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Abstract Let o,(a) be the class of functions f(f):—i—— Z Ia'nlz",regular

n=1
in the punctured disk E={z:0 < |z |< 1} and satisfyingRe(1 +zf (2)/f (z))<
-a (0<a< 1) for z€ E. In this paper we obtai n'coefficierit inequalities,
distortion and closure Theorems for the class ¢,(q). Further we obtain the class

preserving integral operator of the form
1 A
F(z):cj u fCuz)du, (0~ u< 1), c >0 for the class ¢, (a). Conversely
U ’ X :

when F€ g, (a) the radius’of convexity of f is obtained, 7
| . Introduction Let ¥ denote the class of functions f(z):-}-+ Z az",

regular in the punctured disk E={z: 0 < |z' l«:: 1} with a simple pole at = =9,
Let *, denote the subclass of I consisting of functions f( z) which are convex
with respect to the origin, that is, satisfying the condition Re(l +zf'(z)/ f (z))
<0 for z¢ E. And £, (a) denote the Slibclass of ¥, consisting of functions f(z)
which are convex of order ¢, that is, satisfying the condition Re(l+z/"(z)/
S (E))<-a for z€E. | N

Let ¢ denote the subclass of X consisting of functions f(z) =7.1.—~"i |a;,lz”l

v — O

and let o, (a) =2 (a) 0. ln this paper we obtain coefficient inequalities and
distortion Theorems for the class o.(a). Further it is shown that ¢,(e) is closed
under convex linear combinations. We also obtain the class preserving integral
operators of the form (1) F(? )=cj;u‘"_/'(uz)du (0<"u<1), c.»0 for the
class g,(u). Conversely when F€g, (a), the radius of convexity of f defined
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by (1) is obtained. While considering thé integrals we ‘have been able to ex-
tend some of the known results of R. M. Goel and N. S.Sohi [2]) and S.K.
Bajpai (1] . .

In (4, 5] the authors have examined the meromorphic starlike functions
with positive coefficients. Coefficient in equalities, distortion and closure Theore-
ms, radius of convexity and the class preserving integral operators are obtained, .

We employ techniques similar to those in [3] .

2. Coefficient lnequalltles

Theorem | Let f(z)~—-+Zaz If Z l(n+a)<1 ~a, then fe
Ek(a).
Proof It suffices 1o show that
2f' (D /f(z)+ 2 | <1 for Jz]< 1.

2f (D /f )+ 1 -(1 =2a) |
we have '

o

I D+ Da,z™
2f'(2)/f () + 2 !: ey

z2f'(2)/ f (z)+ 1 - (1 - 2a) 2(1—a)+2("‘1+2‘1)”azn+1

i

i ”(n+1)|an

<
2(1 —a) - 2 (n=1+2a)nla,|

nm= i , _
The last expression is bounded abové by 1 if
En(n + 1) la, |<2Ct ~a) - Z(n -1 +Za)n|a I
n=1

which is equival nt to -

(2) . in|a,.|(n+.a)£1—a

= |
But (2) is true by hypothesis,
For functions in o0,(a) the -converse of Theorem 1 is also true
Thaorem 2 A function f(z):——— Z |la, Iz . inoga) if and only if
. n= 1 . . )

Z”Ia,l("ﬂz)él —a .

n=1

Proof In view of Theorem 1, it sufficeé.to‘ show the only if part.

Assume that o =

¢ a Z: Zla Izn"‘l . .

(3) Re(1+zf(2)«f(z)) Re :‘O <—a fOr lz|<1
2 }a |Zn+x
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¢

Choose values of z on the real axis. So that -1+ zf'(z)/f (z) is real.

Upon clearing the denominator in (3) and letting z— 1 through real values,

we get

b= Lntle, > (1 +Y nla,Da.
n= R .
Thus ana‘"f('wa)gl—a ]
n=1
Corollary | If feo,(a) then |a, l<n(,}%§)~—with equality for functions

_ 1 1l ~a _,

of the form fn(z ) == NICETIG

3. Distortion Theorem
If f€o,(a) then

Theorem 3
(4) +- i o< | S | <+ i 12’ Clzl=r

with equality for f(z) :%_ e

-y 1 1-a 1,1~
(O)ﬁ- l+a<’f(2)1§2 1‘4’

with equality for f(z):zi—mz

Proof Let f(y):ZL- Z |a,jz". Then it follows from Theorem 2 that

2 g - Hence
= 1 +a
1 = < 1 - L 1-a
If(Z)l_<_r~+nZI|a,,| S+ ; 1+a r
and
l__
) 124 -5 o, Ir=t - rE la, (29 - 44

n= 1

Thus (1) follows, Further from Theorem 2 it follows that

n; nla, l<‘T+a
Hence
1 n - a
l/‘/(Z)1<__+nZ1 161 1< +n_21 la '< m
and
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Thus (35) follows ,
4. Closure Theorem.
In this section we shali show that the class o,(a) is Closed under convex

“linear gombmauons

1

Theorem 4 Let f (z)=5and fn(Z):zL' (1 -

n(n +a) 32z for n= L, 2, =

Then [€g,(a> if and only if f(:- ) can be expressed in the form

) Eh )
/ (z) = \_ /-,;.f ,-1( - “'here /. rr"-:—vU ilnd Z A" =
21

n =

- - S I i 1-a
Suppose / Z)= 4 “ :—‘_Y_‘A"‘—‘—_—Z" then
Pfoof ppose ( ) n§:_n/ n-/n( ) Z~ ,‘,-:1 nn(n + a) >

v (1 —exn(n +ua)

