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Optimal L(2, 1, 1)-Labelings of Caterpillars
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Abstract An L(2,1,1)-labeling of a graph G is an assignment of non-negative integers (labels) to
the vertices of G such that adjacent vertices receive labels with difference at least 2, and vertices
at distance 2 or 3 receive distinct labels. The span of such a labeling is the difference between
the maximum and minimum labels used, and the minimum span over all L(2, 1, 1)-labelings of G
is called the L(2, 1, 1)-labeling number of G, denoted by A2,1,1(G). In this paper, we investigate
the L(2,1,1)-labelings of caterpillars. Some useful sufficient conditions for X211 (7)) = Ax(T) =
maxXyye (1) (d(u) + d(v))) are given. Furthermore, we show that the sufficient conditions we
provide are also necessary for caterpillars with Ax(T) = 6.
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1. Introduction

Multilevel distance labeling can be regarded as an extension of distance two labeling, and
both of them are motivated by the channel assignment problem introduced by Hale [1]. The
channel assignment problem addresses the assignment of a channel, known as a frequency, to each
transmitter in a network. The channels assigned to transmitters must satisfy certain distance
restrictions to avoid interference between nearby transmitters. If there is high usage of wireless
communication networks, we have to find an appropriate channel assignment solution, so that
the range of channels used is minimized.

Griggs and Yeh [2] firstly proposed the notation of distance two labeling of a graph, and they
generalized it to p-levels of interference, specifically for given positive integers ki, k2, ..., kp, an
L(ky, ko, ..., kp)-labeling of a graph G is a function f from the vertices of G' to non-negative
integers (labels), such that for each pair of distinct vertices u, v of G, |f(u) — f(v)] > Ky if
dist(u, v) = t, where dist(u,v) is the distance between u and v. The span of f is the maximum
difference f(u) — f(v) of any pair of vertices u, v of G. Without loss of generality, we will always
assume min, ey () f(v) = 0. So the span of f is defined as max,cv (g) f(v). The L(k1, ko, ..., kp)-
labeling number, denoted by Ag, ...k, (G), is the minimum span of all L(ky, ka, . .., k;)-labelings
of G. If an L(ki, ks, ..., kp)-labeling uses labels in the set {0,1,...,k}, it will be called a k-
L(ky, ko, ..., kp)-labeling.
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The L(ki, ko, ..., ky)-labeling problem above is interesting in both theory and practical ap-
plications. For instance, when p = 1, k1 = 1, it becomes the ordinary vertex-coloring problem.
When p = 2, many interesting results [2-5] have been obtained for various families of finite graph-
s, especially for the case (k1,k2) = (2,1). For more details, one may refer to the surveys [6,7].

More recently, researchers began to investigate the L(kq, ko, k3)-labeling problem [8-13]. For
example, Zhou studied the problem for hypercubes Q,, in [10]. The L(h,1,1)-labeling problem
for outer-planar graphs was investigated in [11]. Shao and Vesel [12] determined the L(3,2,1)-
labeling numbers for toroidal grids and triangular grids. In [13], King et al. studied the L(h, 1,1)-
labeling problem for trees. They proved that Aq(T) —1 < Ay 1.1(T) < Ay(T') and proposed the
following questions: To characterize finite trees 7' with diameter at least 3 such that Ao 11(T") =
Ao(T) (see [13, Question10]). In addition, they conjectured that almost all trees have the
L(2,1,1)-labeling number attaining the lower bound. Recently, the result in [14, 15] asserted
that deciding whether a given tree has the L(2, 1, 1)-labeling number attaining the lower bound
is NP-complete. Therefore, providing some sufficient conditions for Ag1,1(T") = A2(T') or giving
a characterization result for the subclass of trees becomes a meaningful topic.

Based on the above topics, some sufficient conditions for A2 1,1(T) = Aa(T) were provided
in [16]. Moreover, the sufficient conditions are also necessary for trees with diameter at most 6.
And in [17], the authors determined the L(2, 1,1)-labeling numbers of caterpillars (as a subclass
of trees) with As(T") < 5. But we found the case for Az(T") > 6 is more difficult than the case
for Ag(T) < 5.

