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B-refinability and some related properties®

Wu Lisheng

(Suzhou University)

Definition !. A space is #-refinable, if every directed open cover of the
space has a pointwise star-refining sequence by open covers.

It is well-known, that both strict p and #-refinability imply é-refinability,
but we don't know if strict p (or §-refinability) implies @ -refinability ¢!’ and
our paper is just discussing some facts related to this problem .

Theorem 1. Let X be a completely regular locally compact space, then the
following conditions are mutually equivalent,

(i) X is strict p,

(ii ) The collection X which consists by all compact subsets of X has a
pointwise star-refining sequence by open covers of X,

(iii ) X is ¢ -refinable,

(iv) X is #-refinable.

Proof. (i) )=(ii)»>(1iii) are due to [ 2], (iii)=>(iv) is evident,

(iv) > ii ) Let X be a locally compact #-refinable space. For each x ¢X,
there exists an open neighborhood O, such that O, is compact. Let & ={O,.x ¢
X}, then & Fis a directed open cover of X, so it has a pointwise star-refinin1g
sequence {%/,.n ¢N} by open covers of X, For each x ¢X, there exists » ¢N and
O egF such that st(x,%,)COC O ¢ 4, so {%,.n €N} is also a pointwise star-
refining sequence of X, ‘

(iii ) »(1i)=>C( i) Let {9{,.n ¢N} be a pointwise star refining sequence of

«. Where each ¢/, is an open cover of X. No loss of generality, we may ass-
ume %/,,, refines g¢,.

Suppose x, €st(x,%,) . then there exist n ¢N and K ¢ 4 such that {x,}, .,
Cst(x,,)CK, so {x,},.nhas a cluster point.this shows X is a o, space. Now
X is strict p in view of (3, theorem [.7].

Lemma !. Every #-refinable space is #-expandable.

Proof. Let 4= {F} be a locally finite closed colleetion of X, Define 4 =

IX-(g- 9" ¢C g, F|< oo}, then 4 is a directed open cover of X, so it

has a pointwise star-refining sequence {g/,.n ¢N} by open covers of X.
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For each F¢ 4, Let @ ,(F) =st(F, %,), then for each n ¢N, &,=10,(F).
F ¢ 4} is a open expansion of 4.

For each x ¢X, there exists n ¢N and §C 4, | #|<<co, such that st (x, %,
CX (g- ) * U F& g,then st(x,%,)F=¢@, and thus x ¢st(F,%, =&, (F).
so [(&,) J<| Fl<oo. i.e.X is #-expandable.

Corollary |. Every #-refinable space is countably metacompact.

Proof. Because countably metacompactness is equal to ;kro'—ﬁ—expandability.

Theorem 2. Every #-refinable space is ultrapure.

Proof. Suppose 2/ is an open cover of #-refinable space X.2F has a poin-
twise star-refining sequence {g/,.n ¢N} by open covers of X.Let D,={x ¢X,
st (x,47,)CW for some W ¢/}, then U{D,:n N} =X,

Let B,={D,MNv:v €¢B,}, then (i) U{BrneN}=U{D,:n eN} =X, (ii)
each member of @, is an open subset of subspace @), (iii) {st(x,9,):n eN,
x ¢y} refines @¢F, this shows X is ultrapure,

Corollary 2. Every #-refinable space is isocompact.

Theorem 3. Every o-orthcompact. #-refinable space is #-refinable.

Proof. Let X be a o-orthcompact. ¢-refinable space, @ be a directed open
cover of X, In view of |corollary 1 and (4, proposition 3,13, X is orthcompact.
Z{has a pointwise star-refining sequence {¥",.n ¢N} by open covers of X,
Each 47, has an interior-preserving refinement®/~,. Now % has a pointwise star-
refining sequence {#.n c¢N} by interior-preserving open covers of X, so0 X is
f-refinable in vieW of (5].

Corallary 3. Every o-orthocompact strict p space is §-refinable.

Theorem 4. Every pointwise-star-orthocompact #-refinable space is weak
orthocompact .

