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Abstract The linear elastic problem with weak symmetric stress obtained by Lagrange multi-
plier method is discussed by using the stabilization method. The stress and displacement of the
variational problem are approximated by linear element and piecewise constant. By adding stabi-
lization terms G1(-,-), G2(-, ) and Gs(-,-), the corresponding mixed discrete variational problem
satisfies the weak inf-sup condition. Then the error estimation between the solution of the varia-
tional problem and the stabilized mixed finite element solution is studied in detail. Finally, two
numerical examples are used to verify the effectiveness of the theoretical analysis.
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1. Introduction

Stabilized method can circumvent the restriction of inf-sup condition without introducing
errors. It is known, the coercivity of the bilinear form may be conditional upon the choice of
parameters in three different stabilized items. In order to gain the optimal error, one needs
to properly choose stabilization parameters. There are many different stabilized methods, such
as the Galerkin least-squares method [1], the bubble function method [2], the subgrid scale
method [3,4], the pressure gradient projection method [5,6], the local pressure gradient projection
method [7,8]. Among these references, [1,7] discuss the elasticity problem based on the displace-
pressure formulation. [3] studies the Helmholtz problem and shows the relation of the bubble
function methods and the stabilized methods.

There are some researches which use different variational principle to deal with linear elastici-
ty problem. To solve the equation directly based on the Hellinger-Reissner variational formulation
by finite element method, the crux could keep the stress space to be symmetric. Some rectangular

and simplex elements which can keep the symmetry of stress tensor well have been constructed
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in 2D and 3D. The first finite element formulation for linear elasticity problem was constructed
in [9] and after that many other conforming and nonconforming element formulations had been
constructed, such as rectangular elements [10-14] and simplex elements [9,15-17]. In [14], the
rectangular element formulations are anisotropic convergent and the number of freedoms tends
to least.

The stabilized method allows us to use the simple linear element for stress, which will lead to
less degrees of freedom than other elements. Due to these advantages, the stabilized method has
wide applications in practical computations. The stabilization was also used to solve Hellinger-
Reissner variational formulation in [18-20]. Two classes of mixed finite elements were proposed
in [18] for linear elasticity of any order, with interior penalty for nonconforming symmetric stress
approximation. [19] proposed mixed finite element spaces using C° continuous arbitrary degree
polynomial to approximate the stress and displacement. In [20], two classes of stabilized mixed
finite element methods were designed on simplified grids. [21] proposed a framework for unified
analysis of mixed methods, which was based on a commuting diagram in the weakly symmetric
elasticity complex and extends a previous stability result. The stable methods are obtained by
combining Stokes stable and elasticity stable finite elements [21].

In this paper, we first employ the Hellinger-Reissner variational formulation with imposed
weakly symmetric stress through a Lagrange multiplier which was proposed by Fraeijs de veubeke
[22], and find the solution of this variational formulation characterizing as a saddle point of a
Lagrangian function involving both displacement and stress imposed weakly symmetric condition
through a Lagrange multiplier. We next put three stabilization items Gy (-, ), G2(+, ) and G5(-,-)
on the either side of the original equation, and introduce the jump value of displacement and the
divergence of stress as the new special stable item to make the bilinear form of mixed stabilized
discrete variational formulation continuous and coercive. Considering the Lagrange finite element
spaces are very popular in the engineering practice, we adopt the PEXQ and P¢ polynomial space
to approximate stress and displacement, respectively. We investigate the detailed error estimate
between the exact solution and the mixed finite element solution, and use two numerical examples
to verify the validity of theory analysis, at last.

The remainder of this paper is organized as follows, we introduce some basic concepts and
signals used in the paper, and review the variational formulation of plain elasticity equation in
Section 2. A weaker form inf-sup stability condition is given in Section 3. We construct a stable
mixed method for this formulation and derive its error estimate in Sections 4 and 5, respectively.
The numerical examples show the feasibility of this method and coincide with the theoretical

analysis well in last section.

