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Use of the Pigeonhole Principle to solve the following problem was discu-
ssed in several books, for example [1,2]. Suppose a player (e. g., tennis or
chess) practices on d consecutive days, playing at least one game a day and a
total of no more than b games where d<{b<{2d. Then we can assert that for
each i<2d —-b -1, there are some consecutive days on which exactly i games
are played totally. In ( 3], J. P. Hutchinson and P.B. Trow investigated this
problem in detail. They also posed an unsettled question to which we provide an
answer in this note.

We follow the tetminology in [ 3]. Let d, b (d<b) be two fixed positive
integers. Let a = (ay, *=*, ap) be a strictly increasing sepuence of positive integ-
ers. Then @ is called an admissible sum sepuence if q¢,<b.An admissible sum
sequence is said to have property k, k a positive integer, if either an entry
of the sequence equals k or two entries differ dy k. Let A be the set of int-
egers [ such that every admissible sum sequence has property i, and A° the
complement of A.

The question posed dy J.P. Hutchinson and P.B.Trow is as follows,; “Is
there, in general, a simple characterization of the least integer in A° ?” And the
they[sjand Wang and Wu'*Jsettled this problem for the special cases d<{b<C

—‘;—d and —:2;-d<-b<—z—d, respectiveély. In the present note, We provide an ans-

wer to this problem for the general case.

We summarize some of the results in [ 3) Which we need later on,

Lemma | (3,Th.2), Given positive integers d, b (d<<b) and k, k is
in A if and only if 2d —r>b, where r is the least non-negative residue of 4,
mod k.

Lemma 2 [(3,Cor.3); If b>2d, A is empty.

According to Lemma 2, we assume that b<2d from now on.
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Lemma 3 (3, Th. 4]): {1,2,+,2d-b}€EA.

Theorem: Let b,d (d<b<2d) be two given positive integers, and r, (i>()
be the least non-negative residue of b—-d, mod 2d-b+1+i. Then the least
integer in A€ is 2d -b+io+1, where iy=min{i|i>r]}.

Proof By Lemma 1, for given k, k£ is in A° if and only if r>2d-b, whe-
re r is the least non-negative residue of d, mod k. That is, k is in A€ if and
only if there is an integer r such that k>r>2d -b and k|d~r. Let k=2d —b+i,+1,
r=2d-b+r,. By the definition of iy and ry, k>2d -b+iy>2d~b+r;, =r>2d - b;
d-r=d-(2d-b+r)=b-d-r;, =0 (mod k). Hence k€ A°.

Now we prove that /¢ A for all /, 1</<2d -b+i,. by Lemma 3, we need
only to consider the [’s, betwen 2d -b+1 and 2d -b +i,. For such /, let h=/-
- (2d-b). Suppose there is an integer r such that />r>2d ~b and lld—r.Let
j=r-(2d-b). Then ‘

0 j<h<<ig, 1=2d-b+1 +(h— s b-d=d-r+j=j (mod(2d-b+1+(h-1))).
But j<h-1<iy, a contradiction to the definition of ig.

The theorem provides a s pie algorithm, which is based only on the div-
ision algorithm. By this algurithm, the least number in A° can be found easily
in the general case.

Here are two illustrative examples.

Example | Suppose 4=5000, »=9000. Then 2d-b+1=1001 and b—d = 4000 =
=3+1001 +997 = 3(1001 +i) +997 — 3i. Since the minimal value of i satisfying

997

3
in A° in this case is 1001 +250= 1251.

Example 2 Suppose d=5000, 5=9990. Then 2d-b+1=11 and
b —d =4990=7 (mod 11)=10(mod 12)=11(mod 13)=6(mod 14)=10(mod 15)
=]4(mod 16)=9(mod 17)==4(mod 18).

Since7>0,10>1,11>2, 6 >>3,10>4,14>5, 9 >6, 4 <7, the least number in A€ in
this case is 18.

exists and epuals to 250, the least number

0 <997 - 3i <, i.e., 92—7<i<
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