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T. I ntroduction

Let (ay;, ay;, ==, a,/j)( 1 <j<k) be sequences of length ¢,, where a,,>>0 and n=
I + 1, ++ + 1. Let ay,a}, -, a, be the a;, (1 <i<t;3 1 <j<k) arranged in non-dec -
reasing order; a;<{a,< < a,; and aj, a3, -, a; be the a,, (1 <i<r;; 1<j<k) arran-
ged in non-increasing order, a}>>a;>+->a,. We also write

(al s az» .es, a,,) = (a“ ’a;v “n . ...,a*l'k, a’;k’ ver, a’:kk) s (1.1)

(a},ay, *, a,) = (ay, ay, ---,a;ll, oy Al Gor 58y ) (1.2)

In {1),H.Mine established the following rearrangement inequality,

IZ[ (1 +ay_,ay), if 2|n
i=1

IKI (1 +a]'az-"'a )g (n—3)/2 .

=1 o v H (1+a2,—10 (1 Fa zan 1:')9 if 2 4n.
i=1

(1.3)

Later he generalized in (2 ) the result,and proved the following theorems,
Theorem | Let n,>r. > >0>1 11 a,-,<1 (1 <i<t;; 1< j<k), then
K
)3 Ha <y Ha : (1.4)
izt 0=t =1 =1
If a,>>1(1<i<r;; 1<j<k), then
k ! k :
2 H aijS;Z Ha?j- (1.5)
=1 7= =1 i1

Thoeorem 2 Let f,>1,>+>1>>1. Then

IKI i 02> :ﬁa’!’j,- | (1.6)

j= i=1 J - i=1
Theotem 3 Let h>6L>e>0> 10 a,, <101 <Ji<lt;; 1 < j<k), then
ﬁ (1 +ay;aya,) &[ (1 +a,1a2,~~-a, ;) e (1.7)
If @ >101<li<{t; 1<j<k), then
[T (1 +ayayma, p< [T (1 +afasmal ). (1.8)
j=1 ! i< !
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If the condition 11>t2>--->tk>1 in any one of these theorems is changed
to 1,70, >>+=>>1,>>1, then the a;, and the a, should be changed to each other
in the conclusion of that theorem,For example, if 1 <t,<+.<t,, then the inequa

lities (1.4),(1.5) and (1,7) become

k k
o JTa,=d [1a (1.9
J=1 =1 ji=1 P=1
k ! k !
Z Hal/<; L I_I al/ (1 )
Jj=1 i=1 j=1 i=
k k
and Hl( 1 ‘*auaz/‘"'ar,j’f\.ﬁ (1 *(If,a§,-'-”;,j)s (1. 10)
7= ’ i

respectively.
Theorem 4 Suppose 7,>/ (1 < j<k),where / is a positive integer,Let
q:[{‘] ~1.If a,,<1 (1<Ci<<t;; 1<Cj< k), then
E H“w* 11 «. (1.1D
J—l ,': v=Iq+1

1
' 1 [ n
n alj,,, Z I_[ sivv T a,. (1-]2)
J~1 i=1 - B VES!
Theorem 5 Suppose ¢, >/ ( 1< j< k), where | is a positive integer,Let

¢=( 5] 1. Fa,<1 ci<icng 1<,:j<‘: k), then
€1 +alj"Z/"’azj)ﬁlﬁI (1 +dy ay geeedy )L+ a*/‘qJ(l:Hz'--a:). (1.13)
j=1 ! 5=0
I a,,>1 (1 <i<t;, 1< j<k),then

q-1
IAI (1 +ayay0a, )< H (1 = aly @ a1 +a), ay, yody) . (1.14)
=1 s=0 -
The proof of Theoremsland 2 in [ 2] relyed on some inequalities due to
Ruderman t37
One of the purposes of this paper is to establish another kind of arrange-
ment inequalities which are in the following theorems,

Theorem 6 Let 1,>n>,>1.1f a,, <1 (1 <i<t;, 1 < j<k), then

S

k
~ _ 7 7 oo 7 I
a]jazj---a,Jj)_/ l | (1 —ayay a,}j). (1. 15)
7=

k
H 11~ al/azj'"a,j,'Z H - af,-a;j'"afl,- i (1.16)
is

J=1

If a,;>1 (1<i<t;s 1< j<k),then

If the condition £ >¢,>+1,>>1 in Theorem 6 is changed to r, >t >>1>

1 ,then (1,15) should be changed to
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k k
[T 1 -ayaymea p=]] (1= afjalal ). (1.15)

J<1 j=1
Theorem 7 Suppose ¢,>>] (1< j<k),where / is a positive integer,Let ¢=
(7)) - 1.0f @<t (1 <ti<in, 1< j< k), then

k -1
(1 —ayayeea, ;)> h (1 —d}yayy geeedy )0 1 _a:q.;la’:(HZ."a:)' (1.17)
J=1 ! 5=0
If a;;>1 (1<i<y;, 1<j<k),then
k -1 , ’ ’ ’ ’ ’
H | —al,-az,-"'a,,j|2h |1 —ag g goag, |0 |1 —a, dy 500a, [0 (1018
/=1 $=0

The other purpose of this paper is to provide a simple proof which is an
unified treatment for all the inequalities in Thecrems ]-7 except the inequality
i1.12),and the treatment does not rely on the Ruderman’s inequalities.

