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A Pointwise “o0”Saturation Theoremsx
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| . Suppose du,(p€ ) is a non-negative Borel measure on [ —r,7] with

1 rx
) dmn =1
For k€ N, denote

akﬂz%fj coskx du,(x),

bkﬂ:'%jﬂ sinkx du,(x).

-
We introduce the positive convolution operator L, as follows; for fé& C,,

we have

L,(f x)=(f» du,)(x) :—L—f” fx+ydufr).

In 1971, R. A. DeVore ([ 1 ])showed that for non-negative even Borel

measure du, and kK€ N,

p=py
If fe C,,, then for -each x€ (- n,7),
f(X) ?;L,,(f,x)rox(l dalp)q p "P0>
¢
iff f=const.

” saturation theorem for posi-

In this paper,we give a general pointwise “o
tive convolution operator ( not necessarily even). As application, we also give a
pointwise Curtis theorem( (2] )

2 . Suppose q),,»(f( p~>pg) . Let x be a point in[ -, 7],such that for each

neighbourhood U, of x, we have

IU du, () Fo (@), (p»py),

then we say that x is an essential point. Otherwise, x is a negligible point.De-
note M =max f(r). When x,€ [ —n,7]with f(x,) =M, we let

¢ < x

M (x,) =1{r |1 is an essential point and f(xe+1) =M ,
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mo= N

e o) M M (xy)
We need two following lemmas(see[ 1 7).
Lemma | For each xel -z, 7 1]let
S) =L, (f,x) = 0. (p,) (p =005
If x¢ m, then x is a negligible point.
Proof. Suppose x ¢ w;, there exists xoe [ — 7, 7] with f(xy) =M, such that
x e Mxy). Then eitst x is negligible point or f(x,+x) <M. In the latter
case, let
U,= {t‘f(x0+t)<;%(M+f(x0+x>) [

U, is a neighbourhood of x and

1 1
2—”—(M—f(x0+x))ﬁ du,(t)'\\fﬂ-fr (f (xg) = f (xo+1)du, (1)

\,17;}’ (f(xo) = fxo+te))du,(t) =f(xy) —L,(f, x) o, (@,).

Since x, is depend on x,we have
JU du,(t)=o0,(p,) , (p>P0)s

and then x is negligible point.
Lemma 2. If for each x&¢[ - =, 7]
S(x) =L,(f,x)=0,(p,) , (p-»py)
and f “=const,then m has only a finite number of points. Furthermore,if x is
any point in M, then x= 2 ra, where «a is rational.
Proof (seel[1 D).
It is induced by the lemma 2 that if for each x€ [ - =, n]
[(x)—L,(f,x)=0,(p,)
and f==const, then there is m € N, sueh that

ng{k—”lk: 0, 1,2,
m /

Let
_ oy rkr_x km om o
I;:Qm[-’—"— 8m’m+8mJﬂE 7[,7[],
S=[-r,a]\1.

Since eaeh point x € S is negligible, we may use a compactness argument to

show that

Ldu,,(t) =0(@,), (p>py).
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3. Using the above fact, we can prove the following pointwise “0” satura-

tion theorem.
Theorem | . Let{L,} , ., be a sequence of positive convolution operators

(not necessarily even), Suppose that for v 4k€ N we have

,,li,,m '1“a2k.p" ‘bZk.p' ’: 5> 0 .
0 ¢/I

If fe¢ C,,, then for each x€ [ - =, n]
SO ~L(f,x)=0,(@,), (p=p)
iff f=const.

Proof The «if” part of theorem is obvious. The proof of the “only if”
part is based on a trigonometric analogue of parabola technique of Bajsaski-
Bojanic ( [ 3] ) . Since f€C,, and for each x€ ~—x, 7]

SO =L, (fyx) =0,(p,) , (p>py)s
but fZ=const.,by subtracting a constant,if necessary, we can suppose that
fC-m)=f(x) =0 and M =max f(x)>0. We consider two cases as follows :

When 1 -ay, ,>|b,, , I: set

h(x)=—-M sin’mx + 2 M.
Then A (x)>f (x)on [~ =, 7]. Let

C=min (h()~f(x)) 0.
rer

Then A (x)-C>f(x)on I,and for some y€lI
h(y)y-C=f).

Since

h(x)~h(y)=-Mcos2 mysin"m(x+ y)—%/[—sinz mysin2 m(x—-y),

then

x

T o -k )da, -y = —%tl ~ 3,,) COS2 iy + by sing my) |

-
Because cos2my >0as y€ I, hence

2 (1 ~ay, ,= b 0> 0

(1 Ty, ,)COS2my +b,, ,sin2 my 2

and then
4 2

[ theo-n AU, (=)= EM (L =y, = [bagy )70 -
-

By lemma 2,
4

il \ _ 1
—n[_ral () ~h (y)ydu,(x ~y) =—]

1 2
-;fs (h(x)—h (y))da,(x—y) Q—V—zl—M(l ~Q3m ,~ bam ) +o(p,).