In this paper, we continue to study the L(2,1,1)-labelings of caterpillars. We provide some
sufficient conditions for As11(T) = Ao(T) in Section 2, which gives a partial answer in [13,
Question 10]. Furthermore, in Section 3, we show that the sufficient conditions we provide are
also necessary for caterpillars with Ao(7T") = 6. This means that the problem of deciding whether
the L(2,1,1)-labeling number of a caterpillar T is Az(T') — 1 is polynomial when Aq(T) = 6.

2. Some sufficient conditions for X\, 1(7") = Ay(T')

In this paper, we always suppose that T is a finite tree with diameter at least 3. Define
Ao (T) := maxy,e p(r) (d(u) +d(v)), where d(u) is the degree of u. In the following, we abbreviate
Ao(T) to Ay. An edge e = uw is said to be heavy if d(u) + d(v) = Ag, light if d(u) + d(v) < As.
A vertex v is said to be bad if d(v) = Ay — 2.

King et al. [13] studied the L(2,1, 1)-labelings of trees and gave the following result.

Lemma 2.1 ([13]) Let T be a finite tree with diameter at least 3. Then Ay—1 < Ao 11(T) < As.
For a vertex w in T, let No(u) = {w|uw is light}, Ni(u) = {w|uw is heavy} and do(u) =
|No(w)|, di(u) = |[Ni(u)|. Then N(u) = No(u)U Ny(u) and d(u) = do(u) + di(u). Let Nu] =
N(u)U{u}. For integers ¢ and j with ¢ < j, we denote [i, j] as the set {i,i+1,...,7—1,7}. Let
F=1[0,As —1].
Before providing some sufficient conditions for Aa11(7") = Ag, we give some useful lemmas

as follows.



152 Xiaoling ZHANG

Lemma 2.2 ([16]) Let f be an L(2,1,1)-labeling of T with span Ag — 1. Let uv be heavy. Then
FIN(u)U f(N(v)) = F and |f(u) = f(v)| > 2.

Lemma 2.3 ([17]) Let f be an L(2,1,1)-labeling of T with span Ay — 1. If there exists a path
vuw in T such that d(u) = 2, uwv is heavy and uw is light, then either f(v) =0, f(w) =1 and
F(N()) =1[2,A2 — 1], or f(v) = Ag — 1, f(w) = Ay —2 and f(N(v)) = [0, A2 — 3]. What is
more, if d(w) = d(v) — 1, then f(N(w)) = [3,A2 — 1] or [0, Ag — 4].

A tree is called a caterpillar if the removal of all vertices of degree 1 results in a path, called
the spline. In view of the above results, we now give some sufficient conditions for caterpillars
with Ay = 6.

Theorem 2.4 ([17]) Let T be a caterpillar with Ay = 6. If T contains one of the following
configurations, then A\y11(T) = 6.

(C1) There exist two bad vertices u and v such that dist(u,v) = 2 or 6;

(C2) There exist three bad vertices u, v and w such that dist(u,v) = dist(v, w) = 3.

Theorem 2.5 Let T be a caterpillar with Ay = 6. Let u and v be two consecutive bad vertices
with dist(u,v) = 10 and wuqus ... ugv induce a path between v and v. If T contains one of the
following configurations, then Ag11(T) = 6.

(C1) d(u;) =3 for each i € {4,5,6};

(C2) d(u;) =3 for each i € {3,4,6,7};

(C3) d(u;) =3 for each i € {2,3,4,6} or {4,6,7,8}.

Proof Suppose T contains one of the configurations (C1)—(C3). Let f be a 5-L(2, 1, 1)-labeling
of T. Then f(u) = 0 or 5 in view of Lemma 2.3. Without loss of generality, we assume that
f(u) = 0. This implies that f(uz) = 1. Therefore, f(us4) ¢ {1,3,4} since d(u4) = 3. By
symmetry, f(ug) ¢ {1,4}.

