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On a Theorem of Szego

Hu Ke and Pan Yifei

(Jiangxi Teacher’s College)

Let S be the class of functions f(z) =z+a; 2% + ..., regular and schlicht in |z]
<1land S,(2) =z+a, 2>+ .-+ +a, z". Szegd[1] proved that §,(z) are schlicht in |z|=p

<Ti— for n=2, 3..-, The radius p, =% is best possible. The author Hu Ke predi-

cates that p, is the radius ps of starlikeness of S,(z). Here we prove that the asser-
tion is true, i. e. we have the following theorem. i
Theorem Let f(2) _z+a2 2% + ..., Then the functions S,(z) is starlike with re-

spect to 0 in |z| = p<—,
Particularly, feS* was obtained by Wu Zhuo Ren'?!, The case n= 3 of the fol-
lowing proof is established by Hu, the others by Pan. : T
Lemma 1 Let f&S. Then A

'@ re-r . n
Re z Fo = ey, for r<r _tanhT.‘

Proof Since the radius of starlikeness of S is r* it follows that g(:'z) =I’$E
S, i. e. . ‘
Rez8 () - 1-1

=

8(2) 1+r

However, . v :
Rez8 ) _Rezs{ 2 o

8(z) faez) = 1 +r’

therefore we have
r

1 —— = :
f’(2)> e _ | r *
Rez 7@ /1 R T for r<r*,
. ;;' : :

Lemma2z Let f€§ and R,(z) = 3 a,z*, Then

k=n+1
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r'tt(m+1—nr)
(1-r2

» (n+1)2(1-1)? +2(n+1)r(1—-r)+r(1+r)
(1-nr)8

IR, ()| <1,07

R,/ (%) | <1,077

Making use of the fact that |a,|<C1,07n for fES(n=2,3---)!3], the lemma can
be verified directly.

The proof of Theorem: Our proof proceeds in a number of stages.

(a) The case n> 4. Since f(2) =8,(2) + R,(2), we have

Sa’ (D _ Rez (D~ R/ ()
S.(2) " f®W-R, (@

I=Rez

1D ge {5 I/ ORD “RI D))

f T (f(2) -R,(2))
'f (Z) (>
r i@ P T RO+ 12 R @) (1)
f@ HE@ | = IR
It is sufficient to prove [=0 for |z] =%, By Lemma 2, it is trivial that (1,

=1,07)

(n+1-mnr) 1 (5 —-4n)

Ry@ <y " P T Sl 2

and [f(z) | >R, (@], a fortiori,

) || = _ g r(5~4n)
”f(Z)'-an(.«) ”-—If(l)] IRn(z)l > (1+r)2 l(! (_mz'fo
In virtue of Lemma 1 and (1) , we get
ré¢ .y ré(l+r)t 1+r
1Z7 ey eir ~1 (1—r)2—-r4(5+4r)lo(1+r)2[ (5 4r)

+ B*(A-n*+10r(1-r +r+n)

1-r ]=I’_Iz’ say-

Substituting r = % into I, and I,, the calculations show I,=0,4475 and I,=0,3224,

i. e. I>0.
(b) The case n=2. The proof of the case is very simple, for

U r ,
Re(1+20,9) (1+8; ) =1+4la, [P+ Re| aze"’]
>~ e, @~ o, ) >0,

(c) The case n=3. Let us denote a, = —x—iy and a,=s+1it, it is sufficient to
prove F(x, y, s, t)>0, where

F(x, ¥, Sy 1) =256 +32(x*+¥%) +3(s*+12) ~192x— 20(sx + yt) + 64s
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Since F(x, vy, s, t)=F(x, |¥|, s, |t]), without loss of generality, we assume
that y=0 and t>>0, and we note the following known inequalities:

X +yi<<4,  SE412<C9 and  (XEP—-yr-s)i4 (E-2xy)i<<1, (2)
Then the proof proceeds in a number of stages,
(i) If x< A, then F(x, v, s, t)>0, Since ]s|<3, we have

F=256+32x2—192x+382+ (64—-20}()3__43_3;2 +3(t_léqy)z

16

>91-—132x—§+32x2>10. 3

(ii) If s>¢, then F>0, In virtue of (2) and (3),
F>>256 +32x% — 192X — %y2>256+32x2 —192x——§—(4—x2) = @ (x), sdy.

Since @(x) is decreasing in x, we have F(x)=¢(2) =0. Noting that it is impossi-
ble that s=y =0, when x=2, by the last inequality in(2), it follows F(x) >0,

(iii) Only the case x>—§—, y>0, s<0, >0 remains to be proved. Let us de-

note w=|s| and F(x, y, —s, t) =F, (%, ¥, w, t) where
Fi(x, ¥, W, ) =256+32(x*+¥?%) —192x+3(W2+12) - (64— 20x)w - 20¥t,
For w>(, the last inequality of (2) becomes x2<{1+y%—w. Fixed y and w, then
@, (x) =32x% - (192 - 20w)x is decreasing for xCc[0, v 1+yt—w], It follows that
F,(x, ¥, W, 1)=>256+3t% ~ 20yt +3w2+32Y2—64W +32(1 +y2—-w)

-~ (192-20W) V1+yi-w, (4)

We again consider the following two cases.
(A) If y=0.9, then 3t%-20ty>27~60y. From (4), and

- i <LV 5 (199 2y 96 e
(192 2OW)\/1+y!-w<2 192(192 20W) +\/5(1+y w),

we have

v'5 96
2 H] 2 _ - —20W) 2 —
F,=>288 + 64y* — 20ty + 3t + 3w? — 96w 584 (192-20w) v 5

=30,4+3t2+ 212~ 209t +0,67Ww2 -8,35w=0,(y, W, 1),
First, setting w=2 then t<<\/9-wi<y/ 5, We obtain that
P, (¥, W, D>P (Y, 3, v 5)>>26,2-20v 5¥+21y*=9,(¥)
>@, (1,06479) >2,39,
Secondly, we consider w& (0, 2]. The y=0,9 gives 3t2 ~ 20ty>27 — 60y. Hence
0.y, W, H>0, (¥, 2, 3)>43-60y +21¥% =@, (¥) =0 (1,42857)>1, 428,
(B) 1f y<0,9, the inequality x*+w<1+y? gives x<1,17 and w<1, 36555,

(Q1+yi-w)

because xz= %,
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Fy(x, y, W, t)>256+32x2—%y2-(64—20x)w+3w2—192x=F2(x, ¥y, W)

>F,(x, 0,9, 1.36555)>174+:«;2x2—165x-§y2

>174+43~193 =24,

The theorem follows at once,
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