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Some Hypersurfaces with Constant Mean
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§1, T. Otsuki ( 1 ) studied the minimal hypersurface V" of a Riemannian
manifold $S®* of constant curvature if the number of the distinct principal normal
curvatures is two and the multiplicities of them are at least two, He proved that
V" is locally the Riemannian prodruct Sh X Siz of two Riemannian manifolds Sk
and Sk of constant curvature, where I, and !, are these multiplicities, respecti-
vely, In the present paper S™ denotes an m-dimeusional Riemannian manifold of
counstant curvature, In the paper( 2 ) we studied the conformally flat minimal
hypersurface M® of S®* (n>=4) and showed that if the c:calar curvature of M" is
constant, then either M" is totally geodesic and, thercfore, M" is S", or M" is
locally a Riemaannian product S**xR!, where R' is a line, The "paper( 3 3
gencralized this result to the conformally flat aypersurface M’ (n-4) with
constant mean curvature in S®*' and proved that if the scalar curvature of M* is
constant, then either M" is §%, or M" is locally a Riemannian product S*-'x
R,

In the present paper we consider the hypersurface V' with constant mean
curvature in a coniormally flat Riemannian manifold M®' (n>=4), We shall
prove that if V" is conformally flat and thc normal direction of V" is a Ricci
principal direction of M®*', then either V" is totally umbilical, or V" is locally
a subprojective Riemannian space n2S**'x R!, where 1€ C(R"); if V¢ is conform-
ally flat and all the principal normal curvatures are constants, then either V7 js
totally umbilical, or V" is locally a Riemannian product S**x R'; and if the
number of distinct principal normal curvatures of V" is two and the multiplicities
of them are !, and I, reepectively, and !,=2, 1,22, and the normel direction
of V" is a Ricci principal direction of M"*', then V" is locally the Riemannian
product, M, i XM, of two conformally f{lat Riemannian manifolds, moreover,
when [,>23 (resp, 1,223), Mt (resp, M,z ) is of constant curvature, Because
all the directions of S®** are Ricci principal directions, our results are generali-
zations of the results mentioned aboove,

§2, Let M**' be a conformally flat Riemannian manifold and M" a confor-

mally flat hypersurface with constant mean curvature in M"*', We assume that
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the normal direction of M" is a Ricci principal direction of M**', Let e,, - ,ena

be a local orthonormal frald field in M"*' such that e,,--,e, are in the princ-

ipal directions of M" and en,, is normal to M°, Let @,,  ,@us be the dual frame

{ield, We shall make use of the follbwing convention on the ranges of indices;
a, by, ¢y d=1l,-y n+1ly iy J, ky =1, -, 1y p, @ 1, s=1,+, 1,

Then we have the following stucture equations,

dogy= ’“Z‘(Dae/\ ‘ch+%z“‘ Kapea®c A @ gy (2)
where
Kabea =71~1:T OacK pa —dagK 5c +0pgK ac —0pe K ag) +‘7(*£‘\::'1‘“ (Dagdse —dacdhe)  (3)

is the curvature tensor of M"*, and

Kab=zc dec" K=E‘ Kaa
are Ricci tensor and scalar curvature of M**!, respectively, Restricting in M" we

have

"

Waet =0y D gy /0y ( 4)
d(’)il=‘_2‘, (Oik/\(’)kl'*'—é‘zklRilkl@k/‘\(Dl, (5)
Rijma=hidg@ipdsr =010, + K i juts (6)

where R, is the curvature tensor of M", and A; the principal normal curvature
in the direction of e;, Let h;y be the components of the second fundamental
form, Then we have

hij=2kidiy (7)
We define the functions h;y, in M" such that
thi/kmk'—”dhil—zk'hu@n -z,.h""m" (8)

Because the noramal direction of M" is a Ricci principal direction of M®*, we
have Kny: =K ;ne1=0, Following ( 4 )} we have
hipp—hirny=—Kanin=0 (9)
Pai Chenguo{ 5 ) proved that a hypersurface M" (n>=4) of conformally f{lat
Riemannian manifold M®** is conformally flat if and onfy if there is a principal
norml curvature with multiplicity not less than n-1 in each point of M", Hence,
we have only the following two cases;