2. Notations and preliminaries

Denote by €2 the convex polygonal domain, and 7' the subdomain of 2. We define the Sobolev

space H*(T) (s =1,2,...) as usual, with semi-norm and norm as

1
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where D®u is the weak partial derivative of function u. For T = 2, we write semi-norm and
norm simply as |- |s and || - || s, respectively. L?(T) is the usual square integrable space with norm
I - o The subspace of H*(T') consisting of functions vanishing on 0% is denoted by Hy(T).
We also use the underline to distinguish between scalar, vector and tensor. For any space
X, define X and X to be the two dimensional vector and second-order matrix respectively with

components in X. If X is the norm space, the associated norms are defined by

|g|£=(§||vi|?x)é, Izl = (annx)

1,j=1

\]

We use the same notation || - |7 to denote the norms in H*(T'), H*(T) and H*(T'). Define
P.(T) (k=0,1) to be the space of the polynomials at most degree k on T'. And P (T), P (T)
represent the vector and matrix polynomials space, respectively.

The space H(div, T') consists of matrix fields with square-integrable divergence, associated

with norm || - Hg(div,T) as

|z ||2g(div,T):|| z

For function 7, vector function v = (v1, v2) and matrix function £ = (74;) 1< j<2, we introduce

the following differential operators

Ovi - Ou
curl (@ —@) curlv = 9% O
Curin = ay7 or ) =L % _% ’
dy Ox
8’1)1 (9’U2 . (97'11 67’12 67’21 (97'22
typ = ——— 4+ —= =
rot v oy T onr vz + : 8x+8y>
Ou - du 0@1 L | Ou,
i dr Oy 2" Jy Ox
radv = -
= oow |7 S ! 3v1 4 vy v,
dr 0Oy 2 ay or dy
Let the scalar product of tensor be £ : ¢ = ZZ j=1Tijoij- The trace and asymmetry of T are
denoted by tr(z) = 711 + 722 and as(z) = £ : x with X= (93
The linear elasticity problem considered in this paper is
dive = f, in €,
é(g) —glw =0, in® (2.1)
u =0, on 09,

where the displacement is the vector function v :  — R? and u € H ! (Q). The stress is denoted
byg:Q2 —Sandgc 21 (€2, S). S denotes the space of symmetric matrices on R2.

The compliance tensor is denoted by

1 A 10
= — _— 1 =
2/L(_U 2u+2)\tr(_—‘7)_5) with 9§ ( 0 1 ) ’
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which is a bounded, symmetric, positive definite tensor over ). The given load is denoted by the
vector function f: Q — R
Setting ¢ = %rot u, and noting that g(u) = gradu —¢y. Taking £(u) into the second equation
of (2.1), we can get
1 A
Sl A —
2= Ap(p+A)
Supplementing this equation with the equilibrium condition of (2.1), the symmetric condition

tr(g)d — gradu + ¢y = 0. (2.2)

of g and the fixed boundary condition, we get

dive = f, inQ,
as(g) =0, inQ, (2.3)
u =0, on 9.

The systems of (2.2) and (2.3) are equivalent to the following weak formulation [23] that is
to find a triple (g, u, v) € H(div,Q) x L*() x L?(Q) such that

E £)+b( ;( )):Oa V;Ei(diV,Q),

/ dive-vdr = (f,v), Vo e LA(Q), (2.4)
/ o)z = 0, Vi e L2(9),

where

3. The weaker Inf-sup condition

Suppose the bilinear a(-, -) is continuous and coercive, which means there exist two constants
a1, ag > 0 such that
a(g, ) < arllgllolizllo, a(z, ) > az|z]3. (3.1)

Theorem 3.1 Let 0 < g < i1, jt € [po, 1], A € [0, 00), and f € L*(2). Then there exists a
unique triple (z; (u, 7)) € H'(Q) x (H*(Q) N H(Q)) x HY(Q) satisfying (2.4). Moreover, there
exists a constant C' depending only on §2, o and p; such that

g/l + llullz + 17l < Cll£lo- (3.2)

Note that the constant C' in the above theorem is independent of A. For the case of A — oo,
it corresponds to a nearly incompressible material. For a proof of this aspect of the theorem
see [24,25].

