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The Logical Derivatives and Integrals (1) *

Zheng Weixing (# %17) Su Weiyi (f % )
( Nanjing U nipersity)

The logical (or p-adic) derivative and integral of a complex function on R*={ ¢,
co) are defined in (27, [ 4).Some relations between p-adic derivative D<1>f and
integral [ <1’f for fEL® |, 1
also {13, (5),e.g.,for some functions f,one has the formulas,

DTN = [S(DCfy = f, e
In this note we are continuing the discussion of { 4 J.In particular, we define the

< g<oco,and for fE€L{., | <g< 2,are discussed, see

Walsh-Fourier Transfom (WFT) of f€L§., 2 <g< oo and extend some results on
D fand I ¢!’f by using the test function class and distribution theory,

| Preliminaries

For any integer N €Z, let
[, v={XxER", kp "+ Dp™}, kEP={0,1,2,}.
Denote by @ ,(x)» the characteristic functions of the interval ]o,/v:[ 0,»™,r, the tra-
nslation operator (7,/f)(x) = f(xh), x, hE€ER', and U the class
U=p: 9= Y1, ®u(x), ¢ €ChERY nEN],
J=u
It is clear that each ¢ €U has compact support ,

We call {p,} in U a null sequence, if (i) there is a fixed pair of integers N, s
such that each ¢, is a constant on any inter.al I, y and is supported on the compact
set TO'S,and (ii) lim @, (x) = 0 uniformly on R*,With this topology, U becomes a topol-
ogical linear spagg Oz)ver C,and it is obviously Hausdorff and complete, We call U the
test function class.As usual, with the weak* topology the collection U* of all continuous
linear functionals on U is said to be the space of distributions, The action of f€ U*
on ¢ €U is denoted by (f,@).Let »p be the WFT of ¢ € U, it is easy to e that
the WFT is a homeomorphism on U,

The WFT of f€U is defined by the formula,

(fro)=(fie" @ €U,

Convolutions, products and invese WFT can be defined in the usual way,See (3

for details,

* Receiped Jan, 11,1981,
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Let f be a function in L§. 1< 4 <oo,We define its WFT f’, when it exists,
to be a distribution, such that the equalities
f.o)=(f,p), veeU
are fulfilled.In this case, we always assume that f" is a linear functional over L{.,
where ¢  is the conjugate index of q so that the domain of f can be extended from
U to the whole space LY.,
If f,g€L% 1< g< co,the product f'g is defind as a distribution by
(f&.9)=(f, 89, VPEU,
If feli, 1 <g<c.v €U, the convolution fey is a functional h over L., satisfying
h,9) = (f,0 o), VPEL,
where §(x) =p ( - x),and (piap)(x) :f P ONe(xy)dy, and as we see, J@q) is again
in U, This definition can be generalized Rto the case of fELE., g € L"l;+,Then in the
distribution sense we have ( f52¢) = fg’.

2 The p-adic derivatives and integals of fe L{, 2 <g<oo

We use the following notations (compare with [ 4 )
D,t) =J‘(a w(x, dx, a,t€R" R
) oo .
S(foa =] fuD, wdu= (D5 f)(x)
and !
m -1
(Di”'“fHX):kZ r* FZ A f(xBip N,
(= -m o j=0
D !’f is the p-adic derivative of f,it is the strong limit of D{!’f in L%-,
V, .is a basic function defined by is WFT
. ) -
: [} 7 ’ ’
V, 0= {T €Cr Cjo) n €Z,
) ) IE[ 0, P n),
and we have V', €L,k L. for each fixed n {4,
IV f is the p-adic integrmal of f,it is the strong limit of (VI‘,,@f)(x) in L.
For the WFT of p-adic denvative, we have
Theorem | If fand D‘”f€ELE. then for r EN, (D’f)' =y f in the distribu-
tion sense,
Proof We only deal with the case r= 1;r>1 can be completed by induction,
For r=1,by definition, the table {°J of WFT and the Lebesgue dominated conver-
gent theorem, it follows for all ¢ €U '

