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In this paper we define a topology that we call canonical on an irreducible
module for a topological algebra. Under some additional conditions we prove
theorems of the strict density and the uniqueness of the topology for a primi -
tive locally convex F-algebra, We also show that a locally finite primitive local
ly convex F-algebra is finite dimensional ,

All our spaces and algebras are over the scalar field K, which is either the
reals or the complexes, By modules we mean algebraic right modules. We fol -
low [ 1] for notations and terminologies not stated here in general algebra,

By a topological algebra we mean an algebra having a vector topology for
which the multiplication is separately continuous i.e. the operations x-»xy and
x—yx are continuous for every y in A, An F-algebra is a complete, metrizable
one. A module M for a topological algebra A is called a topological A-mod-
dule if M is a topological vector space such that

(x, a)>xa, M xA-M
is continuous for each variable,

Let A be an algebra, An A-module M is irreducible if it has no proper
submodules and MA={Xma, m€M, g€ A}x(0).M is faithful if 0*a€A implies
Ma#(0). An algebra is primitive if it has a fait ful irreducible module.

I Now we come to introduce the canonical topology and discuss briefly
its elementary properties. _

Let A be a topological algebra and M an A-irreducible modume. Thus
M =mA for every 0#mE&M. For a fixed 0%m €M, the mapping

. A->M; ar>ma,a€A
is obviously linear and onto, which therefore induces a quotient topology T,
on M, The kernel of this mapping is (0:m)={a€A: ma=0}, So the quotient
space A/(0:m) is topologically isomorphic to the topological vector space M(T,)
It follows that T, is separated if and only if (G:m) is closed.

It is easy to see that T, is independent of the choice of 0£m &M, This
topology is called the canonical topology of the A-module M, and denoted byT,

Lemma | M{T] is a topological A-module. Moreover, if M[(T;]) is a
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topological A-module too, then T,CT.
Proof Take any 0£meM, we have M =mA, For any acA, x=mbeM

(beA) and UEN(A) . (We denote by N(X) or N(7) the neighbourhood system
of zero in a topological vector space X[7].Since the mappings yr>by and yr»ya
are continuous from A to A, there are V and WEN(A) such that pVC U and
Wa(CU. Hence x(a+V)Cxa+mU and (x +mW)aCxa +mU, This proves the mo-
dule operation is separately continuous (to M{T)). So M(T]is a topological
A-moduie,

If T, is another A-module topology on M. For any VEN(T,), since (x, a)
r>xa is separately continuous (to M[T,)), there is UEMN(A) such that mUCV,
but mUEN(T). So VEN(T), this implies T,CT.

Lemma 2 MIT) is separated if and only if (0:m) is closed for some

(hence every) 0£meM,

iLet D=End,(M) denote the set of linear transformations f on M satisfying
flma) = f(m))a for all m&éM and a€ A, Then every f in D is one-to-one and
onto by Schur Lemma [1,p171]. .

Lemma 3 Every f€D is continuous on M(TJ,

Proof Take any 0mé&M. It is sufficient to show that for any UEN(A),
there is VEN(A) such that /(mV)CmU. Assume fm=+(0 (otherwise, f=0), taen

(frm)A=M and T=Tsm Since mUEN(T), there is VEN(A) such that (fm)VC
mU. But (fm)V = f(mV).

Lomma 4 Let A be a topological algebra. Suppose I=¢A is a minimal right
ideal of A, e€A with e’=e. Then both I and (1-e)A are closed, and A -=va
B (1-e)A (a topologically direct sum).

Proof- Let x,€eA and x,—~x €A, then ex,»ex. But ex,=x, s0 ex =limex.=
limx,=x.1t follows xeA.So ¢A is closed, That (1-e)A is closed can be proved
by same way. {

Since ar»ea is continuous, A =eAfpP(1-e)A is a topologically direct sum,

Theorem | Suppose A is a primitive topological algebra with minrimal one
sided ideals.Then

(DA has both minimal right ideals and minimal left ideals, all of them are
closed;

( 2) every minimal right ideal is an A-faithful irreducible module and
the canonical topology coincides with its relative topology ;

{ 3) the canonical topology of every A-faithfu!l irreducible module is sepa
rated, Moreover , all of A-faithful irreducibie modules (with the canonical to -
pelogy) are topologically (module) isomorphic one another .

