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Constraining the First Hitting Time*

Shuai Y uanzu ( l,’fﬁ THD)
(Xi-an Jiao-tong University)

Let X(@) ={x(1, @), 1>>(0) be Markov chains with stationalry, defined on compiete
probability space (Q,#.,P), The transition probabitity matrix {p,,(0).r>0,i,j €I} is sta-
ndard and satisfies the forward equations.where I={),1, 2, +-} is the state space of
X w) . All states of X(@) are stable , The sample -functions are right lower semicontinuous,
The Q-matrix is conservative, The X(w) is Borel measurable and well separate, The con-
dition (C) is true, (¢f, {1

Lemma | Let F be a compact state set,then

lim {x(r—;ﬂ w)eF, (1 2m<r<(1,2™, r is an integer)

n 2 =lx(r, w)eF, 1 <ru,}, (1)
where ( <t <t,<oo, If 1,=00, then (7,2™) =oo, and denote t,<r<t,by 1, <rloo If
we write A=B, then it means that their symmetric difference is a null set,

The proof is clear ]
Theorem | Let F be a compact state set,  <t,<t,<t,then
P AT (w)<t, X(1p @) =J,Xx(r, @)€F, 0 <r<t,}

_ (u) f—a) iy 1))
= ZI 6P, 4D AN
IcE meF keF

t
2 ¢, (u— r) r,—u)
Y ZE Z;J‘ 21" EnpPim Dwj Py QU
I1¢E mcENF keF7(

PPN f P B P T e g du (i€, JEENP), (2)
IEEmeENF ke E“!

_ (1) , -u) (r,-1)
- Z ZFJ‘ Epll q,j jm Epmk 17N du
/e me

+ ZL 1 2 J i )Eu'ﬁpl;,z—’l)Epmk(u+t‘~12)qkjdu (icE, jeENF), (3)
¢ EmecENF

=4, FlﬁFp,- Do p (i €E, jEE) (4)
<3 €

~0o(cE, jeEori€E, jEE) (5)

Proof Since p, {1g(s, )<, x(15(s, w),w) =j, x(rs, w) € F, (1,51 )<r< (1,573}
“Received Jan, 4 ,1983.
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= Y pi{x(Bs,0 €E, 0<B<a, x (as,0) € {j} NE, x (rs,0) €F, (1,57 <r

E’:s-‘]‘l

< s ) + 1 o {x (B, weE, 0<B< (15T, x (Bis, @) e ENF,

a= C’|5 ]+1

(s <p <a,x (as,w) € (i} NE ﬂF,.x (rs,0) €F, a<r< (1,577}

s
+ pi {x (Bs, ) €E,0<B< (157, x (Bis,0) €ENF, (1,57 <B <

a= (1,573 +2

Crs? 3, x(Bys, ) €E, (1,57 )< B,<a, x (as,w) € {i} NE}

o {x (Bs, ) €E, 0 f< (1573, x (57 Is,0) e ENFNj), x (rs, o) €F,
Crys7)<r< (87 ) + 0 {x (Bs, w)EE, 0 << (157, x (Bis,w) € ENF,
Crys 7 <A< Ctys™ Yy x (s )s,0) €ENFN i) ) + 0 {x (Bs o) e E, 08
< (s x (B Sy @) eENF, Cers™ < < (tys™ ), x ((ts7' Is+s,0) €E

N,

11 (5)"'12 (5)+I3 (5)+I4 (5)+15(S)+1(,(S), (6)
Crys™' ) -1
L= 3 STpi{x (B, el, 0<p<a-1, x (Ca=1)s,0)=1}p;(s)
a=2 ‘€E
Sop{x (st )s—as,0) =m) p,{x (s, 0) €F, 1 <r< (157 -
meF
- s 4 {x 0, €EE, x (s, € (jYNE} 32 piix(lrys ' Js—s, ) =
keF
- - -1 - 4~ Crys™ s
_k}ﬂpk {x("s90))€F91£r£ L[25 ]—ktls J‘} = Z Z ZJ‘
I€E meF kéEF Y 2
( Cus ™' 3-1) 1 ) (1’[ S_K:IS_ [llS_l\S) ([rzsﬂ],. [r,s‘l 3 d (s),
gPii (S)T.D{j Pim *~01 A3 5 D (s)du +p;;

