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Relation Word Problems™

Lin Yuchai

(Yunnan Normal Untversity)

Let N={0,1,2, ¢} be the set of all nhatyral numbers, and let R and §
be any two (binary) relations on N, The pgoduct (referring to the relation
theoretic product) of R and § is the relation T on N;

T=(a,by| (Fc)(ac)eR & (c,breS) ).

In our paper we shall denote the product T of relations R and S by
T= RS, the inverse of the relation R by R ! the product of n R’s by R", and
(R"H" by R™",

The problem of deciding, for any given recursive relations R,, «-, R,
S,, S

R; =*R, = 8,5, is called the corresponding relation word problem, This pro-

., on N, whether or ‘not there exist iy s, i, € {1,-~, n} such that
blem is called the corresponding tansformation word problem if the relations
R, ,++,R,,S,, S, are all trnsformations . '

Since the associative law is satisfied for the product of relations, for
any given relations R,, R,, - on N, the set € ={X]| X:;R,]---Rim (R;, =, R, ¢
{R, , Ry, 1}, 0 #meN)} forms a semigroué with reépect to the product of
relations, The semigroup is called the relarion semigroup generated by relatio-
ns R,, R,, «-, and denoted by ¢ = (R,, R,, +«). When the relations R,, R,,
-are all transformations, the set ® = (X | X = R{ eR, u-(Ry, *+, R, ¢ (R, R,
oo}, €, =%1(j=1,+,m), meN)}| forma a group with rne:;pect to the product
of relatiohs. The group is called the transformation group generated by the
transformations’ R, R, , e, and denoted by @ = (R,, R,, ).

For a given relation semigroup ¢ :‘(R,, Rz, «es), - the problem of deciding,
for any two words X and Y (i.e., two elements) of €, whether or not.
X =Y s called the word problem for the given "relation semigroup, For a
given transformation group @ =(R,, R, , *), the problem of deciding, for any
two words X and Y of 8., whether or not X=Y is called the word problem
Jor the given transformation group . ‘

The main results pro’@ed in this paper are as follows;
(1) The corresponding relation word problem is unsolvable.

‘ Receiped Nov. 5, 1983 . Rebommended by Y ang An zhou
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(2 ) The corresponding transformation word problem is unsolvable,

( 3) There exists a relation semigroup generated by a finite number of recu-
rsive relations which has an unsolvable qud problem.

(4 ) There exists a transformation group generated by a finite number of

recursive transformations which has an unsolvable word problem.

1. Corresponding Relation Word Problem and
Corresponding Transformation Word Problem

Define relations P and Q on N as follows.
=1 la,bytaN & B=2a+1}; Q= {Ca, b) |aeN & b=2a}.

Then it is not difficult to show that

Lemma | . Let X =TT, ,Y=U, U, , where T ypeeeT, , U, , -, U ¢ {P,
Q). If X=Y thenk=7and T, =U,(i=1,,k).

Theorem |. The corresponding relation word problem is unsolvable .,

Proof. Let «,, - a,, B, B, be any 2n words on [0,1). For every
word g, = x, eex (i =1,+, n). We.define a relation R, =TT, on N,
where , for every‘jzl,---, Py T,./=P if x, =1 and T, =Q if x, = 0 For every
word g, (i =1,-+,n>» we define a relation §, on NJ in the séme manner ,
It is clear that R,, = R

[N

as S, v, S, are all reoursive relations,
It follows from Lemma 1 that , for any iy, ese, i €11, 1},

(!I ...ai”:: ﬂl,...ﬂim PN Ri"..R,‘ - Si ...S’_

Thus our theorem follows immediatly from the unsolvability of Post Corre-
sponding Problem,

Let T = jeee, -2, -1,0,1,2,++ be the set o: all integers. Define transform-
ations P and @ on I as follows,
P, a2a+1, (@=0,1,"); -~ (2a+1D)>-(a+1),(a=0,1,+); - (2a+2)>
24, (@=0,1, ). '
Q: ar»2a, (@=0,1,>= - (2a+1), >~ (@+1)(@=0,1,%+); - (2a+2 ¥ »>2a
+1, (a:‘o,l,...).
Then it is not difficult to show that
Lemma 2. Let X =T, «T,, Y=U, U, where T, , T, , U, »,U,c
‘P.O . If X-Y then k=/ and T =U, (i =1,+, k).
wefine an 1 -1 mapping f frem [ onto N as follows .,
Jioa »2a, (a=0,1, ) tat1lyr=2a+1,(d=0, 1, ).
Define transformations ¢ and n on N as follows:
(=1 'Pfs on=f"10f.

Then we have

N o
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Lemma 3. Let X=T, «T,, Y=U, U, where T,, «,T,, U, -, U,el¢,
n}y. If X=Y then k=/" and T,=U, (i =1, k).

