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1 Introduction

In recent years due to investigations on some practical problems it is found
solutions of initial or initial-boundary value problems for semilinear heat equation
and other equations may blow up or quench. See, for example, [1]-[9]. In [1] S.
Kaplan discussed general parabolic equation

w,=Lu+f),

where L is a linear uniformly elliptic operator of second order and proved, it

~ du
J.i(u) <eo,

then solution u« of initial or initial-boundary value problems for the above equa-
tion blow up, i.e., as ¢t tends to some finite value T*>0, |u| tends to infinite. On
the other hand H. Kawarada [5] had found. solution of the following problem

L 1
WS Ut g, 0<I<T, |x|<a, (o)

| uw(0,x) =0," #(t, +a) =0
may quench, i.e. there exists a critical value a*, for which in case a’>g*, the
derivations of 4 blow up.

In this article we consider the problem of preventing the occurrence of these phe-
nomena. By introducing a sufficiently strong antibloeing-up factor g(t) or anti-
quenching factor g(t,x) to the nonlinear term f(u), we can preclude the blowing-up
or quenching of the solution. .

® Received Dec. §, 1982.
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2 The problem of anti-blowing-up

In order to give the essense without involving superfluous estimates, we con-
sider the typical simple case:
u, =AU +gt)fw, t>0, xER",
{u;,-0=u0(x), [ug (%) | <M.
suppose g(t) and f(u) are smooth; moreover
Alul“<|fw) | <Blul®, A>0, a>1, (2)

1)

rlg(t)ldt=x<1. © 30
0

We use clementary iteration method. Denote

2

E(t,x) = (4th)-7exp72§f—_

It is known E>=(0 and

J EG,x-£8)dE =n_;I e "tdn=1, (4)
Rll

Rn
where =2+t (x—£) means 7,=2v"¢ (x;,-&), j=1,--,n, Try a solution of the
problem (1) by the following iterated sequence:

t
W =J’E<t,x -8 uy (& dg +I IE(t ~-1,x - & fu;(r,8)g(rrd&dr, j=0,1,2,-,
9
hereafter we omit R" in space integral. It is easy to get the elementary estimates:

fu, <MJE(t,x—£) d& + M"BJ lg (1) |dt<<M + BM°K,
0

u, | <M *—j" Ig(f)dTIEB!ul!“d§<M+B(M+BM“K)"K,
in general ’
(u;, | <M+B{M+[M+ (M+-)°K]"K}K,
where brackets occur j times. By the way we make a rather strong requirement:
M+ BK =&<1, (6)
i.e., the initial data u, is sufficiently “small” and the antiblowing-up factor g(t) is
sufficiently “strong”. Then it is seen
|| <M+ BM°K<M+BK=¢, |uU,|<M+B(M+BM°K)°K<M+Be’K<M+BK =¢,
in general
;i <e, j=0,1,2,-, (7
This gives the uniform boundedness of the iterated sequence | u;}.
In order to affirm that this sequence has a uniform limit, we shall prove the
uniform converzence of the series
Wy + (W~ U + (U — 1) + -,
Since

t
lu, - u, | <j’ g(m ] df"Elﬂuﬂ - flu, 1dE<<2Be°K,
n .
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4
iztg—ugjgf lg(m) ]dr[E]f(uz) ~f(u) |dE<Ksup !% lu, —u, |,
kil g H

we suppose

df (u; e
f g:"—!aickuﬂ. B0, (8)

Then we heve
Jus — w,| <Cef2Be"K® = 2BCe"* # K2,
in general
e, —u;| <(2BC’~'e**HIKI.
One can require K is sufficiently small such that
S\oi-tent Pig
7

converges. This proves the uniform convergence of the sequence {u;}. Its limit
function is obviously the global solution of the problem (1) and does not blowup,

Thus we get the following result.

Theorem 1 Let the nonlinear term f(u) possess the properties (2) and (3).
Suppose the initial function u,(x) and the factor g(t) are such that (6) holds, and

CeK<1. (9)
Then for the problem (1) there exists a global solution for ull ¢>>¢ and no blowing-
up occurs,

Remark 1 The central thesis of this paper is the introduction of the anti-
blowing-up factor and is not the optimum of results. Hence the assumption of some
superficially strong requirement perhaps does not lessen the meaning of this paper.