~ty -1
S b (Crys™ Is—5) 3o _pgtiat 2Tl oy
meF kKeFF

lim 1, (s) = h P g T () _ .
S i [EZE m; kgj OE ! q/_,l’/,,, F Pmk du (IEE. jeE). (7)

Crys7'3-1 ~ _
’» ST op{x (Bsew)€E,0=p CrysT I -1, x ({0 Is-s,0)

I,(s) =
a= [r,:"]-rl IEE

=l 3 pifx (Bos.)e ENF 1< B<a+1 - (15 -1,x Cas= (t;5')s5,0)

mecgE F

=my P (s)yS_p{x (rs,e) €F, 1 <r< (1,57 ) ~a, x ((1,57' ] s—as, o) =k}
kEF
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Cr,s7 s (rs Y (Cus™ 3 = (s~

_ 1S "N
- % Z Zf . el (S)EUF Prim (&)—i—pmj (s)

(Crys™ )~ (us™' D

Dk (s)du,

F

. _ - L=,

lim Iy()=3" DI A Ep”('u)Eng[;“ 'l)‘Iij pjkr “du (ieE, JeENF).

=0 1€eE meENF keF " N (8)
F{S"’]

INOE }; - I}Ep, {x (Bs,0) €E, 0<B<rys7I -1, x ((1ys™ Is=s,0) =1}
a= sty + E

% p{x (Brs,0) e ENF, 1 KA Uys? )= (s x5 Is=0, s Is+ scwd=m) -
meEF

B P X e, @ eE, (st <B<ar (ns?) - (as) -2, x((a+ (ns')

Cras )~ 1)s,w) =k} >

P SIS SEED = IO s - G e
gPii (S)E,’l;p/m (s)

1¢B meBNF 1eBE U5 ds+es

([m"?+[r,s"]_[,25”]-1) . )
ED i (S)}l“p:j der,

- Curr, —t,) ~
111‘1’113(5)— - pi(t,) ap m(tz 1) ‘ 176 du (ieE, jeE
o 12? "F§F ke?—ff ePiy ' EFP EDmk 9 ( J €& )

: (9>
lim/Z, (s) =lim/Is (s) =lim /I, (s) =0. ' (10
5-»() s 5—=(

Hence theorem | is proved by (6) - (1)
Note: (rs? ) =15 —1 , if ts4 is aninteger ;
= {rs1],if ts7! is not aninteger.
CMO”aW'.FbYO§3ﬁ<V<H,p,{%(w%(hxﬁpw)?ﬁx(hw)EF,hg}gh}
_ ( —u) 27T
- Z ZJ Z\f Ep// q[/plﬂlr ‘ Fpmi’. ! )dll

legE meF keF

ry) Ge—1) 1y ) . .
D a ;; jEm £ fPn  dmpPi o du (GeE, jEENF),
meg :
(1

ml

(1, ~u)

) 21D . . ~
qu p}m F.Dmlil— dll (leg, JeE/?)o (12)

fi
P’J
Lﬁ
m
F‘

(ty-1,) L.
= p:li”);:pkl— (G,jeE)y, ‘ (13)
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=0 Gel.jeE).
Corollary 2 . For o<r<it,,

Pl )<<t | X (fpiw) = x(r. @) €F, 1 <r <r.)
4 ) () Uy =) . .
= Z Z Zf Epi/"q//'pjm E Pmk du (IEE, JEE) ]
I€E meF keFY 0
- ( > =) .
=4, ]\éZF Z r Fklz G,j€E) ,
< /€eF

