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The Remainder Representation of
Hermite-Birkhoff Interpolation®
Yang Yiqun (4 L)

(Zhejiang Agricultural University)

Wang Xinghua'!’ has given out a useful tool that represent the kth (k=0, -,
n) derivatives R\*’(x) of the remainder R,(x) =f(x) —H,(x) of the Lagrange-
Hermite interpolation polynomial H,(x) of degree n for a function f(x) by the
divided differences of order n+ 1 of f(x). This tool has been applied to the estimation
of remainders of interpolation splines® "'’ much more conveniently and easily than
that one of Green functions or Peano kernelst® 7.

In practice, we often have still to study remainders of a lot of Hermite-Birk-
hoff interpolation polynomials’?-5%. In this note, our purpose is to extend the
remainder formulae of [1] to that Hermite-Birkhoff interpolation polynomials. We
shall also represent the kth (k=0,..-,n) derivatives R*’(x) of the remainder R,(x)
=f(x) -~ H,(x) of the Hermite-Birkhoff interpolation polynomial H, (x) of degree n
for a function f(x) by the divided differences of order n+1 of f(x). This tool
has also been applied to the estimation of approximation degrees of interpolation
splinest® 1,

Let H,(x) be Hermite-Birkhoff interpolation polynomial of degree »n for a
function f(x), 0<<p-1<n, ay,<<a,<..-<g,., and

H$(a;) = f“(a) (A=0,--,n) D
where

a; =max{i :Q; :G,»_j} (i=0, cyp—1)
and :

o<ta;<n (i=p,y-yn),
Specifically, if p=n+1, then H,(x) 1is just a Lagrang:-Hermite interpolation.
polynomial.
Write R,(x) =f(x) —H,(x), We have known the following theorems A and B..
Theorem AV 1f o<m<k<p-1=n, then ‘
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b, T @k (%)
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whenever the above divided differences exist, where
o;(x) =TIili(x~a;) (i=0,-»n+1),
Theorem B (see[5] or [8]) If and only if
detfa; " /(v-ap11!,.. *0,
the above Hermite-Birkhoff interpolation polynomial H,(x) is existent and unique.
From theorem B we may obtain the following lemma.
Lemma 1If and only if A=:0, the above Hermite-Birkhoff interpolation poly-

nomial H,(x) is existent and unique, where®

aap a"u. a“n n
= o,(a;),
A ge;>  aayh aa%; ‘I_Ip )
For x& {a,, ---,a,}, let
n-p
1) =R, (M@, (%) —@,(y) ¢, (x) ¥=%)"/v1, (2)
where ’
wp(x) 0 O b O R,.(x) ‘
o) (x) @, (%) 0 0 Rf (%)
o} (x) 20} (x) o, (X) 0 R% (%)
C,(%)=a;" (%), : : : (3)
w%"”(?t)(”f)@‘.ﬁ”’(x>(”2‘1)a>‘p"”(x>--- @, (%) Ry V(%)
o (v e (3 )es e ([ Jeko  RE @)
(v=¢0,--,n—-p) satisiy _
I (x) =R%’(x) @, (x) - VZO(;)%“ Y (%)C,(X) =0 (i=0,--,B—D),
n-p+1
Hence ay,-, a,;, X,.--,X are n+1 zeros of J(y), Writing
_{Ga (i=0,,p- 1)
X (i=p9p+19"')
and
6:(» =ILizt(¥-b,) (i=0,1,-),
from theorem A, for kc{0,:--,n} we have
o P 044 ()
I ) =k10,(%) DI F[Ys ¥ sbg, e bas I (¥ = b, ) . (4)
v =0 (k—‘v)!
Combining Egs. (1), (2) and (4), we obtain
S Cx 8™ vy s
— Jtan) ) = v . ;- = s
I (a,) ygo ‘V! aa“,.‘ [a)p(a,) (G, X)] (" p1 9n), (5)
where
@0 < A Gl (ay)
1 <a;)=a;zco,(x)y§f[a;,'--,as,bu,---,bn-,]—*m*(a.-—b,-.)
(i=py-n). (6)