N ey S (1 ~a) ,.Zf‘":“ ~a)(1 - A< 1 ~a,

Hence f(Z)€o, (@).
Conversely suppose f(z) €g,(a). Since from corollary 1, we have_

1 ~« .
i L m————— ] = . , o
D e 1, 2
. s nn t .
taking /vn:"-(T—.'_.:fl—wi”n l, m=1,2,wand 4,=1 - 2/,,. we have
i 'l
fezy= Y 4,0,z .
n=0
5. intearal Operators.
Theorem 5 i f(z)= -+ - L la, |z is in ¢, (a), then

n

Y -
F(ovs el w flundu=+- Lc+n+1 la,|z", 0<u<1, €240

0 z

beiongs to o, ( A H; H:‘ ) for F(z):#0 in 0< |z [< 1. The resuli is sharp
' )

: ‘ N SN S S

for f(z )= 2 TTaC

Proof gdppox‘,e f(z)€ v, (a) then Z n]u l(n +a)2 1 -a. In view of Theo-
neg
n(n+ ﬂ) C
ﬂ C 4+ n 4+ 1

rem 2 we shall find the largest 8 for which E la,, l\_ 1.

It suffices to find the range of values of g for Wthh

e(n 1 ) At

TR T T < T g for each n

. -
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From the above inequlity we obtain

n+n(l +a+ac)+alc + 1)
m+n(l +a+c)+c +a

B<

2 .
n :n(l +a+ac) +a(c+1) . Then F(n- 1)
n+n(l +ta+c)+c +a

For each ¢ and c¢ fixed, let F(n)=

c(l —a)(n +1)X(n +2 ) ~ 0 for
(n+n(l +a+cH)+c-aji(n + 1)+ (n+ 1)(1 +a+c)+c+al

—‘F(ﬂ):

each n.

1 +a+ac
+a+cC

Hence F(n ) is an increasing function of #n , Since F(1)= the result

follows,

Nlr—-

Corollary 2 If f(z)=—=- Z la, |2" satisfies Re( 1 +zf"(z) f (z))<
W

1/(1 +¢) for |z|< 1, then F(z):cjlu‘f(uz)du, (0<u <1y, ¢ >¢ is conv-
ex for F(z)=0 in 0 < |z|< 1. ’

Remark The above corollary extends a result of Goel and Sohi [ 2 ] for
functions with negative coefficients, In fact Goel and Sohi have proved that if

f(z )_Zi Za z" satisfies Re(1 «zf"(z): f(2))<7 1 2(c + 1), for |z|< 1

then F(=z ):cj u fuz)du, (0 u<1l), ¢ >0 is convex for F(z)= ¢in 0
5]

lz]< 1.
Putting ¢ =1 in corollary 2 we obtain the following result.

Corollary 3 If f(= ):_,l-- Z la, |z" satisfies Re(1 +z/7(z),/ f(z))1/2
n=|

) 1
for |z|< 1, then F(z):J' uf(uz)du, (Q<_u< 1) is convex for F(z)==0 in (-
0

Iz < 1.

Remark The above corollary extends a result of Bajpai (1] for functlons

with negative coefficients. In fact Bajpai has proved that if f(z )_z—+ Za,,z"
n=

is convex then so is F( z):z'zyztf(! yde,
"Jo

‘a |z be in ¢,(a) and
1

T

Theorem 6 Let F(z)zzi_

n

((c+ DF(2)+zF ()] :-;;-. ZV-Q%:—I—E(J”:‘:". c.~0,

q|._.

1)

Then Re(1 +z/(z2), f(z2))< - B, (0<p< 1) for o< |z |< r(a, B) where
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. c(1 =B)(n +a) N
r(a, ﬂ)—lﬂf( “G)(C+n+l)(n+ﬂ)) 1‘_,’1.—1, 2 .

The result is sharp for F(z )_'zL—T}z_T)_-zn for some n,

Proof It ’suffices ‘to show that

lzfzy/ fzr+ g |
27/ (z)+28 |

<1 .for 0 < lz|< rCa, B .

We have

c +hn + 1 +
" v ' ) n(n + 1)——.——-—-—‘—Ianl|2 !
2f7 () () + 2 |< Z ; < |
z2f(z)/f(z) +28 2(1 ﬁ)_z(n_1+zﬁ) E__r%l_la I'zln+l
K Som=1

The last ex'pres_si(')n‘ is bounded above by 1 if

(6) YL HEEHC TR A1) 4, gy,

n= (1 ~8c Hn
From Theorem (2 ) we have 2—(—"—+‘—1—2—l | 1. Hecne (6 ) is satisfied if
(n +B)(c +n + 1) ,.+|<” ta -
(7) 1P |z | =g "=l 2,
Solving (7 ) for |z| we obtain
1
c(l -/ +a) Tl _ .
) < pe sy ez,
Writing |z|:r(a, B) in (8) , the result follows .
T :
We have r(g,a)=inf( —C—) ™ T= 7757, n =12, -

ct+n+1

Remark The above Theorem extends a result of ‘Goel and Sohi (2] for
functions with negative coefficients. In fact Goel and Sohi have proved that:

If F(z )=—zl—+2a"z" is convéx and f(z )=Ci[(c + 1)Fz)Y+zF'(2)), ¢>0,
n' =g

then f(z ) is convex in (< |z |<;e/c+ 2 . The rcsult is sharp,
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