p-

1 m .
DV = (DS, N =tim Y Y P T, 0D
0

m—>co ;o k=-m
m -1 N
=lim (0 Y S A wp a0 o]
m= k=-m i=0

m p-1 .
=(lim Y. 25 Y AwipFTL e )T, N
M-y

= - m Jj=0
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=(Cop( o))y N1=cflele))=C(f1C), ¢)
Therefore 7D ' f)"=pf"in the distribution sense,
To establish the main theorem, we need a series of lemmas,
Lemma | "'’ fE€LY . then S(f: p": x) € Lf-and
ISCfe p™s o0 Jy= IS ),e lim [SCA P o )= o) |, =0,
Lemma 2 I fE€LJ and f“0,then f¢ X =0 a.e.
Proof For all g€ U, we have (/, ¢" =(f\p) =0 and since FWT is a homeom-
orphism on U, we conclude f(x)=( «, R
Lemma 3 If /€Lg,and hmj j(u)du—() then lim| (/i 5", o) o =0.
Proof Let &>y be given, choose ' n =0, such that both of the mequalmes
fo faodu |< e/t f, [ ) |fruy Fdu< (g/2)11
hold for n>>n, .And since ! )
Sfi pix)= J‘f(xg uw) D, (u)du:p”'rp f(x%ll)cl'a,

we have for n>n,

|SCf p” ;o>||"—f |pf f(x@wdur’dx {f f lpf f(xOuwydu Fdx=1, + 1,

say ,For I, it follows

1\ - f p J f(xf»undu edx) 1 pf dx”/“ 2)1/4’
so that [,<’¢/2 as n>n, ,For I, we have

, o P e

Bt oo wdn paxy s g T 00 ey,

therefore I,< ¢/2 for n>n,, the proof is complete,

temma 4 [fv feLy, and D ’f=(,then fix)=0 a.e.

Proof We have for all ¢ € U ‘

(D g = DS, 9™ =0,

hence [(D<!’f}"=¢ in the distribution sense,By Theorem 1,2/ =DV =0 a.e. It
means for any ¢ € U, (f:,,\"vqy) = (L'f/.\q}) = (0.0n the other hand, it is plain that the clas
U=, p€ U} is dense in LY., so f= 0 as a distribution, Hence f(x)=( a.c.again by
Theorem ]1.That is all for the proof,

Lemma 5 Let m,n € N,and m>n,Then

Via@DHx) -V &8 (x) - Sgip"sx)-S(gp " x)  a.e,

v'five (0, oo,
0., . v=10,
Proof It is well known that ¥ €1}., whence

Where f, g €L¢.and g’\:t‘{

PG RVt
1 ne

Vv =
SENC A Lo, vefo,p™.

Therefore for m™>-n, it follows
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. 0, velp ", o),
Vs R A Y o A AT A b
0, vel 0, p™M.
On the other hand,
(Stgs p™s o)) 0 =2"'D,+ (1) = { 0 vEeLr Ty =,
g, vel 0, p "),
0, U‘iﬂpf", o),
(S(gi p " oY (0 -(S(g: p ™ o)) (0= { g, velr P "™,
0, ve( 0, p ™.
By Lemma 2 we get the formula
WV, BHo -V, B (x)=S(g p " x)-Sg p™ x) a.e.
The Lemma is proved,
Now let U be the subclass of U.
U={p€U. [ pndi=o).
For our purpose we would like to introduce a condition as follows,
Condition( * ) If g Lg,and g" can be determined uniquely by (g, ¥ = (g¥)
for every ¢ € G, and where 1/)~(x) =y (-x),then we say th t g satisfies Condition ( = ),
Lemma 6 For all ¢ € U,¢" vanishes in some neighbourhood of 0.
Proof Let ¢ € U, and

n

p(x) =y Ty @ N (), c;€C, h;€ER", neN,

j=o
it follows by (5]
n
p ()= { IE
0, = p~.
Since J‘R’w(t)dtzo implies éocj = (,we conclude that ¢tr) is equal to zero in a nei-
ghbourhood of 0,
Lemma 7 Let f€Llf and/ ¢!’f exist in Lg.sensc,Asume that g=1 ‘!’ f satisfies
Condition ( ?),then the formula g'=p7' f “holds in the distribution sense.l

p Mcio(h;, n, 0<t<p",
0

P roof Since g=1 <1’f, by definition, |g-V, ,&f |,~>0, n>oco . Note that strong
convergence implies weak convergence,so for all ¢ € U, we have
&-V, @M\ 9=~V &S $)—>0, n->oco,
hence
lim(g"-(V, B ,)=lim g~V fip)=0, vp€U
and
lim (V| /) @) =g @), voeU.

