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A Discussion on the Existence of Limit Cycle

of Equations % =P(y), ¥=Q(x,y)*

Wu Kuiguang (F3K k%)

(Hainan Teachers’ College)

For the system of differential equations having the form

£=P(y), I=0(x,y), )

R. M. Cooper has given an analytic criterion for the existence of limit cycle. [1]
In which p: R'-»R! and Q: R2—>R!' are everywhere continuous and locally Lipschi-
tzian, Q,(x,y) is continuous at (0,0) and is defined for all (x,y), His result is
as follows:

Theorem. The system (1) has at least one stable limit cycle whenever
teo +oo
(I) yP >0 (y£0), xQ(x,0)<0 (x£0), (I) L p(y)dy= + oo, L Q(x,0) dx=

—o0, (W) Q,€0,0)>0, (IV) there exist numbers m, a>0 such that Q,(x,y)<<

-m<0 for [x|>a, (V) P}y)lsupQ<x,y>=o+<1> as |y|—>+oco.

xl=a

But this theorem is not true. In this paper we give a counterexample and some
additional conditions to ensure the existence of limit cycle for system (1),

Example. #=y**3_  3=0Q(x,y), (@)
y+2y2k+1_x:!k+3 ( [x[<: _727_),
where Q(x,¥) = ( ysinx? + y**+1(1 + sinx?) — x24+3 (V%<\xl < \/ 3‘275)’
o o2k 37 )
y-x (\/ 5 <Ix]

Letting a= \/ 3—’;, m=1, it is not difficult to show that the system (2) satis-

fies the conditions (I)—(V), Suppose it has a limit cycle [, then I is symme-
tric to (0,0), Let x,= —x, we turn over the part of I on the left half plane x<0
to the right half plane, and denote it by L/, then I and L’ both pass through same

y x
points A(0,¥,) (¥,>>0) and B(x,,0). Let A(x,y) =LP(y)dy—j‘l Q(x,0)dx, in the verti

. T 4 . E3
cal strip |x|<\/%, —di'—= 21+ yP) >0 (y#0), so that |x01>\/—2”—. We denote
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the equations of the parts of L and L’ between points A and B by y=y,(y) and

. d
y=9,(x), respectively. Hence %zQ[x,yl(x)] Q(x,0) on I, and Id—"“i= -Qr~x,

Y,()]J+Q(-x,0) on L/,

Far d d For d
It must bej (7{% A’)dx 0, but J E%—il-‘— dx = J {Q[x,y, (x)]-0Q[ —x,
]

V3L

\/_
yz(x)j}dx=j (y, +y2k+1+y +y2 2k+1y dx + \/*_ [(y1+yz)Slnx2+ (y k+l+y2k+1)(l+

st an)]dx+.[\;W<_yl—yz)dx>ygk+1~2ymu 2Ymox*Xos in which y,,, = maX Y. (%)

SXS X

o=
=

=
BlS .

In thc vertical strip — 1/ %<x<0, it follows from (2) that

2h+1 _ 2543
yreym o — X > =, and it implies that y,>3/ .

y2k+'&
. d -9, (X) d T
Since C?;Cl :[yyéx)]2k+3<0 R d}tb = =y ) for x>¢32—”, and 1%‘;—362<3 for
0<x<\/—32£, we have ym,,<y,-,+3\/32—”, Suppose the line x = -32i intersected I, at

T 2k+4
C, we have A(B)<{A(C), this means that xZk+4<ly2e+s 1/321 * < (3Ynax) 74,

hence X,<3¥pus»
It k is a sufficiently large integer, then

xos d) dj qar\ 2
J G- G oo - sy/5) >0

This contradiction shows that Cooper’s theorem is not true. In his proof, he
showed A,~A,~»— oo as y,— +oo, and from this, he asserted that |y,| - |y, |>— o0
as y,~»+ oo, But this assertion is not true. For example, let P(y) =y, then

Vs 1
AS—M=L'ydy= -2*<Iysl +y) ({ys{ =¥,)>oc as y,— + oo,

and it cannot follow that |y,| —y,—>o0 as y,— + oo,
Moreover, from A,— 4,<0 it cannot be inferred that |y | < |y,|, because P(y) is
not odd function in general,
Under some additional conditions, we have proved the following Theorem. The
system (1) has at least one stable limit cycle whenever (I )—(V) and (VI) there

exist numbers N, >0 >N, such that Q(x,N\) >0 (a<x) and Q(x,N;)<0 (x<~a),
or (VI)/ %’L):o*(l) as |y| »>oco.
In particular, if Q(x,0) is bounded, then it follows from (I )—(V) that the

condition (V) is satisfied.
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