Throughout this paper, we denote by ¢ generic positive constants not necessarily identical
at different places but always independent of the discretization parameters of interest (such as

mesh size h).
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Let 7, be a shape regular decomposition of 2. For each T' € T, T is a triangular or

rectangular element. We set the finite element space as follows
Sh={z e L' (Q)zlr € 2o(T)},
Vi = {ve LX(Q)u|r € Po(T)},
Sn={ne H'(Q)ln|r € P(T)}. (3.3)
On the stress space X, we define the Clément interpolation j;, : H ! () — X, which has the
following properties
Iz = inzllo.r < chlizllir,  linzlir <clzlr,  linZlmav,r) < ezl (34)

Let I, : LQ(Q) — Vi and P, : L?(Q2) — Sy, be the L? projection operators.
Then we have
HZnullo < Cllully, Yue HN(Q),
I1Pyllo < Clvlh, Vv € HY(Q),
lu— Inullo < Chllull:, ¥Yue H'(%),
lv = Purllo < Chllylly, Yy € HY(Q). (3-5)

Let e be the boundary of the element and Ej be the set of e on ). Define

lloalls, = (3 flenas)” (5.6)

Lemma 3.2 Let X5, Vi, Sp be the finite element spaces defined by (3.3). Then for some
(Vh, nn) € Vi, X Sy, there are positive constants ki, ko and ks satisfying

b(Zn; (Wh, 1))

sup > ka(llallo + Imllo) = k2h* [ alllz, — kshlinallo. (3.7)

VIRESR Iz h||g(div, Q)

Proof For a given (vy, i) € Vi, x Sp, there exists 7! € QI(Q), which satisfy divr ! = v,. And
there holds
Izt < ellunllo- (3.8)

Thus, we have

Izl zcaiv. o) < Izl < ellwallo- (3.9)
Choosing K = ﬁ Jlnn —as(z!)]dz gives
15 lo < e(llmllo + Iz llo)- (3.10)
Let 3 =1, —as(z') — K. It is obvious that the mean value of 3 is zero. And it is easy to find
qE€ H(Q) such that divg = 3. Take
X (3.11)

It is easy to conclude that

vz®=divz = v (3.12)
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From the regularity and the norm of [| - || g(aiv, ), We have

12|z, 2 < Nzl < e(llznllo + llmllo). (3.13)

Then, for any a € Sy,

/aS(IQ)adac:/as(zl-i-Mq—i-
Q Q T

:/(as(gl)—i-divq—i—K)ozdac:/nhozdx. (3.14)
Q - Q

K
Eé)adx

From (3.11)—(3.14), we deduce that
/dﬂzQ ~yhd:c+/ as(z 2)npde
Q Q

_ / R+ / nede = |2 + ol
Q Q
> c(llunllo + lmallo) (lalo + 1ma o)
> el (lulo + 71 llo). (3.15)

which derives that

Jodivz? - vpde + [, as(z?)mmde

3 = kx(lluallo + [mnllo)- (3.16)
Iz2l1
Recalling the definition of j, ahead, we have
b(Z hy (Vh, R)) JodivT p - vpda + [ as(z p)npda
sup ———— = sup
venes, Zlla@iv,o)  vries, Izl zaiv, @)

Jodivinz? - vpde + [ as(jnz ?)nnde

1322 || 2(aiv, 0)

Jodivz?-vpde + [ as(z?)gde

IZ%[

fQ div (22 - thQ) v pdx + fQ aS(LQ - jhz2)77hdx

(3.17)
IZ2(|x

Let n = (n1, n2) be the unit normal vector with respect to the edge e of T. By using the Green

formula, we get

| div(z? - nz?) - wada
Q
=- / (2 = Jnz®) s glun)de + Z/(f —jnz?)n - vpds (3.18)
Q E, Y€
<Y lz? = dnz Mo, ellw ]l

Ep
<Nz = gnz sl w2, - (3.20)

0,e (319)
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Furthermore, according to the trace theorem and (3.4), we get

Iz* = jnz I, < cllz® = dnz?llo IZ® = jnz?lx < chllZ?|3,

which means
122 — jnz2llE, < koh* |21, (3.21)

then
/ as(z® — jaz *)mndz < |mall o 122 = Jnz *lo < kshllnall ollz?(l1- (3.22)
Q

Combining (3.17)-(3.22), we can get the result of (3.7). O
Lemma 3.3 Let IT; : L*(Q) — Py N H{(Q) and g4, € C°(Q). Then there holds

ch|lgnlle, < lgn —Manlo < cllanllo, Van € Py, (3.23)

Proof From the definition of interpolation and inverse inequality, it is easy to know [I11¢ r]|or =
0, and

chlllanllls, = by llan —Manlll?