Proof. Let X be a pointwise star-orthocompact #-refinable space, % be a
directed open cover of X.Then @ has a pointwise star-refining sequence 4/",.
n &N} by open covers of X. For each n ¢N, there exists an interior-preserving
open cover ¢F,={W(n,x),x ¢X} such ‘that for each x eX, x eWa,x)Cstix,45,).

For each x X, there exists n, ¢N and U(x) & @/ such that st(x, 4%, ) _U(x).

Let X,={xeX.n,=n), F.= {Wn,x):x €X,}. then | a¥,.n €N} is a o-in-
terior-preserving open refinement of ¢/ . Similar to the prodf of [4, propersition
3.1], We can show ¢/ has a interior-preserving open refinement, i.e., X is
weak orthocompact .

Theorem 5. Every pointwise star-orthocompact strict p space is #_refinable.
Proof. Let X be a pointwise star-orthocompact strict p space, @ be a
open cover of X, There exists a sequence {g,,n ¢N} by open covers of X such

that,
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(i) For each x ¢X, P,=(){st(x, ¢g.):n ¢N} is a compact set,
( ii ) The family {st(x, @,).n€ N} is a neighborhood base for the set P,.
(ii1) g,, refines g, :
For each ne N, there exists an interior-preserving open cover & ,= {O,, 1 x€
X} Such that x€O,,,Cst(x,g,). Let hin,x) = (&, ,then {h(n,x).x€ X} is
also an interior-preserving collection,
Define # ,={(X-h(n,x). xe X} U(X} , F=U{F,.ne N} ,each &F, is a closu-
re-preserving closed cover of X,
For each x€ X, let c(x) = (F),=N{(F,) .:n€N)} . We claim for each
ne N, W(F,), Cst(x,g,). In fact, for each z €st(x,g,),we have x ¢h(n,z),
otherwise x ¢h(n,z)CO,, .Cst(z, ¢g,) this would implies z ¢st(x,g,),a contradiction.
So we have z ¢h(n,z)C U {h(n,y).;x gh(n,y)},i.e.
z ¢X-U{h(n,y):x ¢htn,p)} =1 gn) e
Thus c(x)C p, for each x ¢X, and c(x) is also a compact set.
For each x ¢X, there exists U,e@'such that ¢c(x)C P,CU,, then there exis-
ts n,€N such that c(x)CP,Cst(x,g,)CU,, so c(x)CN(HF,) stix,g,)U,.
Let X,={x€X;n,=n}, Xi={N(F,) .xe X,}. For each n€N, X, is a
partial refinement of 2/, and )X, is a closed-preserving closed collection, In
fact, if ye U {N(F,) . .x€ XCX}, then h(n,y) is an open neighborhood of y,
and there exists x€ X such that An, )N (W(F D D)ED. i hin,y) (X~
- Uflh(n,z);x gh(n,z)}=Q, so x ehin,y).
For each z ¢X, if x €h(n,z), then y ¢h(n,z), otherwise from y ch(n,z)

would implies x ¢h(n,y)"h(n,z), this is impossible, Thus y ¢/ (%) ,, i.€. X,
is a closure-preserving collection, Now @/ has a o—c]oure—preserving closed re-
finement X = J{X,;,n€N} ,i.e. X is #-refinable.

Corollary 4. Every pointwise star-orthocompact strict p space is also an
orthocompaict THspace. ‘

Definition 2. A open cover4f =|j{4%.n€ N} is called a boundly weak
f-cover. if

(i) {9**.n€ N} is point-finite.

( ii ) There exists kK € N such that for each x€ X, there exists n€ N such
that ord(x,4#,)<k.

Theorem 6. Let X be a space, then the following conditions are mutually
equivalent .

(i) X is discrete §-expandable, ( ii ) Every boundly weak f-cover of
X hasaéd-sequence by open refinement . ( iii ) Every c-cover has a #-sequen-
ce by open refinement,

Proof. (i)=>(ii). Suppose X is discrete #-expandable, % is a boundly
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weak #-cover of X. Then 2 has a refinement g = | {i9,.n€ N} such that for
each ne N, {p- U{#V.1<i<n}.PEF,} is a discrete closed collection in X*
U{FT:1<i<n} (See (7 )

For each PE 9, choose an Up€ % such that PCU,. Since g, is a discrete
closed collection in X, ¥ has open expansion ¢£, = {V"l,ngE@*]} for each n, €N
such that For each PE® | PCV, 4“Up,and for each x €X, there exists n; such
that ord(x,9£,)<co.

