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Abstract

This paper considers the estimation of f'9, B’cB and their linear combination
by quadratic estimates in variance components model. The solution to the LaMot-
te’s Problem (see[1]) and some interesting results on the admissible or inadmissible
estimation of quantities involving ¢ and B are presented.

§1 Introduction

Consider variance components model

Bx 1 nx gx1 nxi-

Y =XB + &, Eee/ =0,V + - +0,V,=V, (1.1)
where BER*, 0€6, ON{6; V,>0}x @, Let the risk function of Y’/ AY be R(A,
6, B) =E(Y'AY - f 6-p'cB)?, Y’ AY is said to be better than Y’/ BY iff R(A,6,B8)
<R(B‘,’b;’3) for all BcR* and €@ and the inequality holds at least for one pair
of (By, 0,) ER*X@; Y’ AY is said to be admissible among 93 which is a subset of
quadratic estimates iff there is no Y’/ BY £.%3 such that Y’/ BY is better than Y’ AY.

§2 Inadmissible Quadratic Estimate of Variance Components

Suppose that the variance components model is (1,1) and Y is normally dis-
tributed. Under these assumptions, it has been verified (see[1]) that if Y/ AY is
invariant unbiased for f/9, Y’ AY is inadmissible among the class of invariant qua-
dratic estimates for f/ 9. But he didn’t establish whether Y’ AY is inadmissible among
the class of quadratic estimates or not while y is normally distributed,

Theorem 2,1 Suppose that the model considered here is (1,1) and y is ellip-
tically contoured distributed, i.e., for each BER* and €@, there exist R and u'”
such that yéxﬂ + RB u'”, where R=>0 and u® are independent, u‘? is uniformly
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2 .
distributed on the unit sphere in R, 0<{BR*<co, r =rank(V,),V,= -E?—B’ By R, r and

B can depend on the parameters; the notation “X:‘:T’ means that X and Yy have

4
the same distributions. Assume further that d=m—gg)-—(%—Rf)-—2>1 and Y’ AY is un-

biased for /9. Then Y’ Ay is inadmissible among the class of quadratiéS. Further-
more, there exists a class of estimates of the form ¢Y’/ AY(cER’) such that cY’ AY
is better than Y’ AY.
Proof R(cA, 8, B) —R(A,6,P) =2(c* - 1DATAV AV, + (c2~1)(d ~ 1) {TAV)?
+(c-1)2UATAV )2+ 4(c? - 1) X AV, AXB<2(c? —IIIrAV,AV,+n(c - 1)HTAV,AV,
<0, VY BER" 666

n-2

nr 2}, This implies that cy’ AY is better than

where d>1 and CE{C:ICI<1 and c>

Y’ AY and hence Y’ AY is inadmissible.

Note That Y is normally distributed implies d=1, So theorem 2,1 holds in
normal case, It is easy to see that the above proof also fits for the invariant case,
so the result of LaMotte is simply a corollary of this theorem,

§3 Estimation of Quantities Involving 6 and 8

Let’s still consider model (1.1), and the quadratic estimation of v =f'9+ 8 cB.
It is easy to see that Y’/ AY is unbiased for ¥ iff C=X"'AX and traVv;=4,, i=},
ey D, , }
Theoram 3.1 Let Y be normally distributed, Then ¥ is quadratic unbiaged es-
timable iff ¥ is unbiased estimable,

Proof Let T(Y) be unbiased for ¥ and 6,0 N {6: V,>>0}, Choose a>(0 and

b>0 such that a+b=1 and %-eoeen{egvpo} . Since ||y-XBil"exp{—.g.<y_x5y

Thus we have

-V;,‘(Y-—XB)} is bounded abovs, where m=1,2, ..
(3Y ., —0LOY (4108 By = e = 37 f )
63(813) E(T(Y)) —6:3(6#3) (f 9+B CB) =2c=X {const. T(Y)[Vo,l(Y—XB) Yy -

XB)' Vil =Vl exp{ - v - x8) Vit (v - x8) } av} x,
So there must be some C, such that C=X'C,X, By Pincus Theorem (see[2])*,

f’ §-trPC,PV, is quadratic unbiased estimable, so is ¥, here p=XxXXx*.
Lemma3,2 Let ¥~N,(XB,0%), C be a symmetric matrix such that @/(C)c