Case 1, A=---=MA,, then M" is totally umbilical,
Case 2, A\, =-+=Agy=pnxA,=v, Then by means of (7) and (8) we have
zkh”.mf—‘o (P#Q)y (10)
—_— 6 —
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and, hence fipg,=0, (p=xg), From (7)—(10) we obtain
du:dhppr—z hppawy=ppppop i lippnw,; and, thereflore,
R j

hppp::o, /lpp,,zzlquﬂ, d‘lllllppn(o ; (11)

By mecans of (7) and (8), we have

(].V :dhnn =2k hnﬁk(Dk.

n
By tht assumption, the mean curvature A="""p" p-+~ ~=const,, we have

zkhnnkwk";' (n-—~ ]-)hppnw a=0,

Hence,
hanp=0, hppa= “‘T_l;“l'“hnnn 12)
and dv=Ffnnnw, (13)
Thus, from (8) we have lpap®p= —~VOup—10pa=(V—p)®pp,and, therefore,
Wpn= viu hppn@p:‘“‘znﬁ%y'wp. asn

From (13), wc obtain d/t,.n,./\co,‘—h,,,.,,zpm,,p/‘\mpzo, and, hence,

dh,,,m==0t(0,, (15)
By mcans of (14), we have
IS S . hana _] _
dwpp = =1 (=) {[a T =D @ =) ®.Aop hnnngﬁ)pq/\mq} 16>
On the other hand, from (2), (3) and (14), we have
ban :
dopa= — (E’:‘i“)n"(': vy ©pg \®g H Hy T»T (Kpp F K nan ——w—igﬁ)Jm,,/\(o ;
e L Y K pe0q Ao, (1)
pPxq .

Comparing (16) and (17), we get
Kpa=0 (p=@)y Kng=0, (g=1,"-,n~1),

(n—=Duv+Kpp ‘*’Kun**%=_(nw151’(;*\7')“5" (- —v)a
+hindy (p=1,-.n=1), (18)
and, thercfore,
Kn=Ka==Kpn.in-1. - (19
By mcans of (1) and (14), we have
do,=0,

Thus the Pfaffian equation ®n,=0 is completely integrable, Lct f be its {irst
R 7 —
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integral, Restricting in the integral manifold V7', f=¢, ¢ is any constant, we
have

- I h
©Opy=0 @;=0 Opp=UDp, Conpz"*(n—_:T)*'!(*’L\;'—"—_u) Dp o)

Hence V"' is a totally umbilical hypersurface of M", Morcover, using (18) and
(19), we have

dwpq‘;*Z(Op,/\co,q_f.{ T hann i 1
r (=1 —-v)? n(n—1n®

XL+ DK ~20(K na+ K nmr )30, A\

and, therefore, V*' (n>=4) is of constant scctional curvature, Thus, in the loca

coordinates of M? we have

dsz=ozz(dx")2+rz(dx")2, @D
I
where xg=const, is the integral manifolds of ®,=0, Now we have
wp=0dx?, w,=1tdx", 22)
and '
1 do 1 oo
dop= - =t qu/\mp,“l’—?&“ —()T@n/\wp. (23)

By means of (11), (13) and (22), we have

b ov a
i. Cas
p=u(x"), v=v(x"), p’ =thppn, 24)
Comparing (1) with (23) we obtain
1 oo 1 do
Cpg =5 550 P ©Cpn= ?;“ “‘a‘;c‘r'"@p. (25)
From (25), (14) and (24), we get
1 %o _ W
o Oox" v—p '’
and, hence,
0'211(3‘")&-(951"“93‘"4). (26)
By means of (1), (4), (14) and (22), we Obtain
T=1(x"), 27)

Moreover, since all the hypersurfaces x" =const, have constant sectional curvat-

ure, (21) is reducible to the following form;

