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Let f(x) be defined on [0,1], n be any positive integer and [0,1] be subdivi-
ded into n equal subintervals. Set

h*'— f”)("’h)_ (v'h v=0,1,:yn, r=0,1,:5,

For odd n, A. Meir and A. Sharma [1] considered the lacunary spline inter-
polation as follows:

1) S.(x) €C®C0,1]; 2) S.(x) €my, x,E[Vh, (v+1)R], v=0,1,-,8~1;

3) S.(Vvh)y =f,, Sh(Vh) =fr, v=0,1,-,0; 4) S"/ O) =f4", SV (W) =f4".

[1] proved that S,(x) was uniquely determined, and gave the error bounds of appro--
ximation of f(x) €t [0,1] by S.(x). B. K.Swartz and R.S. Varga [2] also gave the
degree of approximation of f(x) €C® [0,1] by S,(x). Z.R. Guo [3] obtained the satura-
tion theorem for this approximation, Z. R. Guo [4-5] Were also concerned in this
kind of interpolation and gave the degree of approximation. In this paper we con-
sider the general lacunary interpolation by quintic splines.

Let A: 0 =x;<x;<---<{X,=1 be a partition of the interval [0,1] and let S be
the set of all functions S(x) satisfying

(i) Sx) €c®0,11; (ii) Sx) €mgy, XE[XyX1q]y i=0,1,y8—1,

Put T={0,1,2,3}, 2 % €T, 2:,<%;. For any given f(x), if S(x)€ES,,
S (x;) = f*0(x;) and §*(x;) = (x;), i=0,1,-,n, then we denote this kind
of interpolation conditions by

2-(2 )

Z10 %11
Furthermore, we consider two additional interpolation conditions. Let
¥ ET\(m ), 2 ET\ (i), S0 =100, 76 =147,
and denote these condition by b(x;,2’;x;,z"),
We say an interpolation to be of type I, if the corresponding interpolation
conditions are
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Z =Z+b(xp,2 ;%,,27) 5
o be of type II, if
Z =Z+b(x;,2' yx;,2"),
‘where 0<<i<lj<cn and the equalities do not hold simultaneously here; to be of type
I, if
Z=Z+b(x,,2 3x,,2"), {2,;,2,;,2' ,2"} =T,
we denote each type of these interpolations by Sx) |z,

At first, we consider the case of equidistant knots
=ih, i=0,1,,8,

‘Set z, €T, i=1,2,3,4 and 2,>z;, 2,525 {i},i,} =T\{21,%}, 11<ip;
{isi2} =T\{23,24}, §1<i2.
For any given e and 8 let p(x) €x, be the polynomial uniquely determined
by the conditions
P (0) =p*(0) =p* (1) =p**2 (1) =0, P“’(0) =a, P (0) =8,
‘Set a’ =p¥v (1), B =p(1),
The matrix B 220y stisfying (e’ ,8’ ) = (a,B), B raas) is called a T-matrix.

2,28 212,

We have 36 T-matrices, they are all nonsingular,

Let (k, 1) = (p(2'), (")),
‘where
. 1, i=max(T\{2Z,0,219}) . 1, i=min(T\{2,,, 2,,})
@(l)={ . . \{20 10}; ¢(1)={ ‘ \{l) 2}
2, 1=mm(T\{zzo,zw}) 2, lzmaX(T\{Z“,ZZ,}).
‘We prove
Theorem 1 Let BZ=B(:::::)B(:::;:) B (znoszmy = ;. (1)

A necessary and sufficient condition for the interpolation conditions of type !
7 =Z+b(xg,2 ;x,,2") (2)
to be regular is b,,+0,
proof We denote zero matrix of two rows by 0. Set
{my,my} =T\{215, 20}, myi<my, i=0,1,,n,

In the interval [x,,x,] let t=2_%0

, then for any given ¢, and B, there ex-

ists an unique p;(¢) €z, such that
P (0) =pg™(0) =Py (1) =pi" (1) =0, PF™(0) =@y, D™ (1) =By,
By detinition of T-matrix, we have
(@1, 8,) = (@9, B0) B(:..... ’