#) Mr. Tian-shi Su has given a new proof of this theorem by means of differentiation with
respect to 6.
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@ (X’), Then the MVUEXof bo?+p’cB is B’cB~[b—trC(x”x)“]62, where §=

(X’'x)-x'vy, 62=ﬁ~3~; Y’ MY, r=rank(X), M=I-P, @/(X) denotes the column

space of X;
Proof TheYdensity function of Y can be expressed as

(27

+ || XBj|2 - 28’ X’ Y)}

which belongs to the exponential family: Hence, (||Y||?,X’Y) is complete and suf-
ticient, That B’cf+[b-1trC(X’ X)~142 is unbiased for bo?+B’cB and the Lehmann-
Scheffe Theorem imply that §’cf + [b~trC(X’ X)~162 is the MVUE of bo?+ B’ cB.
Theorem 3.3 Suppose that the model is (1,1) and Y is normally distributed,
0, €ON{6: V,>0}, and ¥ =19+ 8’ cB is unbiased estimable. Then the LMVUE at(8,,

8,) of ¥ is P =YV 'X(X'Vi!X) " C(X' Vil X))~ X' VilY + (Y - XB,) ’zzv (V-

Py ViPiOVi (Y - XB,), Where Py, =X(X'Vi'X)"X'V;il, A= (A, ,A,)’ satisfies (trv;}
(V=P ViPe IV VIA=f~8, 8=tV ! X(X'VilX) " C(X'VilX) X' ViV i=1,,p

Note This theorem can be verified by applying Lemma 3,2, Theorem 4,1.1 in
[2] and the general theorem in estimation theory.

We have sece in section 2 that if one only considers the estimation of variance
components, the unbiased quadratic estimator is inadmissible in the above sense.
Whether is it true for the estimation of quantities involving ¢ and 5? In the fol-
lowing, we will present some necessary and sufficient or sufficient conditions for
this, It is well known that an estimate T(Y) is not always the admissible estimate
for its expectation, and in some cases, its shrunken estimate is better than T(Y),
This method is very powerful in some problems such as Stein’s and LaMotte’s. But
there are some exceptions as follows.

Lemma 3.4 Let the model be (1.1) and Y be normally distributed. Suppose A
is a symmetric matrix such that X’ AX%0, Then there is no shrunken estimate of
Y’/ AY such that it is better than Y’ AY,

Proof Notice that R(cA, 6, B) — R(A,6,8) = (¢?-1) (21TAV AV, + 48’ X' AV,AXB)
+(c-1)2(trAV, + B’ X’ AXB)2<0 can not hold for all BCR* and a fixed € © while
X' AX=*0,

_Theorem 3,5 Suppose that Y ~N,(XB,0%])——the variance components model
with p=1 and ¢, =¢? and A is a symmetric matrix such that X’ AX20,Then we have

(1) P (A) &P/ (X) implies that Y’/ AY is inadmissible among the quadratic es-
txmates for its expectation;

(u) QY (A) CG¢ (X) implies that Y’ AY is adm1ss1ble among the quadratxc estl-
mates for its expectation,
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Proof (i) @/(A)&@/(X) implies that A-PAP0, Where P=XX", Let B,=
A+d(A-PAP), 6€R!, Then z : -
R(Bs, 02, B) — R(A, 0%, B) = 0*{46tI (A —~ PAP)? + 204t (A — PAP)? + 8*[t1 (A - PAP) 1?}

+4002(2 + )W (A-PAP) <0, VBERY 02>0,

-9 - 4tr (A - PAP)? = This implies
where o€ ((max] -2, 2tr(A—-PAP)2+[tr(A»-P!AP)]Z]’ 0), #=xB. This impl

that Y’/ B4Y is better than Y’ AY and Y’ AY is inadmissible;

(ii) Suppore that @/(A) C@/(X) but Y’ AY is inadmissible among the quadra-
tic estimates, i.e., there is a symmetric matrix D such that