=0 eI, ieEy |
Corollary 3. p, {1 (@) <oo, x (15, @) =j, x(r,0) €F, H<r<r,}

(u) t, ~u) ,-t)
Zf Dy qu pjml ]?pmk du +
/EE mEF keF

_ — ) (u~t,) (t, ~u)
- L_J ; J‘ Epll jm ' q"” i-‘p/kz du
€E mEEF keF

. © () Cry=t) Gu~ty -} duci€ E, JEE
. u JEENE)
I‘E ,n%wp keZE f,,":p” EUF Pim E Pmk 9, duCi € £

f ) (t, ~uy__ Uy—1ty)
= 2 fo EPit 9;;Djm FPmic du

o ('1'11)‘ U+t

@) L -1y) . = . -
+ 2 g& J"z Epil g FPim EPmi 9.,du (i €E, jEE NF)
=5 (1), U,-r) ..
=Y Z pik i,'pkl (I,JEE),

=0 (el, jeE).
Corollary 4 .p, {1 (0) <o, x (g, @) =j,x(r,e)eF, f <r oo}

= 2 o e ap " Uppdu + b pr"' cpim
- il 1j¥jk k i
leE kg';‘ 0 ! F lg mecENF '.B i EUFFlm

du (icE, jeENF),

L ry—ud, . .
; Zj Epil N ql/pjm (Jmqu (IEE. jEEmF)
meF 0
=0, Zp,-,t") U (,jeE)
keF

=0 Gel,jeE),
where U,p =lim };‘ 2

1200 me
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Corollary 5 . For 0<t<t,p {1 (@) <t,x (15, ©) =j,x (r,0) €F, 0<r<

1}
! L~ u) L~ . '
= P ZI ?UEpi/(“)qu }?Pfk(’ du (GeENF, jeENF), 27>
IeENF keF "0
:6,'/' ‘V_;pik(’l) (iEEﬂF, JjeE) , ) 28)
ke

=0 (eEB, jcB, or icENF,jeloricENFijeEUFor ic ENE, jeE).(29)
Proof: in the (11) , we suppose that t =¢ then we obtain (27) . Thus
corollary 5 is proved. |
Corollary 6. For n,<t,p {1 (@)<t,x (15, @ =j,x (r,0) €F, 0 <r<r}
t (u

I oy -w ~1t)

(u) ' (€

= E E f ~Pi1uq1;ij du + E ZJ‘ ~P,~k ! Py : q,jdu
IGEmF keF OEUF le ke ENF” ¢, EF

GeENF, jeENF), (30)
= X P spa Cu= 1) 4,,du(GEENF, JEENF) , (31)
l1eE keENF ' BUF
=6, S_p (GeENF, jeENF or i€cENF, jeENF) , (32)
ke F

=0 GeENF, jeE or iecENF, jey  or icE, jeE or icENF, jeE).
(33)
Proof: In (2) , we suppose that 1 =0,then we obtain (30). Similary
we may obtain (31) by (3), and coroliary g is proved. |
Corollary 7. For ¢<t<ty, p; {1 (o) <t,x(r,w)€eF, 0 <r<s}

! u &y ~u) .
= 2 2. Zf BLF Py 4 7P du (eENF), (34
IeENF keF jeenF ° Y
D) .
=3 Pix (ie ENF), (35)
€
=0 GefF) . (36)

Corollary 8 For 0<r,<<t,p, {1 (@) <t,x (r, w) €F, 0<r<s,}

L8 (u) y ~w
= 3 > Zf Pi/u q9,;5Pp  du

I€ENF k€F jeENE” 0 EUF

t

+ Z ”.(’1) (u-r) . o~
=35 GeENF), (38)
keF
=0 GeF). (39)
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Corollary 9. p, {7 () <oo, x (1g0) = j,x (r, ) €F, 0<r<s,}

- ) u-1,)
= 2 Zf =Piv  EPm q,; du + 3 Zf E FP,/ ‘I/J

1€ reEne "+ EVF ree~fF Ke€F
(=i = = (40)
gPik du (ieE"\F.jeEﬂFx.
W u-r) o
Z Z j P:kuspkl " qu” (€ ENF, jeENF) , 41>
I€E keENF h
=6, Y pi'  GeENF, jeE), (42)
keF

=0 GE€E, jeEor ieENF, j€lor icENF, jeBor icENF. jcE). (43
Corollary 10. p;, {7 (@) <oo, X (15, @) =j,x (r, @) € F, 0 <r<{oo}