(h(x)—h (y)rdu,(x—-y)~-
r
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Since f(x) ~ f(y)<h(x) —h(y) on I,we have

LSy~ =" (fo-7) dux=p :—I—L(f(x)~
. T

Sy du,(x— y + o(w,)ur%f (h(0 - h(»)du,(x-y) +o(p,)
g NTM\/‘é—(l T A, ’b2m,,v !)+0(‘pp)'

Hence
lim | LCfow - S ]
PPy @,
When | by, | > 1 = a,, > 0, set

h(x) = - Msgnb,, sin2mx +2M.
Then A(x) > f(x) on| - z,7].Note that

h(x) = h(y)=— M sgn b, , (cos2 mysin2 m(x—y) ~2sin’m(x~ y)),

'2
= My, 0.

Lfl Ch(x) —h(y2du,(x— p
T -

=~ M (|b,,., |cos2my —sgnb,, sin2my( 1 — ay,, ,))

“%M(iblmvpl‘;flAaZm,o)) O,-
Similarly, we have
e s
LCfoy - f(» :—}[-] (fix) — foy) du,(x— p- —32~%M( Ibz,,,_,, } - (1 -
Hou 7

Ay, ) ol

therefore
lim pr(fa)’)”./(}U‘
noEpy (pﬂ

72 My, 0.
As the conclusion of the above dicussions, we must have f(y) - L, (f, »

/fo,09,), which is the desirable contradiction and therefore M= 0 . This shows
that f(xi 0 on[-x,7].To show that f(x) >0 on[-r,7],we may consi-
der - f insfead of [ in the adove argument, and complete the proof of the
theorem.

Specially, if du,is even and ¢,= | — a,, then theorem |1 is the pointwise
“ 0 Y saturation theorem of Devore( [ 1 ])

It is evident from the proof of theorem 1,that the limited condition of

theorem | may be replaced by the following weaker condition,i.e.,for v &N,

lim |l =@, [hw, [
=8 2,

- wk ().
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We consider two example as follows.
Example | For feC,, let

n
An(f,x)zf flx+0)dé1 (¢)
-7 n
where dJ is a Dirac measure. Then for k€N, we have

1 —ag,=1 —cos—k, bk,,:sin%,

n
Taking qz,,:b,,,~7, we have
lim ] 1 = 0™ ,b2m,nl |:2m
n—»oo wn

It follows from theorem 1= that,if f& C,, and for each x& [~ 7, x]

F(0 = ACfy0 = (0 — flxta)= o, (1),

n

then f(x) =const.
Example 2 Suppose

(1 L z
dup (1) = (1 ==-2d6, (1) +J_nd6_;_( 1)
Let for f€ C,,,
A0 = (fedu)y(x)

Then for k& N

1 . 2k ]. . 21(7[

- = . - ==
1-a,=20C1 x,'n)smzrzysnsmzl .

_ 1 k1 km
b.,= (1 \3’7_)sm—n—+\‘75m—2

Taking ¢,= bz,,~—i—, we have

tim |1~ 8mn= | Brm,n | | o { 2s m= 2s,
" P + oo m=2s—-1.

It follows from theorem 1 that,if f€ C,, and f(x) -4, (f, x = ox(%), for

each x&¢ [-=r,7], then f(x)=const.
4 . Now, suppose du,(t) =T, t)dt, where T,( r) is a non-negative trigo-

nometric polynomial of degree n with

1 JT

—~f 7,0t dr=1.

T -7
Writing

T T

1 —a., :%J sinZ%T,,(mdt,bk" :% sinkrT, ( rydr.

T

- T
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For fe C,,, let

Falfox) = (f*T)(x),
that is called positive trigonometric convolution operator. In 1965, Curtis( [2 ] )
have shown that 7,( r) is non- negative, even trigonometric. If f& C,, and

L on’ =g, o el 0,

noo-

then f=const.
Based on Theorem | and the foliowing Curtis lemma, There s a ¢, ~ 0,

such that for any integers and & with n>» Lk =»1,

k

n-

5

1 T . :/([
-zfAjsm 7Tn(r)d/ -C,

We give following pointwise Curtis Theorem.
Theorem 2 Let !¢, .. be a sequence of positive trigonometic

convolution operators (not necessarily even)and b, , =oln 7)), for v +& N,

v

If f€C,, and ltm n | fix) — ¢, 0f,x | =0, foreach x& (—xz, 7 ,then [ conni.

"o

Proof For any integers n > k -1, it bollows from the Curtis lemma that

5

2
[gfﬁnammxzag
& H

1 -, T—

«

Take ¢, - n °. Then for v k€ N and n * k 1

v

1 - ay R

%‘n_ 8 Ly A

Pn

Hence
1= awy ., — | b [ o

goo=  lim ‘ SR ‘ SRR ‘ =8 C, k- 0.
1 m 0

o Pn

By theorem | . this complete the proot of the Theorem 2 .
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