 Let H € T and vy,vo,w € V(H), dg(vy) £t > 3, dg(v2) > 2, dg(w) = 1
and Py = wjug---up be a path. Suppose that G is the graph obtained from H and P by
adding edge vouy. Let G* = G — {u;uit1} + {uiraw} (2 < ¢ < k — 1) (see Figure 3). Then
[Is0(G") <1lso(G).

Proof Since ¢t > 3, if v; # v, then

lo@)  VETRVTETE 3 ,
[lso(G*)  VI2+22. V22442 \/1+1+% '
If v1 = vg, then
8
[Tso(G)  V22+22/12+ (t+1)2 5 .

[lso(G*)  VIZ+22- 22+ (t+1)% \/1+ _ 3

T+ (t+1)2
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As required, we complete the proof. O

\ / \ / \ /
/
N\ H1 N Hg \\Hs/ \H[, N Hz,’ \ HJ’
\ N/ w/ transformation D \ N/ NS
/ \/ \ \/ \ s
w, U ug W2 v, Vi w ':> wr d, 1 u, v, v, oW, W3
G G

Figure 4 Transformation D of Lemma 3.4

Lemma 3.4 Let H; € T and w; € V(H;) (i = 1,2,3), dg,(w3) = x > 2, d, (w2) £ y > 1,
dg,(w1) > 1 and P, = uwjug---ug, P» = vive---v; be two paths. Suppose that G is the
graph obtained from H,, Hs, H3, P;, P, by adding edges wyui, urws, wavy, vjws. Let G* =
G — {upws, vyws} + {urvy, wows} (see Figure 4). Then [[¢o(G*) < []go(G).

Proof We know that

[so(@) _ Vy+2?+22/(@+1)2+2?

[Is0(G*) V22422 /(z+1)2+ (y+2)2

Since z > 2, y > 1, we have [(y +2)? +4][(z + 1)* +4] = 8[(z + 1)* + (y + 2)?] = [(y + 2)* —
A(z+1)2 = 4(y+2)2+16 > 9[(y +2)> — 4] — 4(y +2)> + 16 > 0, thus Lo

[1s0(G7)
the proof is completed. O

> 1. As required,

X ’
. H,. v 4N H,
NS N \ /
N S transformation £ \ /) N
\/ N
_______ ys v —— P Y N/
w w, up Uy Wy " b - " "
G G

Figure 5 Transformation F of Lemma 3.5

Lemma 3.5 Let Hy,Hy € T and {w,w;} C V(Hy), wwy € E(Hy), wy € V(Ha), dg, (w1) =
x> 2, dg,(w) 2y > 2, ww, € E(Hy), dg,(w) = 1 and P = uyus---us, be a path. Suppose
that G is the graph obtained from H,, H,, P by adding edges wiui, urws. Let G* = G —
{wiur, upwa } + {wywa, uyw} (see Figure 5). Then [[¢o(G*) < [lgo(G).

Proof We know that

[s0(@)  VE+1)?+12V/(y+1)?+2°
HSO(G*) \/12+22\/(30+1)2+(y+1)2'
Since x > 2, y > 2, if x > y, then

[(+1)2+ 1)y +1)%+4] 5[z +1)>+ (y + 1)
=@+ 1)+ 12— (z+ 1) -4y +1)* +4>4x+ 1) +4>0.
If x <y, then

(z+1)2+1[(y+1)2+4] - 5[(x+1)% + (y + 1)?
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=@+ 12w+ 1D2—(z+1)? -4y +1)* +4>4@y+1)2+4>0,

[Ts6(G)
thus Hss(;)(G*) > 1.