- o [0 pwayUpde GeENF, jENF), (40
~ 0 ~ ,
1€ENF E _F
=6ijUiF (iEEﬂF,jEE), ' (45)
=0 GEENF,jeEUF or igE, jcE or icENF, jelor icENF./jcE).
(46)

Proof. We suppose that r, =9 in (22) , then we obtain (44) , and coro]lary
10 is proved. | '
Corollary 1. For 1,<t,p, {15 (o)<t x(r,0) F, 1, <r<ni

) (Il*u)~ (ry—-t))
Z Z Z ZJO E q9,p, # P mk du

IcE m€F keF jeE

i

(u=r,) (t, —u)

+ Z Z E Z J‘ E pl[ EUFP qm_;’ i‘:p/k du
IE meENF keF JEENF
(,~-1) (u+t, ~1,) . = .
X X Zf eni " g F LI Ygq,du G €eE) (47)

JeEE meENF k€EE j¢E f2

(y,=t) . M
2 pik((l)!?pkl (ieE), (48"

keF J€F

Corollary 12. For n<r<t, , p;{1g (@) <t,x(r,0) €F,t, <r<t,}

™

h (u) ), ~w (ry=1,)
= 22 2 Zfo EPir 41 Pim  FPmk du

/eE m€F k€E€F j€E

(v ~1) . i ~
+ Z Z Z Z j E gﬁ’plm qmj Ep,-k( ‘ )dll (i€ E)

/€E mE€E F k€F JEE'F h (49)
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)

(r, (ry 1) .
= Z Z pik ]::pk/ (’E E) . (50)

keF | eF

COI’O“aI'y 13. For 0<f£t19pi {7E () <t,x(r, w)€F9tl£r§t2}

. r w0 (), —u) ¢, -1 )
= 2 =2 S, enarm o du veB), (51)
I€E mcF k€F jEE
) (ry =1y)
= Z Zpik FPu (ieE) ., (32)

leF keF

Corollary 14 . p, {1 () <oo, x (r, 0) €F, 1, <r<oo}

- 4 ) (r, —uw > (ry) (u-1,)
- Z, 20 2 jo EPir 41 Pim Uppdu + 3 2 Zf EPii g _FPim
/eE meF jeE 1€¢E meENF jeE~F
4,;Usdu (icE) (53)
=522, Uy GeEE). (54)
keF
Let M(r,,0)=sup {x (r,e):0<r<i,) (35)
L ):inf {t.0<r<ty, x (t, ) =M(1y,0) } ,if it isnonempty,
M (56)

‘ = oo, otherwise,

M (ty, @)iscalled maximum play distance of X (o) before time t, .7, ,is
called the first hitting time of M (r,, ).
Theorem 2. p, {M(1,, @) =j} l

t, ) (g ~u) .
= 2 2 f 2T Pk du  Ge{o—j-1}) (G7)
; 0 {i—} Tjtj+1-1
le {0—j-1} ke {0-1/}
(’0) - .

= . Pik =j) (58)

keto-p Ur1T)
=0 e {j+1—} , (59)

where {i—j}= {i,i+1,i+2,j}, {J—} = {J,J+1,J+2, )

Proof: We prove that

{o: M (1, 0) =j} 2 {o: 7 (@) <to,x (,0) € {0-J},0<r<1y}, (60)

If wo€{w: M(t,, o) =j},then for arbitrary 0<e<1,there isa t€{n.s, such
that |x (+,w) - j|<e.Hence x (t,0) = j, and

w€ {w: 1, ()<t x (1,0)€ {0-/}0<1<1o},

{o: MG, 0) =/} C {o: 1 (o) <to,x (F,0) € {0-J},0<0r<t0) . (61)
Conversly, if v€ {ow; Ty () <tg,x (ry,o) € {0-J},0<r<r,}, by right lower
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semicontinuity, it is clear that we {w: M (1, ») = j}, and

{o: 1, (@) <t x(,0) € {(0—J},0<0 <t} @ {0: M(1g,0)=j}. (62)

Furthermore, {w:7 ;, (@) <fo, X (1,00 € {0-Jj}, 00t} = {07 (@)K
Lo, x (1,0) € {0—J},0<t<1,}. (63)
Hence (g0) is proved by (61)-(63).