(C1) By Lemma 2.3, |f(ug) — f(us)| > 2 and |f(us) — f(ug)| > 2 since ugus and usug are
heavy. This means f(us) ¢ {2,3}. So f(us) € {0,4,5}. If f(us) =0, then f(u4) =5, f(ug) = 4.
But it is impossible since f(ug) ¢ {1,4}.

(C2) Firstly, we have f(us) € {3,4,5}. Next, we treat the following three cases to prove.

Case 1. If f(us) = 3, then f(us4) = 0. Thus f(us) € {2,4}. If f(us) = 2, then f(ug) =
5, f(u7) = 1 and ug’s pendant neighbor must be labeled by 3. So f(us) = 4. But now there is
no proper label for u7’s pendant neighbor. If f(us) =4, then f(ug) = 1, a contradiction.

Case 2. If f(us) =4, then f(us4) =0. So f(us) € {3,5} and f(ug) = 1, a contradiction.

Case 3. If f(us) = 5, then f(us) € {0,2}. In the case, if (f(ua), f(us)) = (0,2), then
uz’s pendant neighbor and wu4’s pendant neighbor must be labeled by 3 and 4, respectively.
Now there is no proper label for ug. If (f(u4), f(us)) = (0,3) or (0,4), then f(ug) = 1, a
contradiction. If (f(u4), f(us)) = (2,0), then f(ug) = 3. But there is no proper label for uz. If
(f(uq), f(us)) = (2,4), then f(ug) =1, a contradiction.

(C3) Let d(u;) = 3 for each i € {2,3,4,6}. In the case, f(ug) € {0,2,5}. If f(ug) =5, then
there is no proper label for us. If f(us) = 2, then us’s pendant neighbor must be labeled by 0



Optimal L(2,1,1)-labelings of caterpillars 153

and f(N(us)) = {0,4,5}. It is a contradiction since any vertex in N(uy4) is distance at most 3
with us’s pendant neighbor. Thus f(us) = 0 and ug’s pendant neighbor must be labeled by 2.
So f(Nua]) = {0,3,4,5}. Therefore, f(ug) € {1,2}. If f(ug) = 2, then f(N(ug)) = {0,4,5},
again a contradiction to f(us) = 0. Thus f(ug) = 1. But it is impossible. A similar argument

can be made for d(u;) = 3 for each i € {4,6,7,8}. O

u )4

u (a) y

(b)
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Figure 1 (a) for (C1), (b) for (C2), (c) for (C3)

Theorem 2.6 Let T be a caterpillar with Ay = 6. Let u and v be two consecutive bad vertices
with dist(u,v) = 4k + 2 (k > 3) and uujus - - - ugp41v is the path between u and v. If T' contains
all the following configurations, then A2 1 1(T") = 6.

(I) d(u;) =3 for eachi € {4,6,8,...,4k — 2};

(II) d(ug) = d(uz) =3, or d(us) = 3, or d(u7) = 3;

(ITI) d(ug—5) =3, or d(ugi—3) = 3, or d(usx—1) = d(ugg) = 3;

(IV) d(u;) =3, or d(u;y2) =3, or d(uiya) = 3 for all i € {7,11,...,4k — 9}.

Proof Assume the following conditions hold.

(I) d(u;) =3 for each i € {4,6,8,...,4k — 2};

(II") Exactly one of d(ug) = d(us) = 3, d(us) = 3 and d(u7) = 3 holds;

(III') Exactly one of d(u4x—5) = 3, d(uar—3) = 3 and d(uggp—1) = d(uar) = 3 holds;

(IV") Exactly one of d(u;) = 3,d(u;42) = 3 and d(u;4+4) = 3 holds, for eachi € {7,11,...,4k—
9}.

It is enough to show the assumption derives g 11(7T") = 6, since any subgraph of T has the
L(2,1,1)-labeling number smaller than 7.

Suppose f is a 5-L(2,1, 1)-labeling of T. Without loss of generality, suppose f(u) = 0. Then
f(uz2) =1 by Lemma 2.3. Similarly, f(uar) € {1,4}. Next, we have the following claims.

Claim 1. If d(u2) = d(us) = 3 and d(us) = d(u7) = 2, then f(ug) =1 and f(ug) € {0,2}.