10811

where a, =p{™’ (1), B, =p{™V (1),
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In general, we have

a,B) = (aoyﬂo)ﬁz(in i=1,2,--,n (3)
where

B;i,=B z..:.,)B (:.,x.,)"'B Zy0- (4)

aen) (e Pt i

Put i=n in (3), (4) and combine (1) we obtain

a,=b @ +byBoy Ba=Dbyag+ byaBy. ’ (5)
Thus (a,, 8, uniquely determines those splines which satisfy the conditions S(x)|,
=0,

Now consider the boundary interpolation conditions b(x,,z’;x,,2"), Suppose
z’ =my, and 2’ =m,,, Thus, ¢;=a,=0 determine the spline which satisfy the condi-
tions

STX) | 7 +b0xe, mios xmemum = 04 (6)

If b,,£0 from (5) we obtain B;=8,=0, consequently $(x)=0, Thus the inter-
polation condition (2) are regular;

In the other hand, if b, =0, then we may put ;=0 and arbitrary B,+0 to de-
termine p(t), thus we obtain a nonzero spline which satisfies (6), Therefore, the
interpolation conditions (6) are not regular.

We can prove the case of the other boundary interpolation conditions similar-
ly. Theorem I established;

Since the matrix B, is the product of nonsingular matries B ,,, ..., , so itself

LELIE TSN

is nonsingular. Thus we obtain
Corollary If the interpolation conditions
| 7 =Z+bxy,2h3%,,20)
are nonregular, let
2§ = T\{210, 22020}, 27 = T\{Z1n» 22052},
then the interpolation conditions
Z+b(Xg,25;%4,2%) and Z +b(Xgy2q;%Xas2%)
must be regular;
This means that if the interpolation of type I is nonregular, then, by changing
any one of the boundary conditions, the regular interpolation can be obtained.
Theorem 2 A necessary and sufficient condition for the interpolation condi-
tions of type II
Z=Z+b(x,2 ;%;,2"), 0<i<j<n
to be regular is the interpolation conditions of type I
4 =(225...22i)+b(x‘.,z’;x,-,z")
2102y
to be regular.
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Proof Suppose the interpolation conditions are regular, then the spline S(x)
such that $(x)| ;=0 must vanish on [x,x;], thus a;=8;=0, therefore S(x) vanish-
es on [x,,x,], Similarly, a;=8;=0 deduce S(x) also vanishes on [xy,x,],

On the other hand, if the interpolation conditions are nonregular, then there ex-
ists nonzero spline S(x) such that S(x)}7=0, thus, a;, 8; does not equal to zero si-
multaneously. As the proof of theorem I, we can extend this spline S(x) to [x;,x.]
as well as to [x,,x;] such that S(x)] ;=0. Theorem 2 established.

Obviously, we have

Theorem 3 The interpolation conditions of type 111

Z =Z+bx;,2 ;x,,2")
are always regular.

As for the case of unequally distributed knots, a T-matrix depends on the leng-
th » of the subinterval, we denote it by B(i’i: (hy,

On the interval [0,h], the conditions

P (0) =p“(0) =p*(h) =p* (k) =05 P’(0) =a, P¥(0) =8
uniquely determine p(t) €x,, Let
a’ =p¥’(n), B’ =pY’(h) and (a’,p’) =(a,B) B exy (M)

2,21

Evidently
b LIS 2N b hit-il b b
B . (B) =( 11 . 12 .>’ it B,.. =( 11 U2 ).
G byih 7 byhte 2:)  \by by
In this case, theorem 1 and its corollary still hold, whereas
BZ =B(z,.tn (hl)B z"z,.) (hz) --*B Zim-y z...) (hu) = (bii)o

Z10%11 Z11¥1, Zin-y Z1m

Similarly, Theorems 2,3 hold for the case of unequally distributed knots.
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