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Some Notes on Solvability of LPDO*
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The purpose of this paper is to discuss how the lower order terms of a LPDO
with multiple characteristics influence the solvability of the operators; We begin
with the followiog operator:

L(%,D) =D}+xiD; +PpD, +qD, +¢
where p,q,c are assumed be complex constanis,

Theorem 1 The operator L will be locally solvable for any g,c, if either
{Re p|<<1 or Imp=09.

Proof (i) Suppose |Re p|<1. Let @ be a neighborhood of the zero in RZ,
Let o€C5(w). It is clear that

KL®, )| =| ((1~|Rep|)(D}+xiD})P,®) + |Re p|+((D} +xiD} + Sign Re peD, )P, )
+1Im p(D,9,9) +q(D,P,P) +¢(P,9) | =] ((1 - Re p) (D} +*1D?)®,®) + |Re p|

* ((D}+ %D} +Sign Re p)¢,®) +i Im p(D,9,9) | - |g(D,9,9) | - |c(®,®)]|. (1)
Note that

(D} +xiD)) 9, 9) =D, 9| + |D. (x,9) ||*=||D, 9|l (2)
and that
D, +ix,D)®||? for Re p>0,
((D}+x}D} +Sign Re peD,)P,9) = { 0 for Rep=0,
(D, -ix,D,)®||* for Rep<g.
It follows that
[Re p| ((D}+x}D; +Sign Re p+D,)®,9) =0, (3)

Since (D,9,9) =(9,D,9) =(D,¥,9 ) hence Im(D,9,9) =0, namely, (D,P,P) is
real, From this and (1), (2), (3), we obtain:
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(L@, )| v/ (1-Re p)*[D 9|+ |Im p(D,?,9) [~ |a(D ?,9)|* - |c| llq)lt2 (4)

Let e =max |x; ~ x| , (x{,%;) €Ew, (x{,%,) Ew. It is easy to see that ||D, tp||> el
VP €E€CS (@). Making ues of Cauchy’s inequality, we obtain || L@|>c,|®|, for some
censtant ¢, >0, V9E€C7(@), which implies the local solvabihty of the operatdr L,

(ii) Suppose Impx(, Denote A=(D,?|*+|x,D,9|?+P(D,¥, #). Note that
(D,®,9) is real, as has been shown., We obtain

|Al=v"(D,?]|* + [*,D.9l* + Re p(D,®,®)) + |Im p(D,¥, ) | -

>[D,9l* + 1%, D, @[> - [Re p| + | (D, @, )|

\ImF

and lAl?lIm ple |(D,?,9)| . It follows that [A'/ llm]

we have:

D, ?|2. Thus,

(Lo, @) =1 Al - |a(D,9, 0] - |c|+||o}?

[Tm p|

>TRep| + [Tm p[ID:PI* ~ a1 1D @l - fc] «]l]®

Applying the same argument as in the case (i) we obtain ||L®|=c,||®]?, for
some constant ¢, >0 and for every ®E(C3(®), provided that the size of w is
chosen to be sufficiently small, Thus, the proof >f “theorem 1” has been completed,

It is easy to see that “theorem 1” can also be proved when p, g, ¢ are functions
belonging to L.(®,), where o, is a neighborhood of zero, This theorem shows that
the lower order terms gD +c¢ do not have any influence on the solvability of L,
when either |Rep|<{1 or Im p=¢0.

On the other hand, it is well known that the operator D!+ xiDZ4+-D, is
nonsolvable[2], If we add the lower order term qD+C to this operator, what
influence will they have on the solvability? To answer this question, we give the
following:

Theorem 2 Let L(x, D) =D}+x:D¢+D,+C, namely, p=+1, g=0. If reither
Re ¢>0 or Im ca:0, then L(x,D) is locally solvable,

Proof {((L®,®)| = |I(D,Z+ix,D,)¢|* + Rec||o)|? +ilImc|op]?|

=v (D, £ix,D,)P|* + Rec|[®])* + Amc[@|[*)?

>max(|Imc|,Rec+ |Imc|)||®||2 =c,|®|*
From the conditions given to c, it is obvious that max ({Imc|,Rec)>0, ¢, >0.
Therefore we obtain:

ILeli=c,lloll  VoecT(o).
Hence the proof is completed.
It follows from “theorem 2” that the lowest order term c can play a crucial

role in the solvability of L. After the change of unknown function v=e‘gx'u and
by “theorem 2”, we obtain the following,
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Theorem 3 The operator Di+x} Di+D+4gD, +c is locally solvable, if either
2
Re (— —‘i——+ c)>0 or Im(-— %+ c)#o.
In the same way as in the proof of theorem 2, we can also obtain the

following.
" Theorem 4 Let L(x,D) =L,(x,D)+R(x,D) +iQ(x,D) +L,{(x,D), Suppose that
(a) (L,9,9)=0, VPECT (@)

(b) either (R®,P)>c’|@||*> for some constant ¢/ >0, or [(Q®,P)| >c’|@|® for
some constant ¢/ >0 and Im(Q®,®) =0, ;
(c) there is a constant c¢,<{1 such that

(L;9,9)<c, [((L, +R+iQ)®,¥)| .

Then the operator L(x,D) is locally solvable, In particular, choose L =A'A+c,
where A is a nonsolvable operator and ¢ is a constant,

Note that the A'A is nonsolvable when c¢=(, but L is solvable when either
Re ¢>0 or Im c2(, Thus, we have seen that the lowest order term ¢ may have a
crucial influence on the solvability of L.
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