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On a Proof of Roth’s Theorem*
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(University of Science and Technology of China)

We denote by M,,,(F) the set of all nxm matrices over the field F and by
M.(F) the set of all nxn matrices over the field F. W. E. Roth has shown the
following theorem in 1952,[1].

Theorem Let AEM,(F), BEM.(F) and CEM,,.(F), then the matrix equat_i.qp

AX-YB=C 1
has a solution X, Y& M.,,(F) if and only if the matrices
fA OW and (AC\i (2)
Lo B, {0 B/
are eguivalent (equal rank).

Roth’s proof were based on Jordan canonical forms. H. Flanders and H. K.
Wimmer have given new proof of Roth’s theorem by means of linear transforma-
tions and dimension argument. In this note, we shall give a proof of the result
by matrix technique.

Proof of Roth’s Theorem. Let the equation (1) has a solution X, Y EM,,.(F),

then

[Im —Yj (A 0 W [I(n) X7i=‘/A AX-YB ]
0 I V0 BJ 0 Im/) L O B
Hence (1) imply equal rank in (2),

For the converse, let two matrices in (2) are equivalent. We denote by rankA
the rank of matrix A, and assume that rankA =r and rankB=s, then there are
non-singular matrices P, Q €M, (F) and R, SEM,(F) such that

(I(') O I(:) 0
PAQ =/ and RBS=
N 0 0 .

. 0 0
Thus I, 0 0 01
(P o‘](A O‘J(Q 07_10 00 oi
.0 R)L0 BJ\o §J) |0 0 I, 0
(o o0 0 oJ,
and (/I<r> 0 Cu Cp i
P ON(A CN(Q 0Y_(PAQ PCS\ 10 0 Cy Cn |
[0 RMO Bj 0 sJ—[ 0 RBS) 0 0 Iy O |
(o0 0 0 o0 ,
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where PCS=[C“ C1z)

CZX C22 .
But
(Iery 0 -Cy 0 I 0 Cy Crp o (Irs O 0 -Cp {'Im 0 0 0 ;
%0 Iny =Cyp 0 0 0 Cy €z |' 0 Iiwory 0 0 9_; 0 0 0 Cp
100 I, 0 0 0L, 0 [jO 0 I, 0 00 Lo
Lo o 0 Im-H, 80 0 0 0 ;10 0 0 Ims, LO 0 0 0

hence C,, =0 since two matrices in (2) are equal rank. We denote respectively by

J and K the matrices

;/Cu 0 andj/ 0 C1z“‘
TR, L0 0/,
then
(e = “1;:0 ‘i}/A C\”/Q 0 ~~~»flm KN _(P O ](A 010 0
Y0 I/ 0 R L0 B, O sJ\o Im / LO R/).0 B o s,
Hence
AC\;;:;'P“ 0\/1(", J *',POW'AO\[QOWI(,., KW(Q" OJ
LO0OB, L0 R‘IJLO Lim) ORJ\OBJ 08/L0 1(,,.>/Lo St
:}'A AQKS“‘+P‘1JRB7
Lo B A
therefore
C=A(QKS ') -(-P 'JR)B,
Thus

X=QKS! and Y=-P YR

is a solution of the equation (1). This proves Roth’s theorem.

References

{11 Roth, W. E., The equations AX-YB==C and AX- XB= (C in matrices, Proc. Amer. Soc.,

3(1952), pp. 392-396.
[2] Franders. H. and Wimmer, H, K., On the matrix equation AX- XB=(C and AX-YB=_

SIAM., J. Appl. Math., 32 (1977) pp. 707-T10.

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



