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An Example of the 2-Uniformly

Rotund Banach Spaces®

Zang Erbin (& R #)
(The First Ground Artillery School, Nanjing)

_ The conception of the k-UR (k-uniformly rotund) Banach spaces was given by
" F, Sullivan in 197912, He pointed out that there exist some Banach spaces which
are not (k—1)-UR. but k-UR, It is easily to show such spaces if .they are not
rotund. 4
In this note an example is given in which the Banach space is not 1-UR (.
e., UR) but rotund and 2-UR.
In[4] we gave an equivalent form of the k-uniform retundity:
A real Banach space X is 2-UR if and only if for any sequences {x™’}, {¥™’}
and {z™} of X, if ||x*[-1, f¥y™l->1, |21 and jx*™+ ¥y +2*|>3 a8 m—
oo, then
1 1 1
sup{ | f(x™) FO™) 1) |: f,8€B(X®) |0
g(x™) g(y™) g(z™)
as m-»co, where B(X*) is the dual unit ball.
Let X =12, x=(%;,%,%,%,*) €X, B(X) be the convex hody defined by

B(X) ={xex, it ‘/47 <lxl<1, thenilx,’,g] and

if x| <YL, thenS) <t}

X3
4 ne2 (‘/nz—»%-rw%—x,’-- (n—1))

The Minkowsky functional of B(X) is refered to as a new norm |+ of X, i, e.,

B(X) is the unit ball in (X, |l j«) (The origin norm of X is denoted by e ll2).
Now we prove that the Banach space (X,| *|ls¢) i8 not UR but R and 2-UR.
Lemma 1 Suppose x= (X;,%5, ¢, %, ) EB(X), ¥ = (9,25, Y0 +**) €EB(X),
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%] < \/47 y M \/47 and
2
f.(1) = (tx,+ (1 -1)¥,) ) 0<t<I, n=2,3, -
(‘/ n? - +—~—(tx1+(1 )y, )t —(n- 1)) D

If neither x, -y, =x,-¥,=0 nor x,,:y,=o, thcn 1.(t) is a strictly convex functien
in the unit interval.
v T

Proof For 0<t<1, |tx,+(1—t)y1|< , and so

an—é—rw -(tx1+(1—t)y1)z>”“.1( , (2)
Differentiating f,(t) twice and noting (by (2))

(nz'~-%~n+ 1. (tx, + (1 —t)y,)*) -(n- 1)( n‘——n+—=)>1 .

We can get f1(t) >0 if nexther X ¥ =X, =Y. =0 ROL X,=¥,=0.

Proposition 1 (X, |+ |4 is rotund.
x+y

Proof Suppose xY, [x e = [ |e=1. What we n°°d to prove i'“ ” <1

It can be proved in three cases:. 3 SR ST

() =<

L and [y,|< ’{17 b 141> "7 et 1> ”’ﬁ -

i) |x,{> ‘/7 and |y,l< \/7

[¥]>

It is trivial to prove ”x—;y.ﬂ ” <1 in the cases(i) and (ii). For theim(lii),
. .. N Y S B ; o
without loss of generality, we can. assume
VT

B . RS . sl {8
4
5>V and - VT <y < VT Let =y,

BZ= iz(lx-+(l_l)yu)z! zl= ‘ ’b z =—%—(M + (1 l)yn) (n=2 3""')"

2= (2,2, 2, ) aBd W=2x+ (1 -2)¥,
Then ' '

HWB.<M.=1.
For 0<t<1, we have

Pew+ (1 -t)xfle= ltw+(1 t)x!lz<¢llwllz+(1 ) xl.<1 ()
and (by lemma 1) : ,
fw+ (L-tfe<S— o Clmltd-ny)t - <1,

"t (‘/nz———n+——(tz,+(1 typt —(n- 1)) _,(4)
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From (3) and (4), it is not difficult t’o'provg—ﬂ ";3” " S,

Proposition 2 (X, |-[s) is not uniformly rotund. In. fact, (X, §«le) is not
URED (URED=uniformly rotund in every direction)!*!,
Proof Let {x™; m=2, 3,0} and {y™; m=2,3,-} be the two sequeneces of

unit vectors in (X “ “‘) ’ where x™ = (x(-) x(n) ey x(,'n).,,), y(-)= (y(l-)9 ;)’ v
«) (m=2,3,.) and © S
‘ : ‘/47 when n=1, ' |- ‘/47 when n=1, “
(™) Ky o '
X = %— when n=m, Yoo = % when n=m,
Y ‘ . 0 or else; o 0 or else,
Thus, ' ' '
3
4

] ’qg-)+y(-) |
1=

= LR o =>] &8 M-+00,
\/mz-’--%-m}—;--(m—l)

and

v T

(n) y(n)_ 3 e"

Where ¢, = (1,0,,,0,-), Therefore (X, [+|e) i8 not URED and 30 is net UR

Lemma 2 Let N be & fixed natural nuxﬁber, x,yEB(X), |%|< \/4—7— and
\/7

Inl< . For every 4,>0, there is 4,(6,,N)>0 such that if |x,-¥,]>2¢,

for some n<N
L(f.(o) + fu(l)) - f.(‘%‘)?dz,

where £,(t) is defined in (1),
Prqof The lemma can be proved in two cases.