Ep
< chlllgn — Mg nlls, < llan — gl (3.24)
Considering the operator II; is continuous, we get
(I =T)gnllo = llgn —ignllo < cllgnllo- (3.25)

Combining (3.24) with (3.25) derives (3.23) immediately. O

4. The stabilized method
From the mixed variation formulation of elasticity problem, we rewrite Eq. (2.4) as follows.
Find (g; (u,v)) € H(div,Q) x L*(22) x L?(Q), such that
Qg (w, 7)), (z; (v, m)) = (f, v), (4.1)

where
Q((g; (u,7)), (z; (v, m)) = alg, ) + b(z; (w, 7)) +blg; (v, n). (4.2)
Let
Qe n; (@nyYn))s (Ths (@n,M8)))
=algn, zn) +0(zn; (Wn, ) +0(an; @n, m))- (4.3)
By (3.1) the discrete bilinear form satisfies
a(gn, n) < aillgallo Iz nllo,
a(Zn, Th) > 2llzal?. (4.4)

Based on the analysis of Lemma 3.2, we introduce the stabilization items as

Galwnzn) = 3 [ Hlua] - [o4)ds,

(&
Eh
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Ga2(Vn,mn) = *’)’2/ h2ypnpd,
Q

Gslan ’Vs/ divg p, - div £ pda. (4.5)
Q

And we set

Qn((an; (Whs ), (Ths (@h,nn)))
= Q((an; @n, n)), (T hs @Wns1n))) + G1(wn,vn) + Ga(Yn, n) + Ga(@hy Th)-

Fiu(uy) = (f; vn) +73/Qi ~divz pda. (4.6)
The stabilized discrete equation of (4.1) is to find (@ p; (wh,vn)) € X x Vi x Sp, such that
Qnl(n; @n, ), (T n; (Why 1)) = Fuluy)- (4.7)
Define the norm on the space Xj, x Vj, x S}, as
Il (zns @ns m)IE = 1Z 0 Zegaiv, @) + 2 0l15 + 98]l + Al Al Z, - (4.8)

From the definition of (3.6), we derive the inverse inequality

lanlllz, < ch~2llgnllo, Yan € Po(T): (4.9)

Next we discus the continuity of Q, defined by (4.6). For any (z n; (v n,7n)) € X X Vi, X Sh,
Qnl(an: (wn,vn)): (T hi (Wn,mw)))
< aallgnllollizallo+ lIdivzallollwnllo+

17 rllollas(z) nllo + lIdiv e nllollznllo + llzrllollnallo+

yhlllwn]l e, 1 sl 2, +v2h [y llollnallo + vslldiv e nllolidiv 2 1o
< Cllzalls + ldiv. e ul§ + llwnllg + lvallg + 2llluslllE, ) -
(Izall§ + ldiv 2 alIE + e nlg + I al5 + Al lllE, )2
< Ol (ans @n, vn)) Ml 1z as (@hs 90)) lln - (4.10)

The following theorem shows the coercive of the bilinear form Q.

Theorem 4.1 Let X5, Vi, Sy, be the finite element spaces defined by (3.3). Then for any
(g n; (wn,vn)) € Bn x Vi, x Sp, there holds

Qn((an; @n,vn))s (Zhs @n,n0)))

sup 2 Cll (@ns (wn, y0)) lln - (4.11)
V(L i (v ny1n)) ESH X Vi X S Iz ns @ny na)llln -

Proof For given (wp,vyn) € Vi, x Sh, considering Lemma 3.2, we can choose Pn € Xp to match

(3.7). Then, taking pj = w P 1, and from the norm definition of the divergence space,

we have

1o nlzzaiv.0) = [wnllo + [lvnllo- (4.12)
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Then for any (g n; (un,va)) € Xn x Vi x Sp, we can look for special (z;(vh,nn)) to satisfy
(4.11).