Theorem 2. The 'correspondéng transformation word problem is unsolevable.

Progf-Let a;,+-,a,, By, Bn be any 2n words on {0, 1}. For evéry word
a; = X; *x; ( =1,+,n) we define a transformation K, =T,.‘---T,.r on N,

where, for every j=1,ee,r,, T,=¢ if x,=1and T, =n if x, =0, For every

Bi(i =1,+,n) we define a transformation §; on N in the same manner, It
is clear that R,,--,R,S,, -, 8, are all recursive transformations,
It follows from Lemma 3 that, for any j,, e i e{l,,n},
ai‘...aim: ﬂil...ﬂim@Ril...RiM_—_Sil...Sim

Thus our theorem follows immediately from the unsolvability of Post Corre-
sponding Problem.

It is clear that Theorem ] is a consequence of Theorem 2,
§2. The Word Problem for a Relation Semigroup

Let A(C_N be any given recursively enumerable set but not recursive,
By the well known Projection Theorem in mathematical logic there exists
then a recursive binary relation R such that, for any «eN,

acA & (I b)(Ca,b)eR) .
Define a relation S on N as follows,
S={<c,dy | (Fa,b)(c=2a+2 & d=2b+1"& <a,b)eR).

Lemma 4. The problem of deciding, for any c=2a+2 (aeN), whether
or not (c,c>eSS 'is unsolvable,

Proof. For any aeN, acA e () {a,b)eR) <((3d)(d=26+1 & (2a+2,
dYeS) ©<(2a+2, 2a+2%S8S ! &(c,c)eSS .
Hence our lemma follows from the fact that A°'is not recursive,

For every c=2a+ 2(aeN) we define a relation S, on N as follows,

S.=8U{<e,0>}.

Lemma 5. For any c¢=2a+2 (aeN), <{(c,c)eSS ! &85! :SCSC:I .

Proof. It is clear that §S 'CS.S. ', <(c,c)eS.S. ', and S, S,/ ' -85 !
is either the empty relation ¢ or {({c,c)}.

Hence, if (c,c)eSS ' then SS '=S5_S_'; and if <{(c,c)eSS 'then S§S !
L £S5

So far it is not difficult to see th.it the word problem for the relation
semogroup € = (S, S 1.8,,8, 1, 84 S, ', e+) is unsolvable, Hence, in order

Thus our lemma holds.

to show that there exists a relation semigroup generated by a finite number

of recursive relations which has an unsolvable word problem, 1t is sufficient
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to show that there exists a finite number of recursive relations such that,

for any c¢=2a+ 2(aeN), S. can be generated by them,

Define relations V, W,, W and §, on N as follows,
V=1<a,by | <ayb>=<0,3> v (3d)a=2d+2 & b=2d)  (3d)a=2d+3 &
b=2d+5)); | o |
Wo=1{<a,by | <a,b>=<0,0) . (3d)(a=2d & b=2d+2) . (3d)(a=2d+3 &
b=2d+1)};
W=HULCI8Y  — (40,251 So=8SU{0,0)).
Lemma 6. For any c=2a+2(aeN), S =V*"'w Wwes,.
Proof. Obviousiy
VAW W s (s i = L0,1) T (r,sy=La 00 (r0 & rEl & r=s)i
Hence V“''w WS =S,
Theorem 3. There exists a relation semigroup g generated by a finite
number of recﬁrsive relations which has an unsolvable word problem.
Proof. By Lenllma 5 and '6,_' for any c=2a+ 2 (aeN),

<C,C>,€SS I(‘—“)SS -1 :Va+1W0WaSOS(;IW ‘HWO» IWf (a+]>.
Hence, taking 6=(S,S ', S;,S, L, V,V L, W, Wy, W, W Y, by Lemma
4, @ has an unsolvable word problem, It is clear that S, S,,V.W,, W uare
all recursive, and then S ', S,', Vv !, W,', W ! are all recursive, tcu,
Thus our theorem holds, '

Corollary |. The problem of deciding, for any two recursive relations
R and § on N, whether or not R=S is unsolvable,

Yy 3. The Word Problem for a Transformation Group

Let A('N be any given recursively enumerable set but not recursive,
and let (JeA, And let ¢ be an total recursive function such that ryng @=A.

Nu'mber all ordered pairs {(m, n) on N with natura’ numbers 0, 1,2,
by any recursive method, and denote the code of the ordered pair <(m, n)
by {(m,n) still, For example, we may take the code of the ordered pair
{(myn)> to be (m,n) :—;—(m2+2mn+n2+3m+n).
' “Also number all ordered pairs (m, n) (n=+0) on N with odd numbers 1,
3, 5, «»« by any recursivé method, and denote the code of the pair (m n>
by (m, n). For example, we may take the code of the ordered pair .{(m,n>
o be (mn)=2""m+2"-1.