R(A+D,0%B) - R(A,0%B) = 40'ttDA + 807’ DAK + 20*ttD* + 402 D% + (0%1D +

K Di):<0, VBER*, 0*>0, H=XB, (3.1)
and the inequality holds at least for some (B8,,0}) €R*x @, This implies that PDP
=0, since the term with the highest degree of u appears in the last term in (3.1),
By using pPDp =0, we get another expression

R(A+ D,0%8) ~ R(A,0%,8) = 40*ttD(PAP) + 20*trD* + 0* (1rD)? + 80%’ PD(PAP)#

+ 402 DM = 20*trD? + 0* (1rD) 2 + 402/ D >0, VBER?, 0220, (3.2)
where K = XB=Pa, This contradicts the assumption that vy’ (A+D)Y is better than
Y’ AY. So Y’ AY is admissible among the quadratic estimates for its expectation,

Note @/(A)C@/(X) implies that A=PAP, where A is symmetric and p=
XX+,

Theorem 3,6 Let Y~N,(81,,6,1,1, +6,I) the simplest Balanced One-Way
classification ANOVA model, where ¢,>0, 0,>0, Suppose further that Y’/ AY is un-
biased for ¥ =f9+bB2, here b0, Then we have

(i) @gL(AYK G/ (1,) implies that Y/ AY is inadmissible among the quadratic es-
timates of y;

(i) gAYy g/ (1, implies that Y’ AY is admissible among the guadratic esti-
mates of V.

Proof After calculating one can get P =~nl—1,|l{, and PV, = (n6; +6,)P.
(i) /(A& P/(1,) implies that A ~PAP*>0, Let B;=A+6(A-PAP), 0ER’.
Then
R(B;:0,8) ~R(A,0,B) =28{2trAV,(A - PAP)V,+ 481 AV ,(A - PAP)1,} +
82{2t1 (A - PAP)V,(A—~PAP)V,+ 4821, (A~ PAP)V ,(A - PAP)1, + [tr (A~ PAP)V,1?} <
(46 + 20% + n8*) 1T (A - PAP)V,(A - PAP)V, + 4B2(28 + 62)1, (A - PAP)V,(A - PAP)1,
<0’ VBERI’ 6120; 02>0’
where 6 € ( max[ - 2,2:?47‘],0), This implies that YA’ Y is inadmissible. For the proot

of (ii), one can see the following theorem,
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Theorem 3,7 Suppose that the model is (1.1) and Y is normally distributed, e
€ON{6: V,>0}, A is a symmetric matrix such that X’ AX30 and @/ (V/’AV.)) C
@4 (V:'®X), Then Y’ AY is admissible among the quadratic estimates for its expec-
‘tation,

Proof The inadmissibility of Y’ AY implies that there exists a symmetric ma-
‘trix D such that

R(A+D,a,B) -R(A,a,B) = 4trtAV DV, + 88’ X’ AV,DXB + 2ttDV DV, + 48’ X’ DV ,DXB

+ (ttDV, + B’ X’ DXB)*<0, VYBER", (3.3)
‘This implies that X’ DX =0 or PDP =0, So we have another expression

R(A+D,a,B) -~ R(A,8,B) =2t (V'DVY) 2 + (1DV )2 + 48 X' V' (V' DVI/H V' XB

>0, VBER* (3.4
‘This contradicts the assumption that Y’ AY is inadmissible. Thus, Y’ AY is admissi-
tble among the quadratic estimates for its expectation.

Corollary 3,8 Let Y~N,(XB, o2I), and C be a symmetric matrix such that
@)@ (X'), and bER! such that b-trC(X’X) 30, Under these assummp-
tions, the MVUE of bo?+p’cB is inadmissible among the quadratic estimates.

Proof By Lemma 3,2, the MVUE of bo?+p8/cf is

b-trC(X'X)~

v {x@ 0 coxx0-x + 222X

my
‘which meets the condition in (ii) of Theorem 3,5.

Corollary 3,9 Let Y~N(XB,0%), @/ (D)C@(X'), v=bo*+p' DB, Then (a)
b-1rD(X’' X) "3 0==every unbiased quadratic estimator of ¥ is inadmissible; (b)
b=trD (X’ X) ==>there is one and only one admissible quadratic estimator which is
-also unbiased for ¥ and this estimator is 3’ DB,
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