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Using Stopping Point to Describe Stopping Line®
Lin vian Xie (BhFRE)
(Fujian Tracher’s Un‘iversity)

The stopping line and the stopping point are very important concepts. How-
ever few relations between the two concepis have been proved. In this short article,.
we manage to recount some relations between the iwo concepts, We also obtain
another result. We know that if{4,},.,be a family of stopping line, and A is a cou-
ntable index set, er A, must be a stopping line; if Ais not a countable index set,

what is the V A; ? Here we will point out that V A is a stopping line too..

At first,'ivAe introduce some definitions and nota"cieéns.

Let (09, &) be a measurable space, R2 be a positive real plane. For any
t=(t,t;), s=(s,8,) €R:, t<s iff t,<<s,, t,<s,, t<s, iff t,<s), t,<{s,. Let
{&,} be an increasing family of o-field, #. < & for all tcR?, and { F,} is
right continuous. For all tcR2, let R,={s] s<t}. and t =4R,, t=05{s|s>t}. We:
will call the curve G as a separate line, if, for all t&€G,t<<G, that is R,<Rg,.
where R, is a region encircled by X axis, Y axis and G. We write § as a family-
of all separate lines,

Definition 1 If mapping i, Q —>S satisfies that for Yt € R?, {@|t<i(@)}
€%, we call 3 a stopping line.

Definition 2 If a random vector T: Q —>R} satisfics that for V tcR}, {o]
T<t}c.%#,, we call T a stopping point,

Theorem1 Let i, i, be stopping lines which canno: be comparrble for every

o.If 5, and 4, have a unique point of intersection (for every o fixed), the point

_of intersection must ‘be a stopping point,

Proof Let T be the unique point of intersection of 3, and A,. For VYVtER},
we have
(T<t) = MALNALEMAD DAL AEEAAD,
Byl 2],
M AMALEMAD = MAMAL=MAD EF S F ., 80 (TH) €
T (T<H) EF .= F..
That implies that T is a stopping point. [ |

*Received Dec. 24,1982,




88 BEEWHRS ¥ 19854

However, few stopping lines which satisfy the condition of theorem I, and the
‘theorem 1 does not describe the relation between the stopping point and stopping
line well, For this reason, we give an interesting theorem as follows,

Theorem 2 Let 4 be a stopping line. For any~%~>e> 0 , the point of interse-

ction of 3 with y=xtg ¢ must be a stopping point (according to the property of

stopping line, the point of intersection of 2, with y=x tg ¢ exists and is unique).

Proof At first, we prove that [[1(9)]| is .# — measureable(||(x, M) || = /x2+¥?),
where A(9) is the point of intersection of 3 with y=x tg 6. For Va&Rr,

(Ja@||=a) = (A=(acos 9, asin 8)) € F weors,minsy < F 80|jA(0) || i8 F ~meas-
ureable.

Now, we begin to prove the Theorem. For fixed g, let

=k k
S.(6) = ’2]1(?0"30"27“3‘"6) )I(iz‘T‘qmsnk

)
For Vit €R?, by the definition of S,(9), Jk,6 satisfies the following relation

~§,‘;_ cos 9<<||t,ljcos @,

No_sing<|z,|| sind. .

—_—

where 9, ='<?:,(17))> denotes the angle between t";md (1,0),and

(S,(0)<t,) = <os§u<e)u<—’;"7>,

k,

stopping point. By the definition of S,(g9), we know that §, () | A(8), so A(g) isa
stopping point, 1

hence that(s,(9) <t,) = (A6 || < <. F, that is §5,(9)is a

cosgy £2sing
2

From the proof of the Theorem 2, it is clear that, if A and X axis have a
unique point of intersection, the Theorem 2 is also truth for §= 0, if 4 and Y
axis have a unique point of intersection, so is the Theorem 2 for 9:*—’2”—,

The following theorem will give the relation between stopping point and stop-
ping line. .