We also point out here that the inequality (1,12) is not correct,When gq,;
>1, the inequality (17) in [ 2] is not true,so the proof of (10) there (our
(12)) 1is incorrect‘.This also can be seen from the following counterexample,

Let k=2,1=3,t,=4,1=2,and

(ay, ay, ay) =(1,1,2),
(Gyyy Gy Ay, Qo) = (3,3,4,5) .
Then the value of the right-hand side of (1.12) in this case is
1«1 +2<«3+3¢<4+5=67;
but the value of the left-hand side of (1.12) is
1e1+2+3+3+4 =182,
According to (}1.12), we would have
182<C67,
which is impossible,
[I. Lemmas
We first prove some lemmas.
Lemma | Let (¢, ¢, e, c,) and (g ,, G, ,c, ) be two non-negative

sequences of length p and length g, respectively, Let c{,c;,-, ¢, , be the ¢

. i ‘ . i B et s !
(1-0i<l p +¢jarranged In non-decreasing order, ¢+ g, e 0, 4y

be the ¢, (1 <li<{p+gq) arranged in non-increasing order, C?_}(‘;Z-"zc;t oLet
p>q>l,where [ is a positive integer ,Then

* ] *
and cy, ¢y, *, ¢, ,

(¢ +0y oo 4(.’)((.F LT, PR re, yq)f;.((_*] +(_*2 F oeee +(72>(C;,1 + C:*z 4 oeee + (-:'q) (2.1)
If c,<1(1<i<p+q),then _
(L4060 c,) (1 46, CpyCp )< (1 +C)CC,) (1 +Ch 0 g2eCh )y (2.2)
(1 =crepec,) (1 = Cpi€ o€ Y2 (1 = €1 Chemee, ) (1 =€y (CpgoeChy)y (2.3)
clcz---c,,+C,ACA2---Cp+qgc/,c;---c;-«» C';.,c‘;*z---cgq., (2.4)
CLCaessCyt €1 €y 2200 Cy L YO 0T + T, €1 00000 (e (2.5)
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And it ¢, >>1 (1 <i<p+gq),then

AN ’ / ’ ’ N
CyCyeesC , + CpiiCpapteCy, q{, CyCy*esC) + € (€ **Cp-1q (2.6)
v e . . * *. . * * * .e »*
L o A L O, S S T S ST S ST T Ta N (2.7)

Proof Without loss of generality, we suppose that all ¢,

troduce the following notations,

are positive ,We in-

n . \
Sl = l,Clv ('29"'9(‘;7}’ SZ - {Lp+1~ Cpty s Cplgls
. * * S . o o »*
Sy “(Ch029"'7(p1"7 ;7 J‘(p+1‘(p»29"'9cp+q}s
14 - ‘/ _/ /‘ / _ ! / / \
S, = {cy, Cry***y Cpiy S; = {Cp~19 Cpuos®*sChighs
* *  * * * * i~ *
SS:{CI’C29...’C/}' . 4:{(./"'1’([*2’...7(1[)*(]}'
/ ’ ’ /7 7 o ’ ’
S3 =10y, (‘29"'~C[}e 4= 10 1 Crags "'9('p+q}e
and
d,, sum of the elements in S,NS;, e . sum of the elements in S, S},
d,: product of the elements in S,NS;, e,, product of the elements in S, S|,
d;; product of the elements in S,S}, e,. product of the elements in S, S},
d,. product of the elements in S, S], e,, product of the elements in S,NS],
/1. sum of the elements in S,NS;], g,. sum of the elements in S,NSJ,
/3. product of the elements in S,S,, g,. product of the elements in S,MNS),
fy: product of the elements in S S;, ¢,, product of the elements in S,N\S},
fi: product of the elements in S;°S;,, g,. product of the elements in S,NS,.
Since
dl . \/! ST Oy T, @) g =c, t (-p+2+... +Cpig
_ * * S . * ¥ *
di+ e =c)+ 5+ e +cy, fitg S T S R TN
CLECy+ et <‘p§fff + (-; 4 oeee + C:,
R <yt "‘*CZSCT + O3t e +C:’
we have
fi<e, and &, <d,.
Hence (e, - fi)td,—g)>0,i.e.d\e,~ fig,>d, f, +e,g, . Therefore,
(dy ~ fte, +g)>d +e ) (fi+g).
This is 2,1,

Now suppose ¢,< | (| < j<p+qg).Since

dz /2 SO0,y a8y T, Ot g

I3 ’ ¢
dye, = ¢} cheeec),

c o<

p-1Cp 2"
- o / ! »/ -
C ILZ."Cp§:(q~ l(ll* 2-..(‘0"1

we have e, f, and d,<  g,.Hence

dyey+ fr&,>dy [~ e85,

This is (2.4).From (2.8).we have

p‘l(p*Z".(p’
f?z(p'l(p+2

te,— fHredy,— g,y >0,i.e.,

. ' ’ ,
flgl = ('p+1()p*2".(,l"q s

q°

g

(2.8)

