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Some Properties of a Pure Jump Markov

Chain after a Cut*

Lin Yuanlie G)Fi..ﬁl)

(Tsinghua University)

Let X={X,(®),t>=0} be a pure jump Markov chain with minimal state space
I={0,1,2,.-} on a probability triple (Q,F,P): The sample function X(s,0) is
right lower semi-continuous; We denote the transition matrix by p(t) = (p,;;(t)) and
Q-matrix by Q = (q;,) = (p},(0)), i,j €1, where 0<§qu= —g;;=4;<co. In this paper
let g,#0 and, without loss of generality, p(Xo(w)'=i) =1. We define

Tig(®) =0,
Tin(@) = inf{t; 1 2>7;,0,(0) , X(1,0) £X(T a1, @) },
0in (@) =T;,4; (@) T, (@),
Tip(®) =T (@) +Tg0 (@),
N; (@) =sup{n. 7,,(0) <t} for t=0,
%, =0,/ i), ®ii=0,
Wi(@) =T; yor+1 (@) = L,
Vi(@) =t =T,y (@)
0ineen (@) = Tingar+ 1 (@) = Tipyicay (@)
Gin(%) =D, (7, (@) <X),
We have the following results:
Theorem 1 Let F; (X) =P, (W; (®)<x); Then for x>0, we have
F; (x) =e ! (1—€e" %) +q,-e“""‘2 2 :F,,,(x)e‘“"du a)
i
Proof If x<0, clearly, F,,(x) =0, If x>0, then
Fi (%) = ZP;(T.'ku =X, T, <E<Tigays
h=0

=P, (T <t + %) + > DIP(X(Tiy) =IPi(T<t

=1 F%i

LT <SEHX|X(T ) =),
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It follows from theorem 5 of [1; p; 148] that

G (X) =1=-¢""%, x>0,
and from theorem 3 of [1; p: 171) that 7, and 7,,., (k>>1) are independent (rela-
tive to P,) with respect to X(7,)=j; Hence we obtain

Pi(t,<t<lvp <t + x| X (7)) =)

=Pi(Tiy + T 1 SET, + T <SEH X X(T,) =)
H
=Iopi(t,,k_,<t-u<r,‘k<t—u+x|x(rh) =j, T =u)dG;, (1)

¢
=j P (Tine s St = T <t~ +)dG,, (W) .
0
Thus

had t
Fi(X) =€ (1- e %) + > Z:r.-,j'op;(m_,<t—u<m<t— U+ x)dG ;5 (1)
k=1 Fwi

=e U (1—-e") + ZJI“ J:F,,_,,(x)dG,-‘(u)

Jwi
)
=e i (1-e ") + g™ D, I F(x)e"du,
e (]. ) q ! 1 0 ;( )

Theorem 2 Let J,,(x) =P;(V,;,(@)<x); Then for x>0, we have

e :rz‘.r]“xe"‘"du if 0<<x<lt
J,.,(x)=q g,oy() s if 0K

1 if x=t ,

2)

Theorem 3 Let F;,(w,2) =P;(W, (0)<W,V,;,(0)<v). Then for w=0 and »>0,

we have
q,.e“"'Zx,.,-rF,,,(w,v)e""‘du, if 0<<w and 0<<e<t¢
Fi(w,0)= v 0 , 3
e~ (1 —-e ") +q,e‘°"2xi,j F (w,v)e’“du if 0<<w and t<<v,
jwi 0

Theorem 4 Let H;,(x) =P;(0in.)(@)<xX): Then for x=>0, we have

v . ,
q.-e"’“zx.-,J H;,(x)e""du it 0s<x<8
Hiy (%) = e 0 ) 4
(e““‘—e“'")+qie“’"27c“LH,,(x)e“"‘du if t<x ,
fei .

Let I be a recurrent class, We define a{’(0) =0,

P (w) = inf{t, t>0,’X(t,m) #i}, a{}’(0) =int{t,t>p", X (t,0) = its

. n—1
™ (@) = inf{t, t>o,.x(2ag;>+ t,w);ei}, n=1
_ Vi-o
. n~1
aP(@) =int{t; t >0, x(Sa +t,0) =1}, =1
k=0 ;
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Sin(@) = D a¥(@), Ni (@) =s5up{n,;S;,<t}, Wi (0)=SF.+1(®) =1,
k=0

f/’n(m) =t~ SiFea) (@), éiﬁ‘w) (D) = SiFetor+ 1 (@) = Sifear (@)
R;(x) =P;(a{P (@) <x),

Theorem 5 Let F,,(x) =P;(i§;,(»)<x), Then for x>0,

t
0

Fir() =Ry + 1) =Ry (0 + | Fru(OR! (1= ), (5)
Theorem 6 Let J;,(x) =P;(V,,(#)<x). Then for x>0,

ria..(x)R’,(lt—u)du if 0<<x<t
0
it x>t ,

jir(x) = { (6)

1

Theorem 7 Let F,,(w,v) =P;({F;,(@)<w, ¥;;(@)<<v), Then for w=0 and v=>0,

rﬂ,u(w,v)R{(t—u)du, if g<<w and 0<v<t
Fowo)={"" %8
Rt +w)~R;(t) +I Fiu(W,0)R;(t—u)du, if 0<<wand v=f,

t
o
Theorem 8 Let f,, (%) =P (80w (®)<x), Then for x=0
J'ﬁi”(x)R{1(t—u)du if 0<x<t
0

ﬁu(x): ' (8)
Ri(%) —R; (%) +J Hi, (R, (t—u)du if x=t ,
0

Proof of theorems 2 through 8 and other results will appear elsewhere;
The author is grateful to Dong Zeqing for his kind advice and helpful guidance,
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