As required, we complete the proof. O

Denote by T),(a1,as,...,a,) the starlike tree with n vertices obtained from star S,,1 by
replacing its m edges by m paths Py, Pa,, ..., P, and ZZ’;I a; +1=n. Let T € T, have two
branching vertices wui, us, and dy(ui) = k, dr(uz) = [. Suppose that the k — 1 components of
T —wuy are p1,ps, ..., Pk—1, the [ —1 components of T'— us are q1,qo,...,q_1, then we write T' =
Tn(P1, D2y« s D13 G15 925 - - -y Qi—1)- Ifug ~ ug, then we write T = T (p1, D2y -« - s Dk—15G1, G2, - - - »
qi—1). If uy = ug, then we write T' =T (p1, P2, -« - s Ph—1;q1,G25 - - -y qi—1)-

Denote by T(agbl)7 aébQ), ol a%’")) the degree sequences of T, i.e., the set of trees with b;
vertices of degree a; (i = 1,2,...,m). Denote by A(n) = {T € T(3®),2(»=8) 10))|m, »(T) =
5,ma3(T) =5,ms3(T) =2,ma2(T)=n—13} (n > 13).

Theorem 3.6 Let T €T, (n>13), A(T) >4 and T ¢ T,(a1,a2,as3,a4) (a; >2,i=1,2,3,4).
Then for T* € Ty, (a1, a2,as,a4) (a; > 2,1 =1,2,3,4), we have [[¢o(T*) < [[so(T)-

Proof We consider the following two cases.
Case 1. A(T) =4.
Subcase 1.1. T € T(4M),2(n=5) 1)) and there exists i € {1,2,3,4}, such that a; = 1.
Using Transformation C' of Lemma 3.3, we can obtain a tree T, such that the paths P; with

a; > 2 are more and more, and the paths P; with a; = 1 are less and less, and [[q4(7") <
[I5o(T). Using Transformation C' repeatedly, we can obtain T € T}, (a1, a2, as,a4) (a; > 2,i =
1,2,3,4) and [[§o(T*) < [Iso(T).

Subcase 1.2. T ¢ T(4(1), 2(n=5) 1(4)),

Using Transformation B of Lemma 3.2, repeatedly, we can obtain a tree T” € T/(4() 2(n=5),
1) and [[go(T") < [lso(T). Then by Subcase 1.1, we can obtain T* € T),(a1,az,as,as)
(a; >2,i=1,2,3,4) and [[so(T*) < [[5o(T).

Case 2. A(T) > 5.

By Transformation A of Lemma 3.1, repeatedly, we can obtain a tree T such that A(7T") = 4
and [[go(7") < [lso(T). Then by Case 1, we can obtain T* € T, (a1, a2, a3,a4) (a; > 2,1 =
1,2,3,4) and [[so(T*) < [Tso(T). O

Theorem 3.7 LetT €T, (n>13), A(T) =3, n3(T) >3 and T ¢ A(n). Then for T* € A(n),
we have [[50(T) < [Iso(T)-

Proof We consider the following two cases.

Case 1. n3(T) = 3.

Since ng(T) = 3and T' ¢ A(n), then my o(T) # 5 (ma3(T) #5), ms 3(T) =2, 0ormy2(T) =5
(me3(T) =5), mgs(T) # 2, or myo(T) #5 (me3(T) #5), msgs(T) #2.

Subcase 1.1. my 2(T) # 5 (me,3(T) #5), ms 3(T) = 2.
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Using Transformation C' of Lemma 3.3, repeatedly, we can obtain 7% € A(n) and [[¢o(T™) <
[so ().

Subcase 1.2. my 2(T) =5 (me3(T) =5), ms 3(T) # 2.

Using Transformation D and E of Lemmas 3.4 and 3.5, repeatedly, we can obtain T* € A(n)
and [Jgo (1) < [Iso(T).

Subcase 1.2. m1 o(T) # 5 (m23(T) #5), mss(T) # 2.

Using Transformation D and E of Lemmas 3.4 and 3.5, repeatedly, we can obtain 7" such
that m33(7”) = 2. Then using Transformation C' of Lemma 3.3, repeatedly, we can obtain
T* € A(n) and [[50(T™) < [Iso(T)-

Case 2. n3(T) > 4.