Proof. Theorem 7.5.,2 of (1] shows A has both minimal right and left



ideals, and they have the forms eA and Ae which are also right and left faith-
ful irreducible modules for A, with e€ A and e’=e. All of them are closed by
Lemma 4, This proves (1).

Let 7 denote the restriction on eA of the topology of A, Then Lemma 1
shows 7T (the canonical topology of eA). On the other hand, every VEN(T)
has the form eU with UEN(A). Note that U(JeA €N(1) and UNeA=e(U[eA)
—eU, we have eUEN(1). So 7OT and hence 7=T and (2) is proved,

Suppose M is any A-faithful irreducible. Since eA=:£( (), there is mE€M
such that meA5~( 0 ). It follows that meA =M since M has no nonzero proper
submodules . The mapping eA>M: ea—mea, a€ A is obviously an A-module
homomorphism from eA onto M, On the other hand, it is obvious that (1- e)A

C(0:me) and hence (1-e)A = (0:me) since both of them are reguiar maxi -
mal rigut ideals of A'»P15), This shows mea= 0 if and only if ea=0. So the
mapping is an A-module isomorphism. For any U<N(A), eU corresponds meU
under this isomorphism. It follows that M i topologically isomorphic to eA(each
has the canonical topology). The proof of (3) is completed.

I Let A be a locally convex F-algebra and M an A-irreducible module.
Then M[T)] is a locally convex F-space, We assume that the canonical topology
T is separated.

Lemma 5 D=Enda(M) is isomorphic to either the reals or the complexes
or the quaternions. In particular, if A is complex, then D is isomorphic to the
complexes.

Proof Take any 0£meEM. Let B={bh €A: b(0:m)C (0:m)} be the idea-
lizor of (0:m).Since(0:m) is closed,B is a closed subalgebra of A and (0:m) is
a closed ideal in B.thus the quotient B/((:m) is a locally convex F-algebra,

We prove D is algebraicly isomorphic to B/(0:m). Let f€D, f+#0. Schur
Lemma shows fm+#0. Thus there is a,€A such that fm=ma, since M =mA.

It is easy to show that a,€B and f—a,+ (0:m) is an algebraic isomorphism
from D onto B/(0:m).

This isomorphism induces a topology on D which makes D a locally convex
F-algebra. Since D is a division algebra (Schur Lemma), the desired conclu-
sion follows, by Theorem 9, 4 of (2.

Corollary 1. If A is complex and M is faithful, then A is strictly dense
on the vector space M, i.e., given xi, e+, x,3 yi, ***, ¥, iD M With x;, e, x,
linearly independent, there is a € A such that y;=xa for i =1,2,.,n,

Proof. By Lemma 5 and the Jacobson Density Theorem{bP172),

If A is pot complete, then Lemma 5 does not necessarily hold. [ 3] gave

a commutative, locally convex, metrizable complex division algebra C (1),
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which is not isomorphic to the complexes.C(s) is itself a C(r)~faithful irreducible
module and End¢ ,(C(r)) contains C(r) and hence is not isomorphic to the com
plexes,Another example of [4,ppl141-146] shows Lemma 5 is not true for (not
locally convex) F-algebras either. '

Theorem 2 Let A be a locally finite (which means every finitely genera-
ted subalgebra is finite dimensional), primitive locally convex F-algebra and M
an A-faithful irreducible module with the canonical topology separated. Then
A is finite dimensional,

Proof. Suppose |-
of A with |
as a left vector space on the division algebra D, is infinite dimensjonal (since,

. 1S a sequence of seminorms on A giving the topology

.

13---[2’9293. Assuming A is not finite dimensional, then M

<Lt 2= N
by Lemma 5, D is a finite dimensional algebra on K, and M is an infinite
dimensional KAvector space). Take any 0£m €M, We shall show by induction
there is a sequence my=m, my, m, <-+of D-linearly independent in M and a
sequence x,, x, °*in \ such that m,=mx,(1<r<<n) and |x, -~ x,[,<<2 " for all
n. Since M is irreducible and has D-dimension greater than 1, there is x; €A
such that m; =mx; is DHinearly independent of m. Suppose that mg, mi, +., m,
and x;, -+, x, have been chosen. If m,x. is not in the D-span of mo, mi, «,

