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On an Extension of a Partition Identity
and |ts Abel-Analog*
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Recently, Hwang & We1(1983) have proved the following partition identity,
Proposition. Let n,(1 <t<m) be integers and Z n;=n. Then
n+1-k; j+m-2 n+1-k-2j
= 1)
k,+k2+---+k,,=k',Ul( k; ) ( ) ( k-2j ) ¢

n-—k+1

The combtinatorial interpretation of the number ( ) and the induc-

tion principle were their main means. By using the power series method of G
Gould(1984), this note will presents a multi-fold extension to (1) and its Ab-
el’s coefficient analog.

|. Generalization

For any complex numbers a, b, and ¢, Gould(1984) has found the following
general closed form.

v a+ck (a+(b+0)k) . o a x=b(x-1)

Lemmaal.l. ~ r (Bt Ok X B EX T b o (x=D) 2)
where z=(x-1)x" "9,
From this we can prove a generalization to (1).
Theorem 1.2. Let a;, be complex numbers and a,+a;+++an,=a.
ai+ck; (ai+(b+c)ki)
ky+hkytoethko=k i=1 ai+(b+c)k k,
L G BT e e G REY

where we take (_01) =1.

Proof. From (2) we know that the left side of (3) is equal to the coeff-

icieni of z* in the expansion of the following fraction

. x=-b(x-1) m
*(=aroc-D €47
* Received Sep. 28, 1984.
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. x—-b(x-1) _ c(x—-1)
According to Y (b O x-D =1+ bt =D and Lemmal,l, we have

the following expansion to (4);
=L (") () by ()
i Jj i j
- Z( m) (I_1j+J) ’Ci(b+c)fx‘“(b*c—n(iamzwj 5)
i j i

Comparing (2)and (5) we have (3) and the theorem is proved.

If we take the following expansion instead of (5),

o -b(x-1) m-1 i-1+Jjy o ox—1 .
xx—fb+c;(x_l) ,Z,( 1)( ; )c(b+c)f( _ )

_ m- i=1+J i joa+(b=c=1)(i+ ) x=b(x~-1) i+
= ,Z,( i )( ; )c(b+c)’x jx—(b+c)(x—1) z/

we obtain an alternate form of (3),
a;+ ck, (ai+(b+ c)k,-)

K+ kot etk =k -1 @it (B+ o)k, k;
_ m—1yei=1+jy | joatck+ i+ jyb-1) (atr(broyk-i-j
‘;j( l_)( ; L e ) (6

If we take ¢=0 and b=0 in (3) and (6), respectively, we have the follo-

wing degenarate consequences;
Corollary |.3.
) a;+ k;b kb+ a
__“'___( ) :__f__( ) (7))
kit kot oev k =k i=1dit kb k; a+kb k

Notice that 2(m—1) (i—1'+j) PATEDY (m+n-2) ¢". we have the mul
i J " n

“wJ

tifold extension of Jensen's formula due to Gould (1960).

T ﬁ(aﬁ’k.-c) ¥ (m+n—2) (a+kc—”) o
Y N k; n n k=-n

Corollary!. 4. ok .
l-+- z+"°+
‘ (8)
If we take ¢= -1, and a,=#n;+1, then the left side of ( 8 ) equals
. 1 P 1
k = . S
Coef. of r* in (1+t)m—1(l_t)n*m—2k+1 Coef.of r*in (1»12)”,,, 1(1 -—1‘)” T
B Z(j+m—2)<n—k—2j+l)
i m-—2 k—-2j )

This is the result (1) of Hwang & Wei (1983).

1. Abel-Analog

In this section, we study the Abel’s coefficient analog to the results men-
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tioned in section I, The all conditions and proofs are quite the same as section

I.
Lemma 2.1 (Gould, 1984) .
2 a +ck Ca+(b+c)k)* T 1-blogx (9)
T a+(b+c)k k! - 1-(b+c)logx ’
where z=x"""“logx.
From this, the following theorem can be proved.
Theorem 2.2.
a;+ ck; [ai+(b+C)ki]k'
ki o+ kstom+k=k i-1 @it (b+c)k, kit
my ogivj-1y i+ j koin
L) (T esteaGan Larralt )
i i J

a+ k(b+ o) Chk-i+j)!

Alternatively,

I a,+ ck, (a,+ (b+ )k

k|+k~+"'+km:k >1‘:1 a,+(b+c)k,‘ I\l!

B . . o k=i-j
-y (ml i-1+Jjy j.atck+ i+ )b [a+ (h+co)k)
M_( l_ ) ( ; ) e b oyt A (k=i= D1 an

As theorem 1, 2, it has the following consequences;

Corollary 2.3.

[T e (v bk 4 (a+ bk
kit Kkytooork, =k i=1 ai+bki k:! a+ bk k' €12
Corollary 2.4.
n k ) . ]
(a,+ck[) ! - ! m+n—2 ((l+(.£>_w_>_ WM
k+/<+---+k:rk1—[1———_ki!- = ;( n ) (h - ¢ (13

The last one can be seen as a multi-fold extension of Jensen's formula

for Abel's coefficient '~ .
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