Taking (z}; (W}, nt)) = (e n; (—wn, —y1)) and from (4.4), we have
Qn((zns (wn ), (Ths @hsmh))
);

= Qn((an; Why¥h))s (T ks (~Uhy —71)))

=algn, an)+m Z/h[yh]ster/ hQ’Vdeer’ys/(d_g )?da
E, 7€ Q

> aollgallg +hlllwnllE, + 2028 + yslldive sl
> Cillgnlzzaiv, oy + 11hlllwnllE, +v2h?(lwll3, (4.13)
where C7; = min{aw, v3}.
Taking (£3; (v%,77)) = (pr; (0,0)) and from Lemma 3.2 and (4.12), we have

b(p (yh,’yh)):/yh~@ghdx+/
L ; P

Q
> llp nllzzqaiv, o (Rl allo + Inllo) = kah? |l [wall &, — kshlivalo)

Vh - as(pp)da

= (lwnllo + Ivallo)Bx (1w nllo + llvnllo) — k2h? H[U nlllz, = kshlvallo)
l
> k1(lwnllo + [nllo)® — 51(||2h||0 + mllo)® — o0, (kb + Rahlnllo)?

> (k1 = 1)(lwnllg + [ll5) -

which leads to

1 A
E(kgh”[ﬂh]”QEh +EZh* n3) £ M, (4.14)

Qi ((2n; (wn, 1)), (243 (0,0)))

=algn, pn)+ | wn-divpy dx—i—/% as(p )d$+73/dﬁgh'dﬁghd$
= Q = Q Q =

> —aillgnllollpnllo = yslldiverllolldiv pnllo + M

—9(||gh|\0||£h|\o +ldiva nllolldiv pnllo) + M

*9( IIUhH,a(dw a) + 2l2(lunlf + Iml3) + M

0 k2h k2h2
= _%th"i(div,Q) +m(lualld + Inld) - —H[uh]HEh H%Hm (4.15)

with 8 = max{«1, 73}, we can choose proper ly,ls such that m = ky — 3 — 2129 > 0. Let

(zni (@n,mn)) = (Zhi @hm0)) +0(zhs @Ry 1)) = (2h + 0pns (=, =7 1))

From (4.13) and (4.15) it follows

Qn((zn; W, ), (Tr; Wnymm))) = Q) +0Q3

0
> Cillgnlizaiv, o) + 11kl lwnlllE, + 2kl + 5(*i|\ghll2g<div, ot
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m(|lwnl§ + lml3) - —II[ un]l|h, — H%II

0 k3
= (G - 6_)||th,2H(div,Q) +om([lunllg + ||%H3) +(n - 5f)h|\[uh]|\%h+

h?(ya — 5 )”’Yh”o (4.16)

We can take the proper ¢ to keep the coefficient of (4.16) positive.
2
Take Cy = min{C; — 6%, dm,y1 — 5’;—12}, then the (4.16) becomes

Qn((an: (wn,y0)): (T ni @ninw))) = Co Il (2 (wny ) 17 - (4.17)
At last, by the definition of p, we have [|ps|l o < [|wnllo + ||7allo, then
(@ ns @y ma))llln = (@ n + 0p s (=wn, =)l
= (llzn + 0p nllzsaiv, o) + Nl nlld + Inld + 2llleallE, )2
< @llenlZyaiv, o) + 26° + Dllunl§ + (20% + Dlvalls + 2l lwn]lE, )
1
< & e ns @, vn))lln (4.18)
3
with &= = max{2, 26° + 1).

Let C' = C3C5. Combining (4.17) and (4.18) derives (4.11) directly. O

5. Error estimate

In this section, we will give the error between the exact solution and the mixed finite element

solution.

Theorem 5.1 Let (g; (u,7)) and (g n; (wh,vn)) be the solution of (4.1) and (4.7), respectively.
Then there holds

lg = anller + llw=wrllo + Iy = mllo < chll fllo- (5.1)

Proof Since the finite element space is conforming, we use (z ; (v, 7)) to replace (z; (v, 1))

n (4.1) and subtract (4.6). In addition from the (2.1) and divz), € LQ(Q), we have

(f, divzp) = (divg, divy »). (5.2)
The error equation is as follows
Qn(lg = an; (w—wn,y =) (Ths @) ’ylz/ [vn d8+72/ hynpdz. (5.3)
E, 7€ Q