— 8§ —
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Zp(dxﬁ)’
c
s saen ]
where ¢ is constant, This shows that M?” is locally a subprojective Riemannian

space N"s" 'x B!, MeEC(R!), Hence we have the following
Theorem 1, Let M* (n224) be a conformally flat hypersurface with constant

ds?=m%(x") +(dx™) %,

mean curvature in a conformally flat Riemannian manifold M?®_ Assume that
the normal direction of M® is a Ricci principal direction of M*®, Then either
M" is totally umbilical, or M" is locally a subprojective Riemannian space
12S%® x R!, where n€&C(R') and R' is a line, '

If all the principal normal curvatures .are constants, there is M(x")=const,
in (28), and therefore, M" is locally the Riemannian product S"'xR!, More-
over, .by an argument analogous to get the theorem 1, we can get the following

Theorem 2, Let M" (=>4) be a conformally flat hypersurface with constant
principal normal curvatures in a conformally f{lat Riemannian manifold M**,
Then either M" is totally unbilical, or M?" is locally the Riemannian product
SP'xR!,

When M"® is a Riemannian manifold of constant ‘curuature the theorem2
implies the result of { 3 ) mentioned above,

§3, Let V" be a hypersurface with constant mean curvature in a confomally
falt Riemanniaa manifold M?®**, Assume that the normal direction of distinct
principal curvatures of V" is two, If the multiplicity of one principal curvature
is n-1, V* is conformally flat { 53, We try to ‘consider the following case,

A==kt =Wy, Ay o == gl =t%p, 1, I, =2, 1, +1,=n, (29)
By an argument analogous to get (10) and (11), we have now
hpea,i =05 hpp,p, =0 hp p.py=hq,q.4,

aaB=192! G#B, Pe¥qay DPs¥qgp,
du.=zhp.p.p,®p,,a )

30)
pe pisqi=1s5l15 pysgs=l,+1,-,n "
From (9) and (30) we obtain
u, =const,, WK,=const,, 3
and, therefore,
bipa=0, (32)
By means of (8), (9), (29) and (32), we obtain
@p p =0 (33

Thus, the system of Pfaffian equations wp, =0 (p,=1,,1,) is completely integ-
rable, Let f,,",f1, be its independent first integrals, Similarly, the system of
Pfaffian equations wp,=0(p,=1!,+1,--,n)is completely integrable, Let f1 41, f,
be itsindependent first integrals, It is easily seen that f,,..-,f, are n independent
functions and all ;the integral manifolds V,l:, f, =const, (p,=1,+1,-,n) and



V.l: fpo=const, (p,=1,-,l,) are totally geodesic in V" and, therefore, are

conformally flat (see { 6 ) ), Moreover we have

1":1‘1"“_’05 (ix)), ]':P,P,szls 511“2:‘%"_‘]‘;1—1\:2- (GEY

Restricting in Ve (a=1,2), we have

dop g = —z wp.r A Or g, .i_—nl—l {2K4=~%—+(n—1)u: }mp'/\mq . (35)
rﬂ

Heuwee, when 1,33, V.le is of constant curvature, Thus we have the following

Theorem 3, Lec V' (n>=4) be a hypersurface with constant mean curvature in
a conformally flaie Riemannian manifold M®*', Assume that the normal direction
of V4 1s = Ricci priscipal direction of M?* If the multipljcities of the principal
normai curvatures of V" are I, and [,, (I, +1,=ny 1,,]1;>2), respectively, then
V" is localiy the Riemannian product M, hix M,l: of two confrmally flat manifo-
ids, Moreover, when I,23, (resp, 1,>3), M, (resp, M,l) is of constant curva-
ture,

1f M#*' is also locally symmetric, we have K =const,, and consdquently by
mean of(20)and (34) we see that if one of K; and K, is constant, so is anothcr,
Thus if n>5, then one of !, and I, is not less than 3 and, therefore, both K,
and K, are constants, Hence we have the following result which is a generalizar
tion of the result of { 1 ) mentioned above, »

Covoilary, Let V" (n=5) be a bypersurface with constant mean curvature in
a locally symmetric and conformally flat Riemannian [manifold M?*'  Assume
that the normal direction of V" is a Ricci principal direction of M»*!, If the
multiplicities of the principal normal curvatures of V" are I, and I,, (I, +1,=n;
11s1.=2), respectively, then V7 is locally the Riemannian product S,1 xS,k of

two Riemannian manifold of constant curvature,
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