Example 1 It is easily verified, the following problem

W, =U., + U, u(0,x) =1

has the solution u:i{—}, which blows up as t—]. But the problem with anti-

blowing -up factor g(t) = (1 +1)"°

u?.
=t e B0, =1

has the solution uzi,f,((lff:}%;,z’ which exists zlobaly for all t>(0 and does not

blow up.

3 The problem of anti-quenching

Similar discussion may by applied to the guenching phenomena. Consider on
pounded domain DR” the following problem:

{u,=Au+g(t,x)f<u)., t>0, xEDy o

Bl, =0 ul,, =0,
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where f(u) has singularity at {u]| = A>0, but

g l<<M, ul<<rA, [0)=0;

L df ‘ an
e <
Suppose the anti-quenching factor g(t,x) has the property:
ﬂ [G(t-1,%,8)g(r,&) |dEdT<K <1 12
0/ D

where G is the Green’s function of the corresponding linear homogeneous problem
of (10). G exists for rather veneral domains D. Try a solution of (10) by iterated
sequence:

t
ui+1=J L}G(t‘T,X,E)g(t,E)f(uj(T;E))dEd‘r, j=0911"'9u0(t9x) =0, (13
0

Note that problem (19) has the unique trivial solution u=0, when f(0) =0. There-
fore in general we suppose f(0)=:0. In this case we can take u,=0.
As in section 2, it is easily to obtain the following estimates;

[u | éJ:fDle! MAEdT<KM, |u,| stU |G8f (1) |dedT<KM

and in general
Ju | <KM, j=1,25-"".
Here we suppose the anti-quenching factor g is so strong that
KM<r. a4

Hence we always have |f(#;)|<M, j=1,2,-, This gives the uniform boundedness

of the sequence {u.}. Now we turn to prove the uniform convergence of the series
Uy + (W) — Ug) + (Uy~Uy) + -,

For this end we establish the followings estimates:

w - <[ iGsl 17 am) - £ |dedriclu, -y sup| 9| <kem,

LUy — uy | <KLIG” | f () — f(wy) | dEATKC (KCM) = MK*C?,
in general
4,y — ;] SMK'C?, j=1,2,,

Let g be so strong that

Ke<a<l, (15)
then the uniform convergence of the above mentioned sequence is confirmed. The
limit function u(¢,x) of this sequence is defined for all t>0 and is the giobal solu-
tion of the problem (10). This solution does not quench. In fact, owing to the
smoothness of the Green’s function G for t>>(, by the same discussion as above after
differentiatinz both sides of (13), we can get the boundedness of derivatives of wu.

Summarizing the above result, we get
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Theorem 2 Suppose the nonlinear term jf(u) has the properties (11), and is
singular at |u] = A>0. let the factor g(¢,x) be such that (12), (14) , and (15)
hold. Then the solution i (¢,x) of the problem (10) exists globally for all >0 and
does not quench.

Remark 2 In (5] Kawarada get an estimate for the critical value a* of the
problem (0):

a*<<v'a

In [6] a finer result is obtained:
n
0,765 <a®< R
Here we can get a rather gzood lower bound by the elementary method used in this

article. From the classical discussion we know the Green’s function of the correspon-
ding linear homogeneous problem of (0) is

_ 2002
2n+1)x tcos 2n+lxcos 2n+1£.
4a? 2a 2a

G(1,x,8) =%~zexp
ne=g

Note that in (0) g=1, f(0®) =1. We require |u|<<r<{1. It is eagy to obtain the

estimate
I j \cgldedr< ~—J J exp:..@””’ % - vyde
4a @n+D2 ) 20 _166d 1 16aZ T2 )
<mz[1 ”exp( T ](2n+1> 2 gn+ )’ g =

for all t>0. Here we use the well-known result:

S
~@r+1)?T 8"
In order that (12) holds, we must have

2031,
From this we get a lower bound of a*

a*>

\/ =0,707,
Though this result is not so fine, the calculation is quite simple.
Example 2 The following initial valué problem

1
U, =U,, + 1-w ©(0,x) =0

has the solution u=1-~+/1-2¢, which quenches, i.e., the function stops taking real
value as t>1/2 and its derivatives become infinite as t—1/2. But problem with
anti-quenching factor (1 +1) 3

1
aQ+730-w °

B, = Uy, + u(0,x) =0
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has the globdal solution

.y _arn?-y
=] 1 A+
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