*)In this note the partial derivative is one in which a,,-,a, are independent variables.
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1t ¢,(x) /vy (v=0,--,n-p) in Egs. (5) are regarded as unknown numbers, then
the coefficient determinant of Egs. (5) is

det{ 6(2:‘:‘ [@,(a;) (@, —x) "] "
i fove=p

- aap 6"1’0: e a”n det @, (a- (a~_x vopyn (7)
aaﬂ; aa;p:l. aaa: { I l) i ) }.,V-P)

where
det{o,(a;) (@, - x) """}, ., =det{w,(a)a;" " *}],.,

= det{a‘;‘q},",,”, IIi., 0, (a;) = 1., @:@ay).
Therefore, the coefficient determinant of Egs. (5) is just A in the above lemma.

Hence we have
C,(X) =vA,/A (v=0,++,n—-D), (8)

where A, is the determinant whose (v + 1)th column is
[-I(a,), =TI’ (a,,), -1 (a,)]"
and whose others are the same as the determinant
det{w,(a;) (a;—%)""*}],-,.
In virtue of Egs:(3) and (8), we have the recursive formulae R,(x) =Cy(x) and

@, (Xx) 0 0 0 R.(x)
@} (x) @,(x) 0 -+ 0 RL(xX
oy (x) 20} (x) @, (X) -+ 0 RIM™®

RF(x) =C, (%) —a;k(x) - : : P :
oY "D (X) (k1—~ 1)&)“’,"“(96) (k‘zl)w(;-a)(x) e @,(%) RUEV(x)

‘w‘;”(x) (’;)o‘p"'“(x) (’Zc)w‘,"'“(x) (k_kl)co;(x) 0

(k=0,-,n—-D), (9)
For kc{n-p+1,--,n}, noticing
v+l
d’ d [ R, (%)
R.[X, -y X, gy =58, ] =WRn[x’009 "'sap-1] /v =_dx' [a),(x) ]/V!

and using the above theorem A (m=n-p+1), we may obtain
n-p ,J/"\l,\ w(k—r)(:c)
R¥ (x) =ky ZRn[xy""x)am"')aP-l]'_p Y

y=90

(k-1
v+l
k TS w(k_—')(x)
k SRFEATY  TPILLLPY P . (x»-—a,‘_,)
+ !.=,.Zp,lf[x’ a, a ]——"—“(k—v)!

P [l R

S0 dX L @, (x) (k—-v)1v
v+l
k o a)(k:')(x)
k > s "t Ay lgy Ty n-v]'———n—'__—(x—an-v)
+ !”";p”f[x %G ¢ (k—V)!
(k=n-p+1,-,n), 10)
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Here R\*’(x) and C,(x) in Egs.(8) ~ (10) have been represented by divided differ-
ences of order n+1 of f(x) because [“’(a;) (i=p, -,n) in Eq. (6) have been done.
Summing up the aboeve, we have the following theorem,

Theorem If o<<k<n and A=x:0, then the kth (k=0,...,n) derivatives R*’(x)
of the Hermite-Birkhoff interpolation remainder of f(x) may be represented in
Egs. (9) and (10) by divided differences of order n+1 of f(x) whenever these
divided differences and their derivatives exist.

Finally,K if p=n, then Ax(0 becomes ®.’(g,)=0 and the Egs. (9) and (1
become the simpler forms's’

v +‘1

ST 'k—)(x)

R (x) = ka‘f[x ,x,ao,---,a,,_,] kv (x-a,.)
S8
—r1oF (x) Vg}f [a,,,a,,d,, ...,a,.w]'a)((rrv_)(:))';?”(a ) !
(k=0,n) (i

whenever these divided differences exist, where r=c

ne
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