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Radicals and Socles of Modules
Lie Haiqung and Xue Xengming

Abstract

In §1, we discuss the properties of radicals of modules (definition 1,1) to obtain
some decomposition properties of certain classes of modules, Szdsz’s theorem on semi-
primitive MHL-rings (rings with DCC on principal left ideals. [7]) will then be
.deduced. The class of such rings lies between that of the semiprimitive Artinian
rrings and that of the semiprimitive rings; so Szasz’s structure theorem presents a de-
sirable intermediate to the classical Wedderburn-Artin theorem and the Jacobson the-
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orem ([2], p. 14). Yet we are still missing a perfect analog because the Jacobson
radical has been to be replaced by the Kertész radical (definition 1,7). This paper
will rely heavily on the notion of R-superfluous submodules where R is a ring
‘definition 1, 2).

In §2 we discuss the socles of modules (definition 2,1) to deal with the dual
statement of the generalized Sandomierski theorem ([5]) obtained in §1.

In this paper all rings are associative but not necessarily have a multiplicative
unit, The main results are the following. :

Proposition 1,3 Let M be an R-module with RadM+M. For any x €M the fol-
lowing conditions are equivalent:

(1) x & RadM,

(2) x€ N{K<M|M/K 1is irreducible R-module},

(3) Rx<K for every maximal submodule K of M,

(4) x€ £ L, L is R-superfluous submodule of M,

(5) x €@ (M)where ¢ (M)consists of all elements x of M such that Rx is super-
fluous in M,

Proposition 1,4 An R-module M0 is isomorph to a subdirect sum of irreducible
R-modules iff RadM =0

Proposition 1,5 An R-module Ms<0 is a direct sum of irreducible R-modules
iff RadM =0 and M satisfies DCC on the cyclic submodules,

Coroliary 1,6 An R-module M=<0 is a finite direct sum of irreducible R-mod-
ules iff Rad M=0 and M is Artinian,

Corollary 1,8 (Szasz) A Ring R is a direct sum of minimal left ideals if J(R)
=0 and R is an MHL-ring where J(R) is the Jacobson radical of R.

Proposition 2,6 Let M be an R-module. For any x €M the following conditions
are equivalent:

(1) x€&SocM;

(2) x€ L H, H is irreducible submodule of M,

3) XENG, G is R-essential submodule of M.
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