Next,using corollary 5 of theorem |, we have

piMUy, @) =]} =pi{r (o)<t x (1,0) € {0—J}, 0<r<t)

{0
- W) Uy —w)
- 2. Z JO ~ P, q Pik du
te (YN {o-jy kefo-j} {04y Ut} Lili+1 -}
: ty (ll) (ty - u) . .
= > 2 f iy 4 Dk du (ie {0—Jj—-1}).
0 {j-) Ljtji+1-}

le (0—j-1) ke {0-J)
Then theorem?2 is proved. |

Corollary 1. Let E= {j,, j,, /) wWhere j, <j,<j3;<l, E (j,)= {J.,
Juiy? Jnyp et} 5 then pi{M (fy,0) €E}

L ) (g —u)

= > = [ e P Cdu+

JEB () lelo—i-1) ke {0-J7) - 170+1-} ke {0 -J,.,)

) . . . _ i
oy +1=) Pik "51';‘"-1 (ie {jn+1—_j,, 1y, for n=1,2,3, Jo=0)
(64>
=¢ for other i. ' (65)
Theorem 3. For r<r,,
P,—{TM(,O,(U)<[,X (TM(foy o) CU) -_—J}
. ! () g -1 , .

= ST S Pa 4 Dik due (e {0—Jj-11} (66

le {0—i-1} ke {o-73° 0 (j-) 1i{j+1-) :
- G
= 2 (j+1-} DPix (i=j) (67)

ke (0-J)
=90 (ie {j+1—} ) . (68)

Proof. Using right lower semicontinuity and corollary 5 of theorem |,

we have pi{ry o <IsX Ty 0y @) =J}

= Z pi{TM(!o,w)<r’x(TM(ro, w)_w)=j9M(t07a)):k}
ke {0—)

:pi{ T(”<I,X (7 (i w)=j, M, o) =j}

:pi{T(” (w)<r,x (r,o) € {0—]}9 0£r£10} .
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!

() (- . .
= > [ aa p’ A Ge {0—j-1)).
le (0—j-1} ke (o-jy 0 ) i+l -) 9
Herce (66) is proved by (69). }
Corollary |.For 0<t<ty, pi{tyq,, ,,<t,M,0) € {0—} )}
4 @) (ty — 1)
= = = | o pu " du
JEE (n+1) le {o—j-1' ke {0-7Y 0 (- 1ji{j +1-)
+ try) . _
ke ?;—'—‘.,.) (ney-y Pk (G=n, n=0,1,2, o . (70>

Theorem 4. If F() = {w; limx (s, ®) =oo, for some one u,lim x (s,0)

stu ste
- oo for every v, <op<lu<r } , (71)
then F(t)= {w: M({,0) =00} , a2
! ) -0
p{FM)=1- 3 > I bii 4 Pk du
i€E(n) 1€ {o—i-1) ke {0-7y 0 {j-) 1j (j+1-)
: )
- 3 pie G=n—1,m=1,2, ). 73)
ke(gmn-1) "7

Proof.it is clear that F () C {w: M (t,0) =00} |, (74)

Conversly, if w€ {0: M (1,0) =00} ) {w:limx (5,0) =co=x (4, w)for some

s tu

one (<<u<r}, then there isa sequence {r,. n=1,2,3,+} C (0, rJsuch that
nl_llnoox (tno CU) = o0,

If {r,, n=1,2,3,++} is a finite set then there isaue {r,; n=1,2,3, ¢} such
that 7, =wu for /=1,2,3,-Hence x (u,w) =oc and {s:x (5s,0) =0, (<s<r}is
nonempty, Further there is uy=inf {s:x (s,0) =00, 0<s<r} . If wy is a limit
point , then by right lower semicontinuity we know that x (uy,w) =oo, If

limx (s, @) ¥oo, then lim x (5,0) = j, where the o« belonges to a null set,

s tu, s tu,
Since weQy N {w: M (,0) =0} () {w: lim x (s,0) =co=x (u, ) for some one (<<
s bu
u<r}, we have z'p; x (s, w) =C ;lﬁ) x (s,0) <oo, 0 <v<Tu,<t for some
0
one uyard every ( <p<luy,Further more weF (¢).1If u,is not a limit point,we
have we€F (¢) too,Namely, {w; M(1,0) =00} @ F (1), (75