According to the proof of (C3) in Theorem 2.5, we have f(ug) = 1. So f(us) € {0,2}.

Claim 2. If d(us) = 3 and d(uz) = d(uz) = d(uz) = 2, then (a) f(ug) =1 and f(us) € {0,2};
or (b) f(ug) =4 and f(us) € {3,5}.

By Lemma 2.3, |f(u4) — f(us)| > 2 and |f(us) — f(us)| > 2 since uqus and usug are heavy.
Thus f(us) ¢ {2,3}. This means f(us) € {0,4,5}. If f(us) = 0, then f(uq) = 5 in view of
flug) = 1. So f(us) = 4 and f(us) € {3,5}. If f(us) = 4 or 5, then we have f(ug) = 1 and
f(ug) € {0,2}.
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Claim 3. If d(u7) = 3 and d(uz) = d(us) = d(us) = 2, then (a) f(ug) =1 and f(us) = 0; or
(b) f(ug) =4 and f(us) = 5.

By Lemma 2.3, | f(ug) — f(ur)| > 2 and |f(u7) — f(us)| > 2 since ugur and urus are heavy.
This means f(u7) € {0,1,4,5}. If f(uy) = 0, then {f(us), f(us)} € {{3,4},{3,5},{4,5}}.
Firstly, it is not difficult to see that {f(ue), f(us)} # {3,5}. Secondly, {f(us), f(us)} # {3,4}.
Otherwise, u7’s pendant neighbor has no proper label. Thus {f(us), f(us)} = {4,5}. If f(ug) =
5, f(ug) = 4, then ug’s and ur’s pendant neighbor must be labeled by 1 and 3, respectively.
Thus f(us) = 2, f(ug) = 4, a contradiction. So f(ug) =4, f(ug) = 5. By symmetry, f(ug) = 1,
F(us) = 0 when f(ur) = 5. It f(ur) = 1, then {f(uc), f(us)} = {4,5}. If f(ug) =5, f(us) = 4
then f(uq) = 3 and f(N(usa)) = {0,1,5}. It is a contradiction since any vertex in N(uy) is
distance at most 3 with ug. Thus f(ug) = 4, f(usg) = 5. By symmetry, we have f(ug) = 1,
f(ug) =0 when f(u7) = 4.

Let ¢ € {7,11,...,4k — 9}. Then we have the following claims.

Claim 4. Suppose d(u;) =2, f(ui—1) = 1 and f(u;11) € {0,2}. If d(uiye) = 3, d(uiys) = 2,
then f(uir3) =1 and f(uiys) € {0,2}. If d(uir2) = 2, d(uira) = 3, then (a) f(uirs) =1 and
f(uits) = 0; or (b) f(uirs) =4 and f(uits) = 5.

If d(uiy2) = 3, then by Lemma 2.3, |f(u;r1) — f(uir2)| > 2 and |f(uire) — f(uips)] > 2
since w;y1u;ro and u;pou;13 are heavy. Thus f(u;13) = 1 and f(ui;s5) € {0,2}. Similarly,
if d(uitr2) = 2, d(uipa) = 3, then (a) f(uirs) = 1 and f(uirs) = 0; or (b) f(uir3) = 4 and
fluivs) =5.

By symmetry, it is easy to obtain the following claim.

Claim 5. Suppose d(u;) =2, f(ui—1) =4 and f(u;11) € {3,5}. If d(usp2) = 3, d(uiys) = 2,
then f(u;4+3) = 4 and f(uigs) € {3,5}. If d(uit2) = 2, d(uijpa) = 3, then (a) f(ui+3) = 1 and
f(uiys) =05 0r (b) f(uirs) =4 and f(uiys) = 5.

Claim 6. Suppose d(u;) = 3, d(uit3) = d(uiys) = 2. If f(ui—1) = 1 and f(uir1) = 0,
then f(u;4+3) =1 and f(u;45) € {0,2}. If f(ui—1) = 4 and f(uip1) = 5, then f(uips) =4 and
fluiys) € {3,5}.