Theorem 3 Let j be a random curve, it has a unique point of intersection

with x axis and Y axis respectively, A is a stopping line iff, for every o fixed,

A(0) is a separate line, and, for every ¢ fixed, the unique point of intersection of

4 with y=xtgg is a stopping point,

Proof By the Theorem 2, the “only if” is clear. Now we prove the «if”,
At first, for ¥V t € R2, we prove
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() A== U U Au<<t))
ne 1

m= ]

_ m 1

where A,, =2 (__2" »
that i(e) is a separate line, for every o fixed. If 0 € (A>1)°, that is, A(o)2xt,

80 RIN (Rfe)) *+ @, There must exist some A, , such that ;.. (@) €6R,.,, and

Am,n, (@) <t, hence that

), (m=<<2"). By the condition of the Theorem, we know

azp'c U U Gan<thy
The opposite direction is clear, so (») is truth.
As {im,} are stopping points, we know that
A=HEF,,
that is, A is a stopping line. |
Let{i,},c, be a family of stopping line, where A may be an uncountable
index set, We define
A = (a\é/\;,a) (6) =ess. sup A,(6).

Theorem 4 Let {A,}.,c, be 2 family of stopping line, where A may be an un-

countable index set, and every A, has a unique point of intersection with X axis

ing the remark (2) following the proof of this Theorem). Let A= \/ A, then A is
— . agAn

a stopping line.

Proof Let 6., , = ’; . —725—, MR =1,2,000000,Mm<<2", FOI €VEry Om, ,, {A:(0my )}
is a no empty family of stopping point, and A (4,, ,.) =V A, (6, ») = €58. sup
agA aEA

{A,(6my »)}. By [111,23, there exisis couniable elemenis of {i,(0., .)}, Suppose
which are A m,»n (Bmyn)s 23" € Ams vy Am, » i85 3 couniable index set, such that
g

A(Gm,,,n) = \/ /’La:"" (em’ n)-

ap'mE Am,n
Now we obtain a family of stopping line {A.p },0f" € AL, M, B=1,2, seeees,
For convenience, We mark{i,mn}, @i'" € A pnM,8 =1, 2000000,a5 A}, k=1, 2, eseeee, Now;
it remains to prove A= VA, .If\/A, A, there must exist some o, €Q and 6,> 0 (for
1 k

6,=0, the proof is similar.) such that

\k/Tk (60,0)0) <T (60, 6)0) .

We can chose a raiional number q=«_r2n-—such that 60>qw%_>0 and
<x(§@;ﬁl(q J; s @g) — YA,(00,00)><00,hence that
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(s%) Vi 8,0 <Ala——00) =V d(a—5—0,).
Since\/A, is a stopping line, \/A,(w,) must be a separate line that contract with
H )

(#%). SO /A, =4, that is, A is a stopping line. [
{

Theorem 5 Let {A,},c, be a family of stopping line, where A may be an

uncountable index set, and every i, has a unique point of intersection with X

axis and y axis respectively. Let A= \/ A,, then A=ess. sup A,.

ﬁ_ e mEA R
Proof Let % ={A,, ¢ € A}. By the definition of 3, for all 4, €3¢, we have
A=A
If there is a stopping line ,’, such that
ARSA/ for all )in e%'
Then, for every 0 <9<J2r_,fixed,
A (0) <A (6).
By the definition of 4(9), the above inequality involves that A(8) <A’(9), ao that
A< . This points out that i=ess. sup A,. [ §

Remark (1) Using the same method, we can prove A A,= 1 is a stopping
acE A

line. (2) It {A.}.., have more than one point of intersection with X axis or Y
axis, the Theorem 4 also holds. Let
sup{A(0)}=A"(0).
For V t=(1,,t,) €R?, we have (A (0)<t) = (JA* (D) | <t ),
since

(AT =t ==, 0)) EFuse EF .
this implies that

o<t € #,.

and A <t) = A W<ty eF..CcHF.,
ne=1

where t, | t, t, €R?. This points that 2*(0) also is a stoppingpoint. Similarly,
A*(»’L)=sup{l(r”‘)} is a stopping.p= \/A, contains that ' (0) =V A*(O),A*(—’L)
2 2 aEA acA 2

=V s (~»g——~), so we can chose a couniable family of stopping line {.},k=1,2,
ach

eeseee, SUCh that
VAT =470, VAT(— ) =47 (=), VauBna ) =400, Brin = g3 5
m, n=1,2,esw., We can prove A= \/2, is a stopping line by the similar way of
the Thoerem 4, '
Reference

(11, M. BE5ENRS51E, DeBREORERYE 8D .

[2]. Ely Merzbach, Processus Stochastiques a Indices Partillement Ordonnes,

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



