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Uniform Convergence Rates of Kernel Density Function Estimates

By Chen Xiru (#718)
Abstract

Suppose that X,, ..., X, are samples drawn ftom a m-dimensional population
with probability density function f{ belonging to a family C, (where k is a
given positive integer. ande is a given positive number) defined as follows:
f&€Cy, it and only if
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for any x=(x,,-,x,)ER", k=0, i=1,---,m and 3k,=k, In 1972, Fatrell psoved
1

that for any estimator £ (X,.--,X,) of f(0), if for some sequence {a,} of positive

constants we have

tim{ inf py([8,(X, 0 X,) - 1O <a) =1
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This 1esult can roughly be interpreted as follows: Within the whole class
C., the accuracy of any estimator (for estimating f(0)) can never exceed
O(n-# 2k+my  As pointed out by Farrell, in the case of m =1 this accuracy can
be 1eached by some pioperly chosen keinel estimate,
Stimulated by Fartell’s work, we pioved recently the following 1esults:
Theorem 1 There exists kernel estimate f (») =f,(X,,-, X,; X) such that
1imlim{ inf P (suplf () - f(®)] < av”wvéﬁn"‘“‘-““"“’)}=1
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Theorem 2 There exists kernel estimate f (x) = f (X ,.--X,,:x) such that fo
any density function f with all its k-th oirder partial derivatives bounded on R",

we have

hm{j\/lt)gnn“‘““"suplf(x)~f(x) }=0, a.s.

for any a,—»>co,

From this and Farrell’s result we see that, for the main part, the best rate attain-
able for estimating the whole density functicn f is the same as that of estima-
ting the function f at a fixed point, i. e., O(n-# (24" As a by-product, we
proved that in the case of estimating f(0), the accuracy O(n-# 24*™)y can be
reached by some property chosen kernel estimate even when m>]1, as comjectur-
ed by Farrell,

We also note that the a,s. uniform convergence rate given by Theorem 2 im-
proves substantially various previous results in this respect,
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