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The Fixed Point Theorem for Some

Contraction Mappings*

Y.R. Xu (gvti)

(Shanghai College of Traditional Chinese Medicine)

The fixed point theorem haé many important application in the theory of differ-
ential equations. The book of Kolmogorov and Fomin [9] provides excellent illustra-
tion of the use of fixed point theorem in analysis. Various contraction mappings
and their fixed point theorem are given in B.E. Rhoades '1¢].

In the present paper, the problem for some generalized contraction mapping is
considered, and some fixed point theorem is obtained.

First of all, we shall use the following notation.

R*; the set of alll non-negative reel numbers.

R*5; the set of all points (x;, x,, X3, X4, X5) With x, ER". i =1, «-,5.

1*, the set of all positive integers.

A; the set of any index.

H: the set of all functions from R*® to R* which is upper semicontinuous and
nondecteesing about each variable.

Theorem 1 Let (X,d) is compleie metric space, {S};., is a family of mappings
form X to X. If there exist a function h€H, a mapping 7 from X onto X and a
mapping n, from X to [* for each i €A, such that:

(1> For all icA, S;T=TS..
(2) For all xCX, each i€ A, 5,(85,x) =n,(x), n,(Tx) =n,;(x).
(3) Whena=b=1qta=9,b=20rg=2,b=0, the inequality h(t,t, at,bt,)
<t holds for t>>¢. '
(4) For any x,yEX. when i%j, the inequality
d(S7™(x), SV () <h{d(Tx, Ty), d(Tx,8}(x)), d(Tx,87(¥),s
d(Ty, S7™ (), ATy, 87 W)},
holds.
Then {S;};cs 8nd T have a unique common fixed point.
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Proof For fixed i, jEA. Let x, £X. Consider the series {X,} defined by
TXyni1= ST (%,,) TXynp2=S7 " (Xypnyy) (1)
This series is well-defined since TX = X and not unique. The proof is divided into
four parts.
1. d(TXms.» TX,)—>0, 85 M-—>e<,
If we let a,,,,=d (T X242 TXons1)s Uniy=G(TXpn4ys TX,.). We have
s e <M (@nsrs Qonsiy Goniet Grnvry 0, Gonya)s
Qo <<H(A,n, Qyuy Qun+ oy, 0y Gings)s
since (1) and condition (4), Hence
(IE P KA A I Y
lim g, exist and denote by a. It is easy from (2) that a=g¢, i.e.

n-soo

Ad(TXme1s TX,) >0, @ M->oc,
1I. {TX,} is a Cauchy series.
It is sufficient to prove d(TX;nip» TX,n) >0, Q(TXsn414py TXiny1) —>0,88 A—>oc,
for every pCJ*. We only prove the first term. The proof of second term is similar.
If p is even. For any given ¢>(0, when n as sufficient large, we have d(TX,,.,,
TX pn) <€ A(TXpnips TXunspsy) < Since d(TXmy,, TX.)—>0 88 M->oc, SO
AT Xsnspsy TXn) <A(ST(X,)y S{5 (Xypip- 1)) +A(TXznv1s TXyn)
Kh(e+d(TXznsps TXon)s € (A(TXznsp sTX20) » G (TXpn1ps TX 5 n)
+28,8) +d(T Xzn 415 TX,n)
<h(e+c, &, C, C,+28, &) +E&,
‘where c,=1limsup d(TX;nspy TX,.) . Furthermore we have

n-soo

c,<<h(e+c,, & C,y ¢, + 28, &) +&
Let ¢ monotone decrease to (. We have
c, <M (Cpy 0y Cpy Cp 0)SR(Cpy Cpy Cps Cps Cp)e
But, for fixed p, b,~<cc because of d(TX,nsp, TX,n)<<pe, Therefore we have ¢, =0,
ies d(TXansps TX,0)—>0, 85 n>o and p is even.

If p is odd. In this case, we have

ATX0ips TX 0 SAT X gprpe TX gnv2) Y AT X 2545 TX pna1) +G(TX 20415 TX 200
The next proof is similar to the above proof.

Taken altogether, {TX,} is a Cauchy series in X. Since X is complete, TX,—»
Z;; for some Z;;cX. T is onto, so there exist X,; €X such that TX,;=Z,;:

m, T,S,S; have an unique common fixed point:

First we prove z,; = TX;; =87 ““?(x,;) = 8§} (x;;). In fact, if c=d(z,;,87"%,;))
>0, Then TX,~>Z;, as n—>x, from which it follows that §5*>(x, , ) —z,;. Since,
A(TX pne2TX4ne1) >0, for any given e<{g, there exist N=N(e)>¢ such that

Ad(TX;n+2s TXpns) <& A(TXyniay 20 <&y A(SMO"(x,,,1), z;)<e
for n>N. On the other hand,
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CKA (ST (X)), ST (Xpn4n)) + AP (Kpni1) 5 Zij)
Kh{d (25, TX n41) s A2, SPFP (X)) (2353 TXgre1) sy ST Xm0 Zip) +d (255, ST
¢ (%)) Q(TXonyrs TX12nia) } +A(S] 0%, 2:5)