If f(ui—1) = 1 and f(u;41) = 0, then u;’s pendant neighbor must be labeled by 2. Thus
F(N(uit1)) = {3,4,5}. So f(uits) = 1 and f(uigs) € {0,2}. Similarly, if f(u;—1) = 4 and
f(uit1) =5, then f(uis) =4 and f(uiys) € {3,5}.

We have another three claims.

Claim 7. Suppose d(uar—5) = 2, f(uar—6) = 1 and f(uar—a) € {0,2}. If d(ugx—3) = 3,
d(uak—1) = d(uar) = 2, then f(uap—2) = 1 and f(uar) € {0,2}. If d(uap—3) = 2, d(uap—1) =
d(ugr) = 3, then f(ugp—2) =1 and f(ugr) = 0.

According to the proof of Claim 4, we have f(u4r—2) = 1 and f(uar) € {0,2}. If d(uap_3) = 2,
d(ugg—1) = d(ugr) = 3, then f(ugg—2) =1 and f(ugx) = 0 by the proof of Claim 5.

By symmetry, it is easy to obtain the following claim.

Claim 8. Suppose d(uar—5) = 2, f(uar—6) = 4 and f(uar—a) € {3,5}. If d(ugx—3) = 3,
d(uak—1) = d(uar) = 2, then f(uap—2) = 4 and f(uar) € {3,5}. If d(uap—3) = 2, d(uap—1) =
d(ugr) = 3, then f(ugp—2) =4 and f(ugr) = 5.
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Claim 9. Suppose d(u4k—5) = 3, d(uar—3) = d(ugr—1) = d(uar) = 2. If f(uar—6) = 1 and
f(ugr—a) =0, then f(ugr—2) =1 and f(ugr) € {0,2}. If f(uagp—g) = 4 and f(ugr—4) = 5, then
fugr—2) =4 and f(uqr) € {3,5}.

Using a similar argument to the proof of Claim 4, we have the results hold.

By Claims 1-9, we conclude that f(uar—2) € {1,4}, which is a contradiction. Thus

)\2’171(T) =6. O

3. A characterization result for caterpillars with A, =6

Let T be a tree with diameter at least 3. Then by the definition of As, we have Ay > 4.
For A = 4 and Ay = 5, we have given a complete characterization in [17]. In this section, we

always suppose T is a caterpillar with Ay = 6.

Theorem 3.1 ([17]) Let T be a caterpillar without bad vertex or with a unique bad vertex.
Then )\271,1(T) = AQ —1.

Now we consider that T is a caterpillar with at least two bad vertices.

Theorem 3.2 ([17]) Let T be a caterpillar with no bad vertices of distance 3 or 4k + 2 for
some integer k > 0. Then Ay 11(T) = Ay — 1.

In the following, we will give a complete characterization of caterpillars with Ag = 6.

Theorem 3.3 Let T be a caterpillar with Ay = 6. Then A2 1 1(T) = 6 if and only if one of the
followings holds.

(1) T contains one of the configurations (C1)—(C2) in Theorem 2.4;

(2) T contains one of the configurations (C1)-(C3) in Theorem 2.5;

(3) T contains all the configurations in Theorem 2.6.

Proof Sufficiency. Obviously, if one of (1)—(3) holds, then A2 1 1(T) = 6 by Theorems 2.4-2.6.

Necessity. Suppose that T has no configurations of Theorems 2.4 and 2.5. And suppose
for any two consecutive bad vertices u, v with dist(u,v) = 4k + 2 (k > 3), we have one of the
followings holds:

(I) d(u;) =2 for some i € {4,6,8,...,4k — 2};

(I1) d(u2) = d(us) = d(uz) = 2 or d(uz) = d(us) = d(uy) = 2;

(III)  d(uak—35) = d(vag—3) = d(ugg—1) = 2 or d(usp—5) = d(uag—3) = d(uar) = 2;

(IV) d(u;) = d(uir2) = d(uirs) = 2 for some 7 € {7,11,...,4k — 9},
where uujug - - - ugp1v is the path between v and v.