m, put x_ =x,and m__ =muy,. Otherwise, take any m" €M not in the span

n+1
of my, ++-, m,. The Jacobson Density Theorem gives a y €A such that my =0
(0<i<n—-1) and may=m'. Put x__ =x,+Aiy with 0<M|<2“""/’Ly|[nﬁso that

n+1
~ —n :
Thenn = Xu|,. 2", and put m, =m,x, . We have mo, +-, m, , D-linearly

=m, (1<<r<<n+1).
For any integer k, when n>>k, we have

p
||x"_xn+17“k{<" il “xn»ri~1_xnﬂ'"k\\g il erwi—l“xnﬂ'”mi < 2 277"“ ‘(“j\/\z "
i= i=

r
n+ 1

independent and mx

i=1,
for every integer p. So (x,) is a Cauchy sequence in A and hence converges
to some x in A. Since multiplication in F-algebras is jointly continuous(? 7z,
we have x,—»x"(r=1,2,*+) and, therefore, mx'=m,(r=1,2,*). Since the m,s

are K-linearly independent , the set (x!, x?, +-+) is linearly independent in A.

,
This contradicts the local finiteness of A.

I If A is a primitive algebra with minimal one-sided ideals, then there
exists at most one topology on A which makes A a locally convex F-algebra,
This is the main result of this section.

Rickart had proved this theorem for Banach algebras(52, Our proof follows
that of Rickart, From now on we suppose A is an algebra and P, and P, are
two total paranorms on A such that both A(P;] and A(P,) are locally convex

F-algebras, The Closed Graph Theorem shows that P, and P; are equivalent



if and only if x,,fo'o and x,,fﬁs €A implies s=0.

For s €A, put A(s) =inf{Pi(x) +P;(s—x); x€A}, LetA= {s€A, A(s) = 0}, then
P, and P; are equivalent if and only if A=(0) .

Lemma 6 A is a closed ideal in both A(P,) and A{P;).

Proof Let s €A, then there is a sequence x, EA such that P (x, —~0 and
Pys—-x,)—0 as n—>oo, For any a €A, the continuity of multiplication shows
P(xa)—>0 and Pysa-xa)—0. So sa €A, Similarly, we have as€A, So A is
an ideal of A,

Now suppose s,—~s in A(P,], s5,€A, then for every integer k there are x,. €A
such that

\

PI(Xnk) + Pz(s,,—X,.k)< l/k’ n=1,2,s-
So
Pi(xpn) + P2(s — xnn) <Py(xanw) + Py(Sp— Xun) + Py(s— 5,)
<Py(s—s,)+1/n, n=1,2,,
It follows that P (x,,) + P;(s - x,,)—+0 as n—>oo, This implies s €A, So A is
closed in A[(P,). That A is closed in A(P,) can be proved same way.

The ideal A is called the separating ideal for P, and P,,

Lemma 7 Let ¢ be an idempotent (i.e., e*=e) in A, Denote by A, the
separating ideal for the restrictions on eAe of Py and P,. Then A =eAe,

Proof It is obvious that A;CA and hence A, =eAeCelde. On the other hand,
if s €A then there is a sequence x,€A such that P (x,)—~0 and P,(s—x,)—0.
Thus we have Pi(exe)—~>0 and P,(ese -exe)—0 and hence ese €A,, It follows
that A, DeAe. So A =eAe, )

obviously, eAe is a closed subalgebra of A[P,] and hence also a locally
convex F-algebra, . .

Theorem 3 Let S be the socle of A, Then both AS and SA are contained in
the Jacobson radical R of A.

Proof Since S is the sum of the minimal right (left) ideals of A, it suf-
fices to prove that IACR for every minimal right ideal I, If I2=( 0) then ICR
and, therefore, IACR. Now suppose I>55( 0 ) then there exists an idempotent
e € A such that I=e¢A and eAe is a division algebra. As mentioned before
eAe[ P, are locally convex F-algebras and so isomorphic to the reals or the
complexes or the quaternions, Thus P, and P, are equivalent on eAe. So we
have eAe = (0 ) by Lemma 7. This implies that eA=( ¢ ). Hence 1A =eAACeA
= ( 0 )CR. The proof is completed, "

Corollary 2 If A has no nonzero nilpotent one-sided ideals,then AS =SA =
=(0).




Corollary 3. Let A be a primitive algebra with minimal onesided ideals,
Then P, and P, are equivalent,

Proof. That SA= (¢ ) implies A= ( Q) is obvious in this case.
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