=h(e c, & €+c, &) +&

Let ¢ monotone decrease to 0. We have c<<h (0,¢,0,¢,0) <c, a contradiction.
Hence z;; =57 (x;;) The proof of z;; =S}’ (x;; is similar.
Next we prove that 2,; is common fixed point of T, S;, S;» It is knovn from
above that §;z;; = ST (8,x;;) =87 (5;x;;) eXist. Therefor
d(z;558:2:5) = A (ST (%)) SPH (x45))
<h{d(2;;sSiZ:})5 05 A(ZijsSiZii)s d(2;58i%i))5 0}e
It follow that S;Z.;=Z;;. With the similar proof, §;Z;; =Z;;. The inequality
d(ziy T2ip) =AY (xXip), SPT™(TX,1))
<h{d(z,;, Tz:j), 0, d(z;j, TZ;)s d(z,;5 TZ;)), 0}
implies that TZ,; =z,;. Thus z;; is common fixed point of T, S;, S;.

Finally we prove the common fixed point of T, S;, S; is unique, Suppose there
are two distinct common fixed point z,, z,, Then d(z,,z,)>(, and
<i;=S;z1=Siz;=Tz, i=1,2, Therefor

0<<d(z,, 2z,) =d(S]**V(z;), SV () <h{d(z,,2z;), 0, d(2},2,),
d(z,,2,), 0}<d(zy,2,)
‘which is impossible. So the common fixed point of T, S;, S; is unique,

IV. {S:};es and T have a unique common fixed point,

It folllows from 1II that any S, S; and T have a unigque common fixed point
z;;» We shall prove that all {z;;} are same,

If there exist common fixed point z;;, z,, such that z;;=2z,. Then there is, at
least, a distinct index, Assume i<k, We have

0<d (25, 2) =d(STP (25), SEF* (2)) <h (A(Z45,2,) 5 0, A(Z55,24)
d(z;5,24),0) <d(z;5,2,)
which is impossible, So all z;; are same, {S;};., and T have a unique common fix-
ed point.

It is easy to reduce from theorem I that

Theorem 2 If the condition (4) in the theorem is replaced by (4’): For all
XYEX, i,] €A, i#].

d(Sy™ (%), 87 () <W{d(T'x,T"y), d(T'%,5{(x)), A(T'%, S} ®))
d(T’y, 7 (%)), d(T'y,SY ()}
where r is some positive integer.
Then {S;};c» and T have a unique fixed point.

Corollary; If (X, d) and {S;};cx, {n:};ca are the same as in theorem ], For

any x,¥€X, {Si}iea satisfy the inequality
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d(S7* (x), S (¥)) <a, {d(x,¥))d(x,¥) +a,(d(X,))d(x, ST (X))
+a(d (%, ¥))d (%, 87 ()
+a,(d(x, ))d (@, ST (X)) +a;(d(x,¥))d (¥, S/ (M)
where a,(t) is a functicn from R* to (p,1) and monotone nondecreasing, .Zi(f‘(t)<1'
Then {S;},., have a unique common fixed point, In particular, if a,-(t‘)_=a,., for
tER", i=1,+,5 Then we have obtained the fixed point theorem of (B) type con-
traction mapping of [6].

Remarks 1, Taking T as an identity mapping, h(t;, t,, t3, 1, t;) =¢ max
(t;, tay tsy 3(t3+1ty), @€ (0,1) yields the result of Ray. B. K. & Rhoades, B. E.
[77 i.e, the fixed point theorem of (A) type contraction mapping of [6]

2., IfT is taken as an identity mapping,h(t,, t,, t3, t4, t;) =r max (t, t,,
t.s t3/2y t4/2). ¥€{0,1). Then the result in [8] is obtained.

3, The conclusion is also exist if we replace the condition that “T is onto”
by “T is continuous” and take n,;(x) = p;. The proof is different from the proof of
theorem, So the result in [1] [2] 3] [4] been obtaiined.

3. The conclusion is also exist if-we replace the condition that “T is onto” by
“T is continuous”, and take n,(x) =p,. The proof is different from the proof of th-
eorem, So the result in [1] [2] [3] [4] have been obtained,

4, In this paper, we treat some contraction mapping whioh cann’t be solved by
the method of Chang and Ding in [ 5], For an example, let h(¢,,1,, 85, 84, 8,) = ¢, £, &,
/(1 +1t,)(1+t;), Then the common fixed point of a family mapping which satisfy
the inequality.

d (879 (x), 87 (3)) <A (T, Ty)d(Tx, SY* (x))d(Ty, s7V (y)) /U
+d{(Tx, ST (w)) (1 +d(Ty, 87 (¥))
can’t be determined by the method of [5]. But if followed immediately from theoren:
1 that all {g,},., have a unique common fixed point.
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