If {r,: n=1,2,3,++} is aninfinite set, then there is a subsequence {7,,:/7=1,

2,3, v} such that 11::20 ty, =ue (0,13,1f /i";cx (th,, w)=occand x (u,w) =j,
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then the o belonges to a null set. thus (75) is true, where Qg isa sure event,
Hence (12) is hold,

Next, {0: M (7,0) = oo} =Q\‘(IUI {w:M(t,(l))=j})a p,-{F(t }=1’ Z
€ e |

p{M,0)=j}, and (73) is proved. |
Suppose that B (t) = {w; Markov chains is not reachingoc in (0,7)}.

B (©) = {0 : Markov chains is not reachingo: in (0, o0)],
"F (o) = {w;Markov chains is first reaching o in time u,
0<u<Lo} ,

then B (o) = (VB (), F(oo) = [JF (1), B() UF.() =B (o) UF (o) =Q.
= t=1]

r

u)
Corollary I. p{B()}= 3 S s f . p”< g
jeR”m le {0—j-1) kefo-p° 0 -} INIVASES
¢ ~u) @) .
pu du + 3 p G=n-1n=1,2,3, ), (76)
kefo-n-1) "7}
. ‘ J" )
P, {B (o)} = lim > I P9
1—soo jeEZ(n) le {o—i-1) ke {0-jy * 0 TR Tifi+v1=)
-uw)
P AUty (=n-1,n=1,23,, an
. ! ) )
p{F (o)} =1-lim 37 S P j . 1’1'/”‘{. . 2 du
t w0 jeB(m le (o—j-1) kefo-p> 0 U Ji+v1-)
~U; (gmn—qy (G=n—=1,1=1,2,3, ) ., (78>

Corollary 2. {p;; (£):1>0,i,j€l}is the minimal processes if and only

if for i=n—-1,n=1,2,3,°"

t
: ()] 4 ~-w
lim 3 = > pia  p TMdu=1-U o,
1w jeB(m le{omi-1) ke {o-p° 0 1/} Tii+1-}
(79)
Corollary 3. If for some i=n—-1
! ) ' (r-uw

lim 37 Z 2. fo G Pit 9y e Pik du<1-U; _n-y,
=2 jeB(m le {0=~j-1} ke {0- J} ' (80)

then {p,;(t):t>0 i, j€l}isnot a minimal processes,

Let M(w) =sup {x (r,w) ;: 0 <r<oo} , (81)
Ty =10f {£:120.x (t,0) =M (0 }, if it is nonempty, (82)
= oo, otherwise,

M(w)is called maximum play distance of X (w)in the finite time . 7, .,

is called the first hitting time of M (w).
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Theorem 5. p, (M (o) = j)

o0

= T 2 anUy -y du GoE {0—i-1}) (83)
teto—j-1~ 0 U~)

=Ujp-py =D ' (84)
=0 GGe {j+1-hH . (85)

Proof. Using corollary 1¢.of theorem l,we may prove theorem 5. [
Corollary |. LetE = {j,,j,, j;+} , where j, <j, <j;<--, thenp, {M (w)

eE)
— e )
= Z }__, J4 Py quUj (O-i)du +an~1 {0 —Jyy 'di"l—l
JEEGH 1€ (0—j-1" 0 (4 (88)
(’e {jn-l—j'n—l}’n=112s3y'..’ j0=0) .
=0 for other i, (87)

Theorem 6 . For (<t <<oo, ;{14 (,,<IsX (T4, @) =/}

4 (u) . ,
- v [ MU, e e (0-i-1]), (88)
le (0—j-13 "0
=U; oopy G=0), ‘ 83
=0 (ie {j+1-}). 90)

Proof: Using corollary 7 of theorem | and dominant convergence theorem,

we may prove theorem g, |}
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