Let vi,vg,..., v be all bad vertices of T'. For any bad vertex v;, let Vjp be the set of vertices
on the vj — vy path. Let V; = VP U N(V/). For a 5-L(2, 1, 1)-labeling f on T if f(v;) = 0,
f(}) =3 (or 4), then we call v; is of A-style, where v} is the right-hand side neighbor of v;; If
f(vj) =5, f(v]) =2 (or 3), then we call v; is of B-style. If there exists a 5-L(2,1, 1)-labeling f
on G(V;), such that v; is X-style under f and v;1; is Y-style under f, then we call G(V}) is of
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XY-style, for X,Ye {4, B}. By symmetry of i and 5 — ¢, G(V;) is of XY-style, if and only if
G(V;) is of Y X-style.

Before giving a 5-L(2,1, 1)-labeling of T', we first show that G(V;) is of certain style, where
dist(v;, vj41) = 4k + 2 for some k > 3.

Case 1. If (I) holds, that is, d(u;) = 2 for some i € {4,6,8,...,4k — 2}, we give a 5-L(2,1,1)-
labeling on G(V;) as follows, which implies G(Vj) is of AA-style (also BB-style by symmetry),

see Figure 2.

--5031l4osl l4051142
.u234 s Uia Uis Uio Ui

23230

52 3 2 31'-:'-

5041] l5041]
Uil Uis> Uiss U +4. 4k3Uk2 4k-1 kUk”VjH L.,
JAN

1 32 3]--23][23] 24

(a)

5 O

l1504l l1504l 0 3

Ui- Ui Ui Upa Uys | UssU k-4k-1 U4k U4 1 Vi1

0323 2B 2323 24
(b)

Figure 2 ‘AA’ labeling style of the 4k + 2 segment in Case 1

(1) Ifi|4,let f(v;)f(ur) - fui—1) = 0314051 -- 40514, f(u;) =2, and f(uit1)f(wiv2) -
f(uar) f(wags1) f(vj41) = 5041 - - - 504150;

Ifitd, let f(vj)f(ur)--- f(ui—1) = 0314051 - - 4051405, f(u;) = 2, and f(wit1)f(wip2) -
fuar) f(wans1) f(vj41) = 41504 - - - 1504150.

(2) For j ¢ {2,i—1,i+ 1}, if f(u;) = 0 or 1, then label u;’s pendant neighbor by 3; If
f(u;) =4 or 5, then label u;’s pendant neighbor by 2.

(3) For j € {i—1,i+1},if f(u;) =4, then label u;’s pendant neighbor by 0; If f(u;) =5,
then label u;’s pendant neighbor by 1; Label uy’s pendant neighbor by 5.

One can verify that it is a 5-L(2, 1, 1)-labeling on the segment between v; and vj41.

Case 2. If (IT) holds, that is, d(uz2) = d(us) = d(uz) = 2 or d(uz) = d(us) = d(uy) = 2,
then we give a 5-L(2, 1, 1)-labeling on G(V}) as follows, which implies G(Vj;) is of AB-style (also
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BA-style by symmetry), see Figure 3.

A B
-.5/0 4]1 52 0314 05 1--@4 05 1]4 0|5 2
"'O—IV U L:Jz Us Us Us Us Ur Usic+ | RVJ‘HU |

AR CTTTTT A
23 3or3 4 5 [2 3 2 3]---[2 3 2 3]2 13

Figure 3 ‘AB’ labeling style of the 4k + 2 segment in Case 2

Case 3. If (ITI) holds, that is, d(uar—5) = d(uar—3) = d(uar—1) = 2 or d(usk—5) = d(usk—3) =
d(uax) = 2, we give a 5-L(2, 1, 1)-labeling on G(V}) as follows, which implies G(V;) is of AB-style
(also BA-style by symmetry), see Figure 4.

A B
0 31 4 M425304152

Vi Ul Uz Ug U4 U5 5 AUgie-3Ug i 2u4k 1U41U4k+ Vi1
R e
dd il VAN

24 5232 3]--2323 0 122 03
Figure 4 ‘AB’ labeling style of the 4k + 2 segment in Case 3

(9}

Case 4. If (IV) holds, that is, d(u;) = d(u;y2) = d(u;r4) = 2 for some i € {7,11,...,4k — 9},
we give a 5-L(2,1,1)-labeling on G(V;) as follows, which implies G(V}) is of AB-style (also
BA-style by symmetry), see Figure 5.

