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The fundamental concept of a' fuzzy set, introduced by Zadeh in 1965 [34]
provides a natural foundation for treating mathematically the fuzzy phenomena
which exist prevasively in our real world and for building new branches of fuzzy
mathematics, In the area of fuzzy topology much research has been carried out
since 1968 [1].

Early in the 1970’s the authors noticed the study of fuzzy topology and were
interested in it. Later on, members of the research group of topology in Sichuan
University launched investigation on fuzzy topology under the support and encou-
ragement of Professor Kwan Chao-Chih, the director of Institute of Systems Science
and Mathematical Sciences of the Academia Sinica, Today, much research work on
fuzzy topology are carried on in many parts of China,

In paper [25], two fundamental problems of fuzzy topology were solved: one
problem concerns the proper definition of fuzzy points and their neighborhood struc-
ture and the other problem is the establishment of Moore-Smith convergence theory
in the fuzzy topological spaces. The authors discovered that for the neighborhood
structure of fuzzy points, in addition to the traditional concept of neighborhoods

and the usual belonging relation, &, it was needed to introduce a new kind of

* Received Dec, 12, 1981.



168 HEHRSFR Vol, 2

neighborhood structure, céilgd Q—neighborhoods, for fuzzy points, and a new kind
of relation, called Q—relation (the quasi-coincident relation) between fuzzy points
and fuzzy sets, In an ordinAary topolozical space, as a special case of a fuzzy topo-
logical space, these concepts: neighborhood system and Q—neighborhood system, &
—relation and Q—relation coincide respectively. With these new concepts as main
tools, they generalized all the theorems in the chapters 1 and 1I of the celebrated
book on general topology [12] to fuzzy topological spaces with exception at most
two less important ones, This means that these two problems in fuzzy topology
have been solved in almost the same degree as the corresponding problems in
General Topology had been solved.

In [22], some mutually equivalent systems of axioms, which seem intuitively
10 be evident, for establishing the neighborhood structuie were given and the the-
-orem that in a L—fuzzy topological space the unique neighborhood structure satis-
fying any one of these systems of axioms is exactly the Q—neighborhood system
given in [25] was proved. This fact thus throws light on the limitation of the
traditional neighborhood system and the reasonableness and the intrinsic property
of the Q—neighborhood system. Considering those [, —fuzzy topological spaces where
L i3 a lattice with some special properties, the paper [15] says that in this class
of L—{uzzy topological spaces, there is a certain complementary property between
the neighborhood system and the Q-—neighborhood system.

In (30, 31], Wang introduce two nice concepts: “fuzzy <topological molecular
lattice” and “far neighborhood” (which is a complement of Q—neighborhood in
some sense) from a more abstract point of view and obtained many interesting
results therein, Using Q-—neighborhood as the basic tool, the theory of Moore-
Smith convergence was established in [25]. But [30] generalized this theory into
the topological molecular lattices.

In [14], a new proof of the C., T. Yang’s theorem concerning derived sets in
the fuzzy topological spaces was given. This proof is much simpler than those
given in [25] and [30]. In [29], a revised definition of fuzzy boundary was given
in terms of the concept of the Q-—neighborhood and was used to study the dimen-
sion theory of fuzzy topological spaces [28]. The paper [9] introduced a new de-
finition of fuzzy subspaces, It is more general than that given in [25].

As for the fuzzy product spaces and quotient spaces, [26] completed the gene-
ralizations of all the theorems in Chapter [ of the famous book [12].

Let us now turn to the aspect of fuzzy compactness. In the literature a lot of
different kinds of fuzzy compactness notions have been introduced and studied.(e.g.
see [13]) In [7], fuzzy compactness [1] was fisst characterized in term of the

Moore-Smith convergence of fuzzy nets. In [16] a mistake in [3] was pointed out
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and a counterexample was constructed, An open problem concerning ae*—compac-
tness posed there had been fundamentally solved also, So far as we know, the in-
teresting papers on fuzzy compactness notions may be [17] and [32]. In [32],
Wang first defined the notion of a—nets and then introduced one new kind of
fuzzy compactness, called nice fuzzy compactness (or simply, nice compactness), by
using a—net from the point of view of convergence. Nice fuzzy compaciness has
almost all the properiies which the ordinary compactness has in general topology.
Moreover, this paper gave a clear analysis and a dear description of all the rela-
tions and differences among a variety of fuzzy compactness notions given in the
foreign literature, inclusive of nice fuzzy compactness. From the standpoint of the
net conveigence, the definition of nice fuzzy compactness may be considered to be
given by analyzing all the a—levels simultaneously. However, the other new fuzzy
compactness notion given in [17] was defined in ierm of the open Q—covers, based
upon Q-—neighborhoods. This compactness, called Q—compactness, is considered to
have less requirements in the sense that it can be characterized in term of the
convergence property of “maximum fuzzy point” of the fuzzy set only. Among the
nice properties Q-—compactness enjoys, the Tychonoff product theorem for Q—com-
pactness is fundamental one. Within the framework of the better fuzzy compac-
tness notions, i, e. nice compactness and Q-—compactness, the fundamental results
concerning compactness of Chapter 5 of [12] have been generalized to fuzzy topo-
fogical spaces.