(i) ‘,ﬁ%‘<mm Uxals 17D

By lemma 1, we can get

.‘(;_(o)+f.(l)) l( );’ (1/ J.(x’ (x_”’: ()n)l))

o)
(‘/ n’-——-—m—z—-y' -(n- 1))z
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. . - | 2 .
It |x,>(9,], then |, - | Zetde || Beods |, and fx,)2- |ZerPe | Set
and if {¥,|>1x,| then |y,,|2 lﬂﬁir%' Hence

2U,.(O) +1a(1)) - (~)>——o :,

o x+y,,
I

Without loss of generality, li}hl>l-y'l-’ and so l x,;y, l> (o] .

(i) |>mm CENNEAPN

For the given ¢4,, there is d’ (8;,N)>0 such that if |x,-y,|<<¢’ and n<N

FRER RER S (N A s e

Thus, for |x, - y1}<o ,

— _ b]; ‘x'—yi "—‘_1— :-L
2 (O 1,Q) f(2)>(—2“) Joi>50t .
It |x,-¥y,|>=6", by lemma 1 for tE[—g—, —g——l, we have

[tx,+ (1-t)y, |‘>‘i—du

and 80

;""m/ (_1_01) .d,z

(g
ﬁeref;re

%(f,.(())+f,.(1)) (—*)> (f( )+f,( )) f"(_)> 128 =0

Taking 8, = mm(—al ,

=d3>0.

128
Lemma 3 Suppose {x""’} and {y""} are two seqnenees of unit vectors in
(X, l n.) where xm)_(xm) x(n) .. ’x(:-)’ .) and. yun,:( (-9) ,y(-) ) (m 1,2,

x(’l)+y(ﬂ) N :
), If | =g [ 1 8 m>oo, then Z(x —y™)350 as m—»oo,

n-a
Proof 1If the ,_cgnelusion of the lemma is false, there exist subsequences of
{x*} and {¥™} (we still denote- them by {x*’} and {»*™}) such that

S (EYE Y so>0. (5)
=2 e ’

(i) For all m, |xPMf< "/47 Pl \/7
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For the given 4 in (5) there is a natural number N such that if n>N and

lel <4

16

.9 < - 11 N 196
(Jr-tn+d-a-m-n)
. .. On the other hand, according to the assumption of the lemma; there is: M

(m (m)
such that if m>M, " _"_)%_y___ “ .>1 —%. Hence by lemma 1,

g( x(,:'>;y‘:"v) )z>o_"z;;l( x‘nm;?":):)z )
c T T ly"""b BRI ‘
K==
20— L pyp - | E2E2T )4 ]> 2

For the given ¢ in (5), N is a fixed number, so there is n, 2<n<N such
that for infinite number of m, m>M,

R S b e xl-) ymo 556 k . R T T
I—*‘_—_‘ >80 pan 010,
BY lemma 2, thers is 0,(0,,N) >0 such that [ Z7327 || <1- 6, which contra-

-) _y(-b

o
‘dicts the ‘assumption “ ——— “ -1 as n-»00,

ity Thers iw inﬁnite number -of m such that lx“‘"l <—‘—/z—— and ly"” I< ‘/ 7

Choosing subnqncnm of {x""} and {y""}, we can get thw contradiction jn the
same way.

12 for infinite mumber of m, |{x{"'|=> ‘/47 , ]y‘,"’|>_‘ﬁ47_ we can get the

same contradiction as usual.

(iii) For almost all m, |x{|<-Y ' —and |¥{™|> ‘/7 -or | x| =z—F— ‘/7 and
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’ - ‘\/T S a(m) s ’
— M Ty
Iy <Y T For these m, let A..=—-7‘f.—,—(.,~ and 2™ =4, x™ 4 (1= 40y,
4 ¥, :
3 x(-)+z(ll)

It is readily to check that [z 41, n

’I ‘-’1 md ” z(ﬂl)+y(ll) |

2 ‘e—’l

a8 m-»co, According to the proof in(il), Z(x‘,.'"~z‘;")2—>o"and Z (2™ — Y™ ylamg)

n=g Amg
as m—oco, Hence Z(x*,"—y‘:")z—»o as m—»co,

Proposition 3 (X,||*s) is 2-uniformly rotund.

Proof Suppose {x™}, {y*™} and {z™} are the sequences of unit vectors in
(X,||*lle) and }||x™ + y™ + ™| 4,3 a8 m-+o0, By lemma 3,5 in [4], what we need
to prove is '

1 1 1
sup | | f(x™) ™) f(2™) | s [,8EB(x*))—»0 a8 m-»co, (6)>
8(x'™) g(»'™) g(¥™)

By lemma 3, Z(x‘,"’\— ¥yt andZ(x‘,"—z‘,")*—»o as m-»oo, together with
LLE § L X }
the properties of determinant, we can get (6),
Remark According to this way, some examples in which the Banach spaces
are Rot (k-1)-UR but R and k-UR can be constructed;
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