n—e o

In virtue of V{A‘"q) €Lgand g satisfies Condition ¢ » ), we can apply

J— ')90 R
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hm(V1 ,,j ¢')~<e vy, ¢ €U

n-soc

instead of
llm(V1 JSoer =g, 9 €U,
But by Lemma g, for all sufflclent large n, it follows V w ———w , this gives
l‘i’l‘Vl "f ¢ =lim (V] =S —w)—<-f v, peU.
Therefore (——f/ ¢ =g v for all p €U, Thus we have ;' f=¢g',

Lemma 8 Let fe L{- Assume that D1’ f exists in Lg&-sense,Then we have
hmJ DY finde= 9.

m—eoc!

Proof For any m € N, we have by dominated convergence theorem
p-l 7
J CY A faRip T T hde=[T DOV findr,
0 k=- ’V j=0 0
On the other hand, if N ™>m,

. -1 "
7 8 # R asamietha= 3 (e T af" racir e
N i=u 0

0 k=-N j=0
-m-1 N

say.We assert J_ y=0.In fact,for k= - m, ~m+1,+, N, j=(,1, =, p— 1, each transform
t%r@jp"“‘ is>.a one-one mapping on ( 0, p™,saving for a denumerable set, { 6 3,
hence the mtegra]sf f(t@jp"‘“)df take the same value, and in virtue of A, + A, + -
+A,_ =0 (6, the conclusion follows ,To estimate 7, ., we use Holder inequality

LS S Y VAWl
k=-N  j=0
where q/ is the wnjugi[e index of q (qr ~1).Thus
p-1
'Im.N 'é ”f”q Z ,Aj ( (p— I)"p-'ﬂ/ﬂ.
j=0

Note that the right hand side is independent of N,and is O(p~ "%, so lim 11m1 =,
thus lim plD“’f(t)dr—o The Lemma is proved. e Nee 7
I’.";mma g Let f,g€Lg If lim pmg(u)du:(),and g=v fithen g=1 <1’ f,
Proof By the formula in Lemmaos
V28BN x) -V, &NHhix)=8(g p"sx)-S(gs p ™ x) a.e.
From Lemma 3 it follows
lim | ¥V, ,8H()-V, =SH) ], =0.
By the completeness of L":;here exists h €Lg., such that
llm”h(o)“‘(V B, =0,

and we have h=1¢1’f, Settmgxh =V, it follov«s for all p=y"\ €U

(hys @) =V, e@./j.az>:<V1‘,,f.¢v>:(f,Vlinan.
Thus for all sufficient large n,one ‘has

<f':V;\_,,<p) =(f %w) = <%fﬂ\ Pr=1g, o).
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But lim (A, @)= (h’\‘ @), we conclude that g"= h” and consequently g=1 <1’f,

’i\?()w we tumn to study some relations between p- adic derivative and p-adic integral ,

Theorem 2 If f.D¢V’f€L4,r €N ,and [ satisfies condition ( » ), then
f=1 DS,

Proof By Theorem | the equality r=1 [D<”]] —yf is valid in the dlstnbutlon
sence ,Furthermore, for all ¢ =y’ “with ¢ € U we have

Srey=of v o)== DV v o) = (DAY ), i

hence the assumption on f implies f'=p7! [D“)jj/\'.By Lemma 8, we get lim "
DV f(ndr=0,and consequently the formula f=1 <1’(D<1’°f) by applyingnierr(l)ma 9,

For r>1itcan be done by induction,

Theorem 3 Let f,g€Lg.,ifg=1 ‘Y’ f r € N,such that llmf g(uw)du=(,and that
¢ satisfies the Condition ( + ), Then f=D<1"(] 7f), .

Proof We will show this formula by three steps for r=1.