From the conclusion of Theorem 4.1, we can get
I (@n — Jng; (wn — Inw, yn — Pay))llln

Qnl(en — Jng; (wn — Inu, vo — Puy))s (Ths (Whsnn)))
< sup

Y(Z n3(V hsmn)) EXR X Vi, XS, |H (; h3 (Q hs 77h))|||h




360 Yanping SUN and Tao SUN

Qn((g — Jng; (w— Inu,y — Pny)), (T (W ks 18)))
= sup —

Y(Z 50 n,10))ES R X Vi X S (z h; (s me)lln

" ; / B - [ nlds + s /Q IEI—
M @mmi

10
Zi:lLi
[(Z s @ m0)) Ml

= sup
V(Z n3 (2 nsmn))ESR X Vi X S

where

Ly = alg — Jng, T1), L2:/Q(Q_Ihﬂ)'dﬂzhd$a

L3 = /Q(V — Ppy)as(z p)dz, Ly= /Qdﬁ(g — Jng) - vpde,

L= [ aste = Dzymda, Lo = [ div(e~ ) -divzade

Ly = —72/Qh2(7 — Buy)nnda, Ly =-m Z/h[u — Inul - [vp]ds,
o e

Lg = —72/Qh2777hd$, Lig=-m Z/h[y] - [vp]ds.
o e

Next, we estimate the bound of L; (i = 1,...,10) one by one

L] = /QA(g* Jng) : Trdr < arllg — Jngllollzrllo < Chligllillz rllo,

| La| < |lw = Inullolldivz allo < Chllu 1[ldivz a0,

[Ls| < [lv = Puylloliznllo < Chllvll 1l nllo,

[Lal < llg = Jngllollznllo < Chligllillunllo,

1Ls| < llg = Jugllollnnllo < Chligl1l[nnllo,

|Lo| < 73l|div(g — Jrg)[lolldivz nllo < Chysligll2]ldivz 4o,

L7l < v2h? [y = Purllollnwllo < Crah® (7]l 1l lo-

Using the inverse inequality (4.9) and Lemma 3.3 successively, we have
| Ls| < y1hll[w— Tnulll &,
< Chim|[u— Inllo

|Lo| < Cy2h? ||yl l1nlo-

0] nll 2,

|Wrllz, < Chyillullillzpllo;

For any u € H'(f2), the jump value of displacement is zero, i.e., |L1o| = 0. So we have

l(en = Jng; (wn = Inw, yn = Pay))lln < Ch(llgll + [lufr + 1),

from the conclusion of Theorem 3.1, we can get the desired result. O
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6. Numerical example

We consider the elasticity problem in 2D for [0, 1]?. The equations of linear elasticity can be

written as a system of equations of the form
dive = f, in €2,
Alg) =¢g(u), inQ, (6.1)

where the Lamé constants are p = 1/2 and A = 1.

For numerical simulation, we take the displacement of the vector function u in (6.1), as

s - ( 4(1 - 2)y(1 —y) ) and 4y = < " (1 = a)y(1 —y) )
u ) u

—Adz(l1-2)y(l—y sin 7 sin 7wy

and set Error = [[(¢ — an; (@ —wn,v —71)llln-
Mesh n x n 4 x4 8 X8 16 x 16 32 x 32 64 x 64
Error 0.403297 0.19841 0.0818765 0.0324603 0.0135391
Order of convergence - 1.0234 1.2770 1.3348 1.2615

Table 1 The error and the order of convergence for w1

Mesh n x n 4 x4 8 x 8 16 x 16 32 x 32 64 x 64
Error 0.178351 0.164165 0.0822141 0.0344859 0.0137398
Order of convergence - 0.1196 0.9977 1.2534 1.3276

Table 2 The error and the order of convergence for u 2

We construct a sequence of n x n meshes with n uniform subintervals in the x-axis direction
and the y-axis direction, respectively. Here the (g; (u,7)) and (g n; (wh,vn)) are the original
solution and the stabilized mixed finite element solution, respectively. Since v is of higher
convergence order and its absolute error is bigger than that of v and g, we find that the order
of convergence is higher than that in the conclusion of Theorem 5.1 from the results showed in
Tables 1 and 2.
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