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Galerkin Methods for Coupled Hyperbolic and

Parabolic Linear System*

Liu Jing-lun (x]414)

(Jilin University)

In this paper, we consider the Galerkin methods for the coupled hyperbolic
and parabolic linear system and obtain a priori error estimates for semi-discrete and
fully discrete Galerkin approximations on the basis of paper [1], but we release
the restriction of weak coupled action of the solution [1], '

§1 Introduction
In [1], we considered the coupled system arising from thermo-elastic problems

{uft_aluxx+8blv(l=f(x9t)’
v, ~a,v,,+ebu, =g(x,t), (x,t)€Qx[0,T], @=T[0,1].

Here u, v denote the displacement and temperature respectively,

We assume that e2<{1/b,b, in order to obtain error estimates, this restriction
means the weak coupled action of the solution, In order to release this restriction,
we consider the coupled system about stress and temperature instea’,

=V (@, ()VU) +b D> v, = f(x,1),
- (1.1)
v, =V (@, ()V0) +b, >t = g(%,1), (x,1) EQX[0,T]
i=1

X,t) =v(x,t) =0, (X,t) Qx[o,T
{u( yt) =v( s ( € L ] (1.2)

w(x,0) =u,(x), u,(X,0)=u,(x), v(x,0)=v,(x), xX€Q,
where QCR" is a bounded polygonal domain, We assume that there are constants
d,,c, such that 0<d,<<a (x)<<¢c,, XEQ for a,€C° (D), i=1,2; b, and b, are posi-
tive constantsy
We give a family {S,} of finite dimensional subspaces of H}(Q) such that for
some integar r=2 and small h,
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int{]lv -yl + 8]V (v = ) [} <chol,, 1<s<r, for v EH'(Q) NHI (D).
Yeuva
¢s,> and |[+]| denote the inner product and norm of L2(Q), and
LY(T,H*) = {u(x,t) EH*, 0<t<T, Ju(t)|[, EL(0,TD},
§2 Semi-discrete approximation

A weak form of the system (1.1) and (1.2) is
Uy > + <0, VU, VY +0, <,y =<f,),
W2 +<a,Vv,V2> +b,<Vu,, V2> =<g,2>, for y,2€H{(Q),

\Ci(%,05 = Uy (X), 9> =0, <8y (X,0) = U (X), > =0, w(x,0) ~v,(x),y> =0,y EHj.

(2.1)

Semi-discrete approximations U(s,t), V(e,t) €S,, tE[0,T] ate defined by the

following equations:
{<Uu9y) +<a, VU,V +b, NV, =f,y, ¥ES)
V,,0 +¢a,VV,Vr +b,<NVU,,2>=<g,2>, ZES,,

(2.2)

where U(x,0), U,(x,0) and V(x,0) €S, are proper approximations of u,, u, and

ve in Sy, (Vo= s, 90,

i=1

Assume that u, v are the solutions of (1.1) and (1.2), we introduce elliptic

projections W,M €S, of u and v:
{<aIVW,Y7'y>=<a!Vu,Vy>, YES;,
a,VM,V2r=<a,\Vv,V2>, ZES,, t€[0,t],
We set 1=W-u, 0=M-v, E=U~-W, L=V ~M, Then &, satisfy
{<§m:)'>+<01V5,V3’>+b1<VC,Y>= -<n,+b,Vo,y>, YES,,
G,92> +<a, 8, V2> +b,<VVE,,2> = —<0,+b,\/1,,2>, ZES,,

(2.3)

2.4

It is easy to obtain the following 1esult by means of standard arguments.
Theorem 1; Let u, v, u,, v,EL*(T,H*), 4#,,EL*(T,H*) and U,V be the solu-
tions of (2.2), Suppotse [U0) -~ W], +[JU,0) =W, (O |[+[[ V) -MO) ]| =0"*).

Then there exists a constant ¢ such that
U, = u o, oo+ [lU =)l o, 10 + IV = 0| 1o,y <SCRET Y, 2k,

§3 Fully discrete approximation

In this section we discuss the fully discrete Galerkin approximation of (2.2).

Let At be the time step, t;=jAt, We denote @;=@(x,t;) for any continuous

function ¢, and we define @;.1=(9;., +9,)/2, <p,,9=% (1+0)9;., +_;_ a—e o,
Po1= 60951+ (1-20)9i+09i.1,8,9144= (Pje1 = 9) /ALy 879, = (Pj.,—29; +9P;_) [ (AL)?

and §,9;,4,0= (1 +0)0,91,3+5 (1 +0) 3,913, 0EL0,11.
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We define that the fully disctete Galerkin approximation {U;,V;}JcS, of (2.2)
is a solution of the following system of equations:

<63 Uij,y>+ <01VU.},;',V31> +b1<VV%.i,y> = (f%_.i’y>, yES,, .
3.1

<0;V;'+%9Z> +¢a,VVi,0, V2> +b,¢ Va.U;+1,,Z> =<gj,09%> ZES,.

where U,,U, and V, are suitable ones
Using the standard argument for error estimates, we have the.following result;

Theorem 2 Let u,v,u,, v, EL*(T,H*), W, U, W, EL2(T,L?) and u , €
L3(T,HY, I 10,84l + &4l = 0 (h* + (At)?), £, =0, h™'At is bounded, then there
exists a constant C independent of %,At, u and v such that

10, (U =W {iz=w, oo + U = Ullz=quem + [V = 0T, i SC(RF™ + (AD) 2),

where ||@|7=p,m= Max ILZTEYI P
I1I<i<N-1
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