First siep, We prove the inequality

g(x)=58(g;p™ x) + ( n28)(x) a.e, (1)
for m € N,Since g=1 ‘'’f€Li. . by Lemma 7, for vi() g'= 1f In view of the defini-
tion of p-adic integral lim |[g( ) - (Vly,,®f)( o), =0, there exists a subsequence n,—
oo, such that i
lim (V, @ﬂ(x):g(x) a.e,

n—»o0

Using the method of WFT for nk\m one has
VBN =SV, Bf p )+ V, _,8N(x) a.e, (2)
Note that D EL"' for every 2 < g< oo, S0
th(V] " S f; p™ o x) j g(x5u)D, (w)du=S8 (g; p™s x) a.e,
Taking limit in (2) we have g(x)—S(g.p x)+V, 8N (x)a.e This is (1).
By the way, from (1) it follows
(D{Vg) (x)=D{}’Stg: p™ x)+ DSVWV BN (x) a.e. (3)
T herefore
DR e F DR Ss P o ) = [ o+ 1D VY oD (4)
Second step, We want to prove
) lim |DSVS(gs p™s o) - f( o) |,=0. (5)
It follows by the method of WFT

SCf; pm x)—Zp _):A,,S(g. s xcPjp Y a.e.

= ~ 0o

Let

-m m- 1 p-1 N
Scfopxy=1Y, 4+ 1 Y A4, 8 pm xDip =4+,
k=—-00 k=-m+1 i=0

say ,For J, we have

M l,< ;%p Z (A, s (g5 p™y 0 Fjp " 1>Hq<2 4, e, p~™"
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hence lim_ I, J,=0.
On the other hand, for J,=DS$VS(g; p™ x), we get »
ISCA P o) =dy = IS p™s 2 )= DS b7 2 ) | = Iy (g0, m—>oo, (8)
and
IDLY (g p™ o) = fCo) |, IDEVS (85 p™s = Y =S(fsp™ o) |+ IS 0% )= fCen |,
so by (6) and Lemma 1, it follows
lim |DSY (& p™ o) = fle) |, =0.

Tuird step,We pro:'"gciiglm IDSV WV, BN (o) |, =0.1t is obvious V', _, €L
f€Lg, so that Vl,_",@fEL,‘{»,D,,f“(Vl,_,,,@f) € Lg.Then by the convolution theorem
and the formula of derivatives (DS'’(V, ,&N) =(fBDS’V, ), thus by the uni-
queness theorem

DSV, 8N (x)=(fR&DV, _)(x) a.e. €7
Setting G, (x) = (DS'V, _)(x) and by Lemma 2.3 in (43, |V, _,[,<Kp " K is a
constant, one can conclude

m—1 | A . o p-1 —|l
“Gm ”l "" ——Zm— pk jZoAJ'VI,-m o@-lp g 1) ”l_é(jgo ,AJ l)kzz_l(m_l)pk”Vl,—mnl

m-—1 ?
<{Kp™ Y, Py Y |4, |<M=const,

k= —~m-1) j=0

T herefore
1 /3G, |, < 1G85 f- S(Sfs p's o) |, + GBS p*s ) |,
< NG WIS, P o) =S |, + GBS s <) |,. (8)
The first term of the right hand side in (8 ) tends to ( by Lernma 1 ,and the second
term is ( when m>k, thus we have lim|1D,f,”(V1,,m®f)( °)|,=0,which is (7).
Now by (4),(5) and (7 ),wemé.g: D¢(g= f a.e.By hypothesis &= 1" it follows ,
D¢V UV f)y=f a,e.This proves the theorem for r=1,The general case r>>1 is then

done by induction,
The following theorem shows D¢ is a closed operator,
Theorem 4 Let r €P Denote by W, the class
= {feL§: 3D feLy lim f:.'f(t)dtzo and f is with Condition ()]
Then D7 is a closed linear operator over W, .
Proof Let r=1,and we take f, f g satisfying the followine conditions;
iy f[,eEW,
i) f,geLli.and f, g are with Condmon ( *),and 11m ftt)dt— 0,
i) im £, - f, =0, im [D1f, — ¢, =0.
Then we have to prove fGW and g=D(Lf,
In fact, since hm D¢V f, - g |, =0, we have for all p =y" with y €U
rim([D“’f] - o=o.
But (DU fF of), one has
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0=lim ((DVf,) - g @)=1im uf) - g} ®), 0 =¢', WEU,

therefore bn)??oi) e

wfye)r=(gh o),  e=¢vpeU,
which implies for these ¢

fru) =g wp).
Obviously {wp(v),¢ €U} is dense in L§. so f=0"'¢"in the distribution sense.Then by
Lemma 7,it follows f=1I ‘'’g thus I ¢!’ge&L&. In virtue of Theorem 3, D !>(I ‘Vg)=
#b.e DY f= g which means fe W, .,
For r’>1,one may verify by nduction,
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