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We consider the following initial-boundary-value problem of nonlinear para-
bolic equations

- M du (X t) U (x’ t)
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Let h denote step size of space and r denote step size of time, We use the fol-
lowing notation
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We give the difference scheme for the problem (1)-(2)
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n+1 . n n n+1 n+l
+F1(U1 x 9"' U;- -1, x9 Ui, %oy UM.% U] gy, Uiy U,,'" UM)’

’

i=1,2,%, M, (3)
U, =U%jh, j=1, 2, J~1, 0
Ulp=ai(nt), Ul = B,(nD), n=0, 1, s, N,

where (a1,0]=a,,((J =)k, n0), 1<i, k<M.

In the nonlinear term F, of the scheme (3), unknown functions u, , and u,
take the values in time (n+1)r if m<i and the values in time nr if m>i. Appr-
oximation of the diffusion term is similar. But, because |a,;|>]a; | in general,
we use average value of time (n+1)7 and time nr for the thrmd/dx(a, ,du,/dx) .
This approximation can decrease error. Thus, in solving the difference equations
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in turn, we only need solve several linear algebraric equations of tridiagonal
matrix. This scheme can save storage caqgacity.

In order to prove convergence and stability of the scheme (3)-(4), we
first consider the following difference problem

M
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zi0= 21,470,
Lemma. Assume that ( i) a;, ,(x,t) are symmetrical and uniform positive
definite, i. e. a;  (x, 1) =a, 4 x, 0, 1<i, k<M and exist constant ¢ >0 such that

there is
M

; k(x, t)st Qkk>0 Z_f 0<x<1, 0<1<T9 v real (gl’ .‘;2? ooy §M)
iyk=1

i=1
(ii)la,-,k(x,t)|<A,|dita,',‘(x,t)|<A, 1 <i, k<M, where A is a positive constant,

(iii) the functions F, satisfy Holder condition with index | in R*, i.e.
' Fi(ry, ryy oees rop) = Fi(8y, 535 o005 Soy) |<Cr'[| -5 ’2+|’2 =5 I2+ +|’2M” szulzjl “,
| <i<CM, where Cg is a positive constant. Then there is estimate for the prob-
lem (5)-(6)

lez,xll <c [ 2"¢:ku2+ ax ZII 2 )e €(7)

LIK(T /1) i=1

where C, and C, are positive constants.

proof. Rewrite (5) as the following form
’rw;l_ 5 ;[ n+1/2 "H*”Z';(x)] +_ZE n+l/2 Z,+;1*Z 3, - Zkzﬂ[ n+1/2 n 1_
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n+1 n+l n+1 n+t

n 3 n+1
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n+1l

V<1 ¥yt M) 1t R n=0,1,N, i=1,2 M. (8)

Multiplylng i-th equation of equations (8 ) by z,f'f;land taking the inner product,
we obtain

n+1 n+ly _
(z;7, 257 )=
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n+1

- F(y 1,x9 %% y:[)) + (Z?;—l, R,.":).
Summing up the last formula for i from 1 to M and using Green’s formula of

difference operetor, we have

M i~
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Because a; , satisfy condition ( i), we can obtain
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Now we estimate terms in the formula (10) as follows
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Using the precedmg deduction, from (10) we obtain

M
| Z" n+1"2 ZT ; (z ’n:l’ n+1/2 ”+Ij|<\—"AM lezlx %Z" n+1||2

=

M
FMC; Z(IIZ””I|2+II 2ol R B e >*%ZIIZ"”II2 VIR (1D

i=1 =1

— 107 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



In view of the condition of uniform positive definite and |z} J<|z] i, we have
ZN PP M Z”Z,.XHZ -TvEMCF( I B EAa S EA e EA DR S i

1‘1
Use the inequality |z [|<Cy|z} ], where C, is a positive constant, we obtain

VHA, <2 AM}:IIZI 41 MQ<C3+1>TZ Lllzlxll *——;: ZIIR’ I’

= (=1 I'=0 =1
1 M 2 1 2
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g =1 o i=1 <ILTyiEL
In view of Gronwall’s inequaiity of difference operetor we have
M
2 c,T
P EH AKCIEZIW,X + max ZN 17 Je
i=1 R I TtY i=1

Theorem | . Suppose the conditions of Lemma are satisfied. Assume that(i)
the solution of the problem (1) - (2) possesses bounded partial derivative of
fourth order for x and bounded partial derivative of second order for 1, a; (x, 1)
possesses bounded pariial derivative of third order for x, 1<i, A<<M. Then the
solution of the difference scheme (3 — (4) converges to the solution of the pro-
blem (1) -(2) with order O(t +h*) by L_ norm.

Proof. Making Taylor's expansion, it follows from (3)

Tl—kZ( n+1/2 ) +__( n+1/4(un+1 u;,’;))x_*_ Z (an+1/2 ",y i
=i+ {

+ F, (ul Ql’ ""unj,lx’ ul ETA uM 29”1 1,'"9 u:}rll’ Uy os, gy + Ri ’ (13)
where | R*|<n(z+h*), 7 is a positive constant. Let z(x, ) =u,(x, ) -U(x,1).
We can establish error equations

;(aru»l/z n+1) +_( n+l/2 nt1+z )) + Z (an+1/2 n ) +F(Z?+l

k=i+]

n+l n+1 n+1

. ” n+1
+U1x7'"z—1x+Ul-1x"‘1 x+U1x"" ZM UMxy‘-l

+U1,H17. Zi-1 +
YU 2P+ UM oee, 2h + U = FUTR oo, UTT L U fvee, Uty 5 UL e UTYY
U,","-,U,‘",)-f-R,-" 3 i= 1,2, , M. (14
20,50, j=1,2,%,J-1, 20,=0, 2] ,=0, n=0,1, s, N, i=1,2, 0, M, (15)
It follows from the Lemma

Zﬂz“x"<C, Dmax Z“ Ze << M+ ke .
LILK(T/) i=1
In view of the inequality
M M 2
Szl <const Y |lzi4*, we obtain convergence by L, norm.
i=1 i=1
Theorem 2 . Suppose the conditions of the Lemma are satisfy, then the

solution of the difference problem (3 ) -(4) is stable for initial value.
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proof. Suppose that there are the solutions (U)} and (V))}, which satisfy
the difference equation ( 3) and homogeneous boundary condition. But, their
initial values are different: (WD9=ul,, (V)9=40 ;. Similar to the proof of the
Theorem 1, we can obtain

M M
21“ Ut = Vil <const 21” @ = s
i= i=

i. e.the difference scheme is stable,
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