~ Define a transformation ¥ ‘on N as follows;
P: 2br> (b, (b)), (b=0,1,)s [(m g(m)Ir>{m, 0>, (M=0,1,°) 3
tmy nde>Cmyny, if g (m)sn, (m=0, 1, 5n=1,2, +).
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For every ( *ceN define a transformation p, on N as follows,

pe: (2kyc)—=(2k+1, ¢y (k=0,1,>)s [2k+1,c)>02k,c], (k=0,1,);
a—>a, if azt(m,c) (m=0,1,°), (a=0,1, ).

For every ( ==ceN define a transformation ¢, on N as follows;

0.: 2k, c)—>{2k+1, ¢y (k=0,1,: (2k+1,c)>2k, ), (k=0,1,);
{my, ny—(m, nd, if n=c, (my n=0,1, ).

Lemma 7. For any 0 #ceN, ‘c€A & po,p ' Fp..

Proof. If ce¢A then there exists an aeN such tha.t »(a)=c. Therefore

({2k+1L,e)p™t, if a=2k;

. 2a .
((2kycyyy b, if a=2k+1 *

<2q)¢051/f1= ({a,c))o.p ' = {

(2a)Pc =2a.

Hence yo.p !

=/,
If ceA, then for any ae¢N, @ (a)Fc. Therefore
(1) f ais even, let a=2(b=0,1,++), then
(argop 1=2b)YoY T = (b, p(b) oy = (b, p (b)Y '=2b=a.
(ayp. =2b)p,=2b=a.
Hence (a)yo.y '=(a)p. in this case.
(2) If ais odd, let a=[(m, nJ(m=0,1, »»»sn=1, 2, »=«), then
1" if n=£c, then _
(@) ypo.y 1':([m,n])wacy' b= ({m,pr)oy ](P:/‘:C'): (<{m, p))ip'l:im,n]:a,
(@p.= ((my n))p, = (m,n)=ay
2° if n=c, then
(@ypop "= Clmy Doy '=my, Hroyp !
_{ (K2k+1,enp y if m=2k; _{ (2k+1,c), if m=2k;
U (k,enpt, ifm=2k+1 \ (2k,c), if m=2k+1,
(2k+1, ¢c], if m=2k;
[2k,c), if m=2k+1.
Hence (a)yo.¢ ' = (a)p. in this case,

(a)pc = ([m9 C])pc = {

Therefore po. ¢ ' =p, .

So far it is not difficult to see that the word problem for the transfor-
mation group @ = (¢, 0, ,p,» Oys Py *>) -is unsolvable. Hence, in order to show
that there exists a transformation group generated by'a finite number of rec-
ursive transformations which has an unsolvable problem, it is sufficiant to
show that there exists a finite number of recursive transformations such that,
for any 0 %=ceN, both ¢. and p. can be generated by them .

Define transformations ¢ and 7 on N as follows,

g =0,;;

1. (my 20 + 20> (my 21+ 4), (i, [ =0,1,000)5 (m, 21 +3)—>Cmy 20 + 1), (m, 1 =0, 1, +s)s
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Cmy 15 >Cmy 25,(m= 0, Lyeee)s <my 0)—>(m, 0)>,(m=0, 1, «e) .
Then we have
Lemma 8. (i) o,.,=t ot LU=0,1, )50y, ., =Tor L U=0, 1, e,
Define transformations p and 7 on N as follows,
P =P )
m: Om, 20 +23>Cm, 21 +43, (my [=0,1,%)5 Um, 2l +3]—~(m, 21 +1],(m,
L=0,1,%)s [m, L21>Um 23, (m=0,1,°)5 2b—>2b, (b=0,1, ).
Then we have
Lemma 9. (i) p, =7 “"Vpr' ", (I=0,1,); (ii) Py =mpr U=0,
1,00, -
Theorem 4. There exists a transformation group & generated by a finite
number of recursive transformations which has an unsolvable word problem.
Proo‘f. By Lemma 7, 8, and 9, for any 0 #ceN,
ceA o @l)e=2+2 & IRs ”H)arlﬂllf‘l;f:n*(““pn[”'
V(3IXe=20+1 & ypror Ty iEren D, .
Take 8 =(y,0,7, p, 1), then @ has an unsolvable word problem. Clearly ¢,
o,1,p, n are all recursive transformations on N. Hence our theorem holds.
Corollary 2. There exists a semigroup ¢ generated by a finite number
of recursive transformations which has an unsolvable word problem.
Obviously Theorem 3 is-a consequence of Corollary 2 and therefore of
Theorem 4.
Corollary 3. The problem of deciding, for any two recursive transforma-
tions ¢, and ¢,, whether or not ¢,=¢, is unsolvable.
Corollary 4. The problem of deciding, for any two total recursive func-

tions. ¢, and ¢, whether or not g, =g, is unsolvable.
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