(1 =dyey) (1 = fogy 20 L ~dy fy00] ~ey8y),
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(1 -dye))(1 - f,e)< (1 —dyf))(1 ~e,8,).
These are (2,2) and (2.3), respectively.
Since
dyfy=c1CoeeC,yy €383 Cp1Cpu i Cply s
dyey=cjcheecy, fi&3=q", 167+ 2""C;+q’
R R S T G S TS QT
Cp*le+2."CP+ngTC;".C:éC‘TC;."CT’
we have e;> f; and d;>g,.Hence (e;- fi)(dy—g,)>>0,1
dyey+ f1g:>dy [y + ey
This is (2.5).
Now suppose ¢,>1 (1 <j<p+q),
Since
dyfs=cicy0ec,, €484 = Cpi1Cpia**Cpigs
dse, = C;C;"‘C;y f4g4:C//+1C//+z“'Cp+q»

€y Cyeeec, <c

q+1 q+z'"C <CI+1CI+'".Cp+q’

CperCp+2"C +q<C 1Cpaget p+q§f1+1cl+z‘"c;+q’
We have g¢g,>d, and f,>e,.Hence (e,- f,)(d,—g,)>0,1i
dyey+ fag,>dy fo+ e84,
This is (2.6). -
Since
dy fi =€ ¢yeeecy, €1 8y :Cp+1Cp+2n.Cp+q’

*
eee(C

R P *
dye = CyCaeeCp, fig = prq

CpirChrz
cy Cz"‘CpSCTC;'"Cp»
CP+1Cp+2".Cp +q£CTC;"'C*<CTC;°"‘C:’
we have e, > f, and d,>g, .Hence (e, - fi)d, —g)H)>0i1.e.d,f, +e,g,<d,e + fig.
This is (2.7). i
Lemma 2 Let (¢, ¢+, c,) and (c,,, C,,,,C,. ) be two nonnegative
sequences of length p and length ¢, respectively,and p,q>/,where [ is a positive
integer If ¢,<<1 (1 <i<<p+4q) and the sequence (c, =, ¢,,C,,,,C,. ) IS non-
increasing,or ¢;>1(1<i<<p+4q) and the sequence (cy,++,c,, C,,,*",C,. ) I8
non~decreasing, then
C1CyoeeC +Cp+1 p+2 'Cp+q<C1C2'"CI +C1+1CI+2"'Cp+q, (2.9

(1 + €100 ))( 1 +C, 1CpugronCy (1 +0yCpeeec ) (] + C,+1C1+Z-;4Cp+q), (2.10)
(L =creyeeec)(] =€y 1CpyeeCp ) > (1 —Cyyeeec) )L~ € GuypeCyy)e (2.11)

Proof First suppose that ¢; <1 (1 <i<p+gq) and that the sequence (c,, -,

Cpy C

pa12 s Cpy ) 1S NON-increasing. Sinse

126,16, C,

ClCZ.'.C/2Cp+q—l+lcp+q—l'+2. p+q>cp+1 p+2"Cpiq 0
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we have
L B T o L N L A SR NP LLT A o LS (2.12)

This is equivalent to (2,9),and then to any one of (2.10) and (2.11).

Now suppose that ¢,>1 (1 <i< p+g¢),and that the sequence (C1,Cqyteey €yl )
is non-decreasing,Since
pea 11 p-g-1 <2 aCp i 1Cp iy Cp g
(2,121 and (2,9) still hold, ]

Lemma 3 Let 0 <c, <1 (1<i<p) and p>/,wkere / is a positive integer,

Then

1 <00 Oy goeeCpy € CyoeeC, < C c o

C]CZ."Cpéclcz."C/ TGty (2.13)
Lreyegreec, K01 0 s (L +0L Gy peeeC,), 2.1
I =0 CyeeeC, > (1 =€ CaoveC )0 = QL (G pooeC ) (2,15)
Proof Obvious, |

It. Proof of theorems

Applying (2.4),(2.7), (2.1 (2.2) and (2,3) repeatedly, we have (1,4),
(1.5), (1.6),(1.7) and (1.15), respectively,

Applying (1.9), (2,9) and (2.13> repeatedly ,we have (1,11) .

Applying (1,100, (2.10) and (2,14) repeatedly, we have (1.13) .

Applying (1,15 ).2.11) and (2.15) repeatedly, we have (1,17) .

Applying (1.7),(1.13), (1.15) and (1.17) to the —1-when a,>1 (1<i<1t,,

ty

1< j-" k), we have (1.8),(1.14>, (1.16) and (1.1%8),respectively,

References

! H Minc¢, Bounds for permanents and determinants, Linear and Multilinear Algebra, 9¢1980), 5 —16.
oy -, Rearrangement inequalities, Proceedings of the Royal Soc.of Edinburgh, 86A (1980, 339—
35,
£37 H.D.Ruderman, Two  new inequalities, Amer.Math_Monthly, 591852), 29 —32

— 510 -—
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



