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J. Williams posed a problem, that is, the Chebyshev approximation of oscil-
lating decay-type functions in the form of interpolating rationals on [0,b] (See
[3]). The approximated function is f(x) =B(x)8(x), where B,g&C[0,b], g(x)>0,
VXx&E[0,b], and B(x) is the “oscillating” factor satisfying E(x,)=0 for distinct

x €00,b], r=1,2,.--, n+1. The class of approximating functions is

41

- B(x) : -
v={ (LA, | LA = 208.(0>0, xero.01} o

where {¢,,.-., ¢,,,} forms a Chebyshev set on [0,b] and p>0. We hope to obtain
the best approximation of f(x) in V that keeps the conditions interpolating at the
zeros of f(x). In (4], J. Williams and G, D, Taylor interpreted that the existence
of the best approximation can not be insured,

If the best approximation exists, as J, Williams pointed out, it may be calc-
ulated by Remes’ exchange algorithm, and that the system of equations

]B(x(v’”)]{g(x('”) "[L(Amx(v“):]‘p}:("' l)rlhy T=1, 29"'9n+1 (2)
has unique solution (A, A,) leading to E—L—(i—(%)—j;, if B(xUY) 50, r=1,2,,n+1.

[3, theorem 4,1]

In [1], C. B, Dunham deemed that claim on solvability of (2) is incorrect.
His approach to the proof is as follows: Let L(C, x) change signs on [0,b] and be
positive on the subinterval I on which B(x) is nonzero, Let x{*..., x{) be dis-
tinct points in I. Choose g such that g(x*) =[L(C, x*")1-%, r=1,2,-.,n+1, then
A,=C, A,=0 are unique solution to (2). But [L(C, x)1-* has some poles on [0, b],
or [L(C, x)]*+B(x)¢V.

Now we should point out: if we obtain generally the starting points X,:{x{"...,
x1 .} through a starting approximation B(x)[LA,, x)]-f as has been interpreted in
[2] (but not necessarily close sufficiently to the system of alternate points of the
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best approximation), then C, B, Dunham’ demonstration would be impossible to find
a footing. For if this were not true or, in other words, C.B, Dunham’ situation
arose, according to the appointment of Remes algorithm the system of the points
X, {x{®.,..x)} would possess the following characters,

1° 8(x)~[L(A,_,, Xx)] ? alternates signs on X,;

2° The point v at which |B(x)||g(x)~-[L(A,_;, x)]°?| reaches his maximum
on [0,b] is contained in X,, ' o

From 1° we have

8(x) = [L(A,_y, ") 1P =[L(C, x*)]?—[L(A, 4, x¢D]*=(-D"u,
rT=1,2,,n+1 3

where u, >0. (3) shows L(C, x) ~L(A,_,, x) has at least n zeros on [0, b]. By the

characters of Chebyshev system this implies

L(C,x)=L(A,_,, X) (4)
Hence
g(x(rk)) - [L(Ak‘h x('k))]—l’: [L(C, x(,k))]-p_, [L(Ak—l’ x(lk))]—lj=0"
V r=1,2"",n+1. (5)
From 2°, (5) implies
max |B(x)g(X) = B(X)[L(A,-,, ¥)]-"| =0. (6)
xelo, b1
Because B(x) has only the finite zeros on [0,b], then
g(xX)=[L(Aw-p, X)]177F 7
From (4) and (7),
gx)=[L(C, x)1°* (8

But this can not arise out of the hypothesis on g,
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