As to the compactification of fuzzy topological spaces, there were already
some works [24, 3] abroad, but the general theory of fuzzy Stone-Cech compacti-
fication was recently finished in [21] by using the fuzzy embedding theorem [20F;
and the nice compactness [30]. Adding a weaker separation axiom, called sub—T,,
axiom, to a fuzzy completely regular space [6], the concept of fuzzy Tychonoff
space is defined [20]. In [21] it is proved that for every fuzzy Tychonoff space,.
there exists a fuzzy compactification, called fuzzy Stone-Cech compactification,,
which has the continuous extension property of continuous mappings similar te
that of the usual Stone-Cech compactification in general topology.

In the area of the fuzzy uniformity, the New-Zealand Mathematian Hutton.
has done a piece of profound and penetrating work [6]. However, the author of
[18] has pointed out that the fundamental formula, occuring in Lemma 3 of [6k
and often used in this area, does not hold for almost all the completely distribu-
tive lattices and proved that it holds good under a simple natural additional con-
dition, From the algebraic point of view, the paper [18] is an investigation con-

cerning the intersection operation on union-preserving mappings in completely
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distributive lattices. In [19], a further discussion on the inverse operation on
the above mentioned mappings was made, These works just mentioned- above pro-
vide useful algebraic tool for investigation of fuzzy uniformities. The author of
[20] contributed three things to fuzzy topology. Firstly, he gave a sound proof
of the fuzzy Weil theorem (i.e. a fuzzy topological space is fuzzy uniformizable
iff it is fuzzy completely regular,) This theorem was first given in [6], but there
are some drawbacks in the original proof. Secondly, he gave a pointwise charac-
terization of fuzzy completely regularity by means of the concept Q-—neighborhoods.
This characterization thus provides a useful tool for estzblishing the fuzzy embe-
dding theorem. (Hence it may be seen that in the fuzzy imbedding theory, the con-
cept of fuzzy points cannot be avoided and therefore the point of view of the
“point-free” treatment of fuzzy topology has its own limitation,) Finally he proved
the general fuzzy.embedding theorem: a L—fuzzy topological space is a Tychonoff
space iff it can. be embedded in the product of family of fuzzy interval, i.e, a
fuzzy basic cube,

A general theory of fuzzy metric spaces in [2] is considered to be successful
in a certain sense, In [5] a kind of metric for the fuzzy topological spaces was
obtained. The fuzzy p. q. metric space has been introduced by Hutton ([6] and
Erceg [2] respectively, In [37], a connection between these two definition of fuzzy
pP. q. metric spaces was completely described. Also, the product space of fuzzy p. q.
metric spaces and Q—¢,; of p.q. metric space were investigated. Finally, the
fuzzy Urysohn metrizable theorem has succesfully estabiished,

In [36], a theory of fuzzy function spaces has been established, In the space,
the fuzzy pointwise topology and fuzzy compact open topology were introduced,
The joint continuity and some - separation properties of the space, such as the
completely regularity, were investigated,

In [11], seme basic cardinal functions such as weight, charactor, density and
cellularity were introduced in fuzzy topological spaces. Among others, the famous
Hewitt-Marczewskipondiczery theorem concerning the density of cartisian products
was generalized to fuzzy topoiogical spaces,

As is weli-known, fuzzy topology is built up on fuzzy set theory, as its
foundation, Now fuzzy topology has developed in such a exient that it can react
upon its fundation, That is to say, the results obtained thus far in fuzzy topology
have important applications in some other branches of fuzzy set theory. Take, for
instance, the “theory of convex fuzzy sets. In the basic and classical paper [34],
Zadeh used almost second half of it to discuss the fuzzy convex sets, There are
two main results in this aspect which are worth while to be mentioned, The first

oné is concerning a property of the shadow of fuzzy convex sets and the other is
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the separation theorem for fuzzy convex sets, The author of [33] gave a counter-
example showing that Zadeh’s second result mentioned above cannot be correct
even for ordinary (crisp) convex sets and recasted this result by emloying the
induced fuzzy topology. Later on, the author of [23] gave another counterexample
showing that Zadeh’s first result is also not true and recasted it by adding some
topological conditions to give several positive results,

Finally, we would like to mention briefly two other aspects of research on
fuzzy topology in China, Much work on induced fuzzy topology in the sense of
Weiss [33] has been done [4, 8,27, 35]. The dimension theory for fuzzy topology
has been initiated [28]. | ‘
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