Suppose for each 1< k<'j, each (n,,+-,n,)€ N*, we have constructed open
collectionge , ..  ={V, . oPEP,} such that P- J{ V:n“,m:l\\ii<k}CV,,”...,,

-U{#r.1<i<k}. For each P€ #,, and for each x,each (n ,e,n, )¢
N, there exists n, such that ord(x, By o) O We now construct the col
lection 1/,,“,,,,,,“‘_.

Firstly,in view of the inductive conditions, for each 1< k<j, holds (|},

k}CU{V',‘,”,,,’,,,;1<i<k}. In fact, it holds for k=1 is evident , suppose

U{g""f:1<i<s}CU{1/:,,...,,,,1<i<s} for each s<s+1<_j, then U{‘Vf,l,..._,.,l<i
<s+1) = ULPAS a1 U L, DU 1<J'<s U,
- (A i 1<i<s D = U {4/:”..., <i<s)UPE, DUIF T 1<i< s +1). Thus
we have U{W?:1<i<j}CU{'V:”...,,,‘:I\K\J}.

FL-(P- U{q/‘:l,._,’",:1<i<j-—1}:P€5"'j} is a discrete closed collection in
X, so there exists open collections 9/‘”“,_,,,,1_: (Vo werm, sPE€F ;) such that P
- U{V:l,...,,.,,lgmj—1}cvn,,...,n,,pCUp—U{5”' 1<.i<_j} for each PEZ,
and for each x€ X each (n,,+-,n; ;)€ N’"', there exists n; such that ord(x,
A e n )0

Thus we can construct for each k €N, each (n,,+-,n, Y€ N* an open collec-
tion ¢4, .. , such that

Ci )q/ .n, is a partial refinement of %,

Cii )V,,l,...,,,ﬂ(U{g‘r* 1<i<k-1))=0Q,

(i) U{# P a<i<k) DU, ., 1<i<k).
Define 4/, .., ,=U{®4, ... .:i€N, n,=n, when i=m}

9/ - {Mnl,---,n,,at”’e,N’ (g, oo n,) € N"},

then 2* is a #-sequence. In fact, for each x€X, there exists mEN such that
x€ %, there exists n, such that ord(x, V )<{oo, then there exists ny, e+, n,
one after one such that for each 1<i<m ord(x V .,n)<Ce0, so ord (x,

Voo nn) = Z ord (x, 1/ e yn) <O

i=1

sl

i.e. % has a #-sequence by open refinement,
( ii )=>(iii). Suppose % ={U,.a€ A} is a C-cover,i .e.,for each a €A,
U,= nt g U,. Define F, =X~ U U,, then for each ¢€ A, F,CU, and X-
a y
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U{F,:a€ A}C N{U,;a€A}. Let ¥, ={X-U{F,;a€ A}}, $$,=%, then ¢ =9/,
9% is a boundly weak-8-cover which refines 2£. so % has a #-sequence by
open refinement,

(iii)»C 1) is due to (8, Lemma 2,7].

Corollary 5. Let X be a space which has property B(D, »), then

(1) X is collectionwise normal iff X is paracompact,

(2) X is collectionwise subnormal iff X is subparacompact,

(3) X is almost discrete expandable iff X is metacompact

Similar to Theorem 6, we have

Thcorem 7 Let X be a #-expandable space, % be a open cover of X and
has a refinement & = J{ &,.ne N} such that, for each €N, {P- | J{P . 1<i<
n}.Pe %) is a locally finite closed collection in X - |J{#}.1<i<n}, then %
has a f-sequence by open refinement.

Remark Theorem 7 shows that if #-refinability implies property B(LF,0),
then #-refinability is equal to ¢-refinability,
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