Using Transformation B of Lemma 3.2, repeatedly, we can obtain 7" such that ns(7") = 3.
Then by Case 1, we can obtain 7% € A(n) and [[¢o(T™) < [[so(T). O

If G € T(a1, a2, a3, a4) (a; > 2,i = 1,2,3,4), then [[5,(G) = 10000-8"2". If G € A(n), then
[[5o(G) =18- (65)2 .8"7%. By Theorems 3.6, 3.7 and Table 1, we determine the first thirteen

minimum tree with respect to multiplicative Sombor index.

Number Notation Hso
(1) P, 5875
(2) Ty(a1,az,a3) (65)2 8%
(3) Tn(a1,a2,1) 65 - (10)2 - 8*%
(4) Tp(a1,1,1) 10 - (65)2 - 8“2~
(5) T3 (Pay s Pass o, Gbs) 1792587
(6) T7(Pay s Paz Qbr > Obs) 54925 - 87
(7) T (Pays Paz’ Qbr5 1) (180)2 - (65)3 - 8=
(8) 17 (Pay > Pas' by > 1) (10)% - (5)3 - (13)3 . 8"="
(9) T (Pay> 15qpy s 1) or T (Day s Pag; 1,1) 650 - (18)% - 8"%
(10) | T7(pay- 15.qv,, 1) o T (Pay s Paz; 1, 1) 8450 - 8"
(11) 77 (Pay, 1:1,1) (1170)% - (10)3 - 8"
(12) T7(pay,1;1,1) (5)% - (130)3 - 8"%
(13) T7(1,151,1) 1300 - 8%~

Table 1 Tree T' € T, with A(T) < 3, n3(T) < 2 (as, b; > 2) and their []q,

Theorem 3.8 Let G € T, (n > 13), Th1 = P,, Ty € Ty(a1,a2,a3), T3 € Ty(ai,as,1),
Ty € Ty(a1,1,1), T5 € 17 (Pay s Pass Qb1 > @bs)s Lo € Ty (Pars Pazs Gbrs Gbs)s Tr € T (Pays Pasi brs 1)
Ts € T3 (Pay» Paz’ @15 1), To € T3 (Pays 13 Gey, 1) or To € T (Pays Pasi 1, 1), Tho € 157 (Pay s 15 Gey, 1)
or Tho € T (PaysPas; 1,1), Ti1 € T (Pay, 1;1,1), Tha € T (pay, 1;1,1), Tis € A(n). If G ¢
{T1, T3, ..., Tas}, then J[go(T1) < Jlso(T2) < -+ <Ilso(T13) < Ils0(G)-

Denote by CT,, the set of molecular trees with n vertices. Since the first thirteen minimum

trees are also molecular trees, thus we have
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Theorem 3.9 Let G € CT,, (n > 13), Th = P,, Tx € T,(a1,a2,as3), T5 € T,(a1,as,1),
Ty € To(a1,1,1), T5 € T (Pay s Pasi Qs @62 )s To € T (Pars Pass Qbr s @ )5 T € T (Pays Pasi Gors 1),
Ts € 177 (Pays Pazs @by 1), To € Ty (Pays 1 qvy s 1) or To € T (Pays Pazi 1, 1), Tho € 177 (Pays 15 gy 1)
or Tio € T7(PaysDas; 1,1), T11 € T (Pay,1;1,1), Tio € T7(pa,,1;1,1), T1s € A(n). If G ¢

{Tl,TQ, C. ,T13}, then HSO(Tl) < HSO(TQ) <0 K HSO(T13) < HSO(G)
Analogous results also hold for the multiplicative reduced Sombor index, in which d(u) is
replaced by d(u) — 1.

4. Concluding remarks

In this paper, we determine the maximum molecular trees and the first thirteen minimum
(molecular) trees with respect to the multiplicative Sombor index. On the one hand, one can
further order trees with respect to the multiplicative Sombor index. On the other hand, one can

determine the extremal multiplicative Sombor index of other classes of graphs.
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