A
500 3([14 05 ---[1 4051425314
. od RVj Wi o U5 Us Us | Wiss Uisa Uisa Wioo Uit Ui Uit Ujeo Uiss Ujeg Uies
.4y

14 5 2[3 2--32][3 2 3

4--.l0514lo 52
.. V

Ui+

el TN
B2 323232 1
Figure 5 ‘AB’ labeling style of the 4k 4 2 segment in Case 4

Secondly, we show that G(V}) is of certain style, where dist(v;, vj41) = 4k,4k + 1,4k + 3 for
some k > 1.

We can label G(Vj) as Figure 6, when dist(vj, v;4+1) = 4k. This implies G(Vj) is of AA-style
(also BB-style by symmetry).

We can label G(V;) as Figure 7, when dist(v;,v;41) = 4k + 1. This implies G(V;) is of
AB-style (also BA-style by symmetry).
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A A
=510 3/1 50 3 -
e dY I Y .
- 14 4 24
A A
510,31 50 4 1]--[50 4 50,3
"wﬁm I—I—I—I—ﬂj—”%—
4y 4y
14 4232 3|23 23] 24

Figure 6 ‘AA’ labeling style of the 4k segment

A B
=500, 31 4 0[5 2
---wﬁ—I—I—cﬂl—*—
o 4y Y
- 24 52 13

A B
~+510 3/ 140 51 4|~~-|0 5 1410 5 2
AT T A
. 4% VN
- 24 5232323232 13

Figure 7 ‘AB’ labeling style of the 4k 4+ 1 segment

Xiaoling ZHANG

We can label G(V;) as Figure 8, when dist(v;,v;y1) = 4k + 3. This implies G(V;) is of

AB-style (also BA-style by symmetry).

A
0 3[1 5041

(9]

%?

A

0315040150 4--}1

5 0 41

&
<

N o

B 2 3 2]

B

52

Vi1

ATTTTTITITT D T AT

b
4 4 23 232 3 2]

03

Figure 8 ‘AB’ labeling style of the 4k + 3 segment

Now we give a 5-L(2, 1, 1)-labeling of T by the following three steps.

Step 1. Label the vertices in the left-hand side of v; as follows, such that vy is of A-style, see

Figure 9.
Step 2. Suppose that G(Vo U V4 U

--UVj;) has an L(2, 1, 1)-labeling with span 5 such that v;

is of A or B-style, where V; is the set of vertices on the left hand side of v] (include v]). Then
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by the discussion above we can extend the f to G(Vo UVi U---UV; UV, 1) such that vj4q is of
A or B-style. Going on with the above process, we can extend f to G(VoUVi U---U V).

A
.50 4 1]5 0 4 1] 5[0 3

Y

232 32 32 3 24

Figure 9 Label the vertices in the left-hand side of v; such that v is of A-style

Step 3. Label the vertices on the right hand side of v, as Figure 10, when v is of A or
B-style.

A
510 31 [50 4 1]50 4 1]..
o O—t Vb s
JAN
14 4232 3][2 3 2 3]
(a)
B
-0 5,24 [0 5 1 410 5 1 4]...
"'O——R—O— cee
.4y
14 13 232|323 2]

(b)
Figure 10 Label the vertices on the right hand side of v

Thus, f is a 5-L(2,1, 1)-labeling of T'. This completes the proof of Theorem 3.3. O

4. Concluding remarks

Golovach et al. [14] asserted that deciding whether a given tree has the L(2,1,1)-labeling
number attaining the lower bound is N P-complete. Therefore, giving a characterization result
for the subclass of trees is a meaningful topic. In this paper, we completely characterize the
L(2,1, 1)-labelings of caterpillars (as a subclass of trees) with Ay(7T) = 6. We also try to charac-
terize the L(2,1, 1)-labelings of caterpillars with Ao(7T') > 7. But we found it very difficult. This
leads us to the following question: what is the computational complexity of L(2,1,1)-labeling

for caterpillars?
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