J. Math. Res. & Exposition, 1988, No. 2

Strong Consistency of Non-parametric

Regression Estimates with Censored Data*

Zheng Zukang ( *]S # &)
(Fudan University)

Abstract

Let (X, Y) be an RYxR valued random vector with E|Y|<oo and (X,,Y))
(X,,Y;), «, (X,,Y,) be i.i.d. observations of (X, Y). To estimate the regres

sion function m(x) = E(Y|X= x), Stone I’ suggested

my(x) = ZW,, (x)Y,,
: =1

where W, (x) =W,, (x, X\, X, =, X,) (i=1,2,+,n) are weight functions. Dev -
roye £2] and Chen Xiru '?7 established the strong consistency of m,(x).

A In this paper, we discuss the case that {¥,} are censored by {¢;}, where-
{t,} are i.i.d. random varlables and also independent of {Y,;}. Under certain

conditions we still obtain the strong consxstency of m,(x) .

Let (X, Y) be an R‘xR valued random vector with E|¥Y]<<co. Denote the reg
ression function by m(x) =E(Y|X =x) and let (X,,Y,), (X,,Y;), « (X, Y,) be

i.i.d . observations of (X, Y). To estimate m(x), Stone’!? suggested the following
form ’

n
(1) m(x)= YL Wy (x)Y, .

i=1
where W, (x) =W, (x, X,, X3, %, X,) (i=1,2,+«, n) are weight functions selected
as following,

For a fixed xcR?, rerange the observations (X,, Y;), «-, (X,, ¥,) according
to
(2) | VX~ <| X~ x| <eoe< | X~} ,
and break ties by comparing indices, where | x| can be taken, for example, as
the usual Euclidean norm or x| =max(|X'), 1X‘?, v, [ XD for x=(x‘",

X”) we, X'”) . Suppose that {V,,i>1)} is a given series of weights, i.e. V,; >0,

Z:‘:I w =1 for all » and /. Then we take
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(3) War(x) =Vu i=1,2,,e,n.
Devroye[” established the strong consistency of m,(x) under the following
conditions '
(A1) Y is bounded.
(A2) There exists a sequence of positive integers k£ =k, such that

X
n

-0, l(ig” —-0 (as n—>oc), sup(k maxV,) <co, ;V,,,= 0(1) as n>oo,
n 1<i <k i

In 1985, Chen Xiru t31 improved the conditions by
(B1) Y is bounded. '
(B2) There exists a sequence of positive integers k =k, such that

. k
i~>O,l—?—5—"—>0 (as n—>o0), Y Vy=o0(1) a.s.,}:V,f,=o(—l—1— ) a.s..
n Ci>k i=1 ®n

(B3) 1limC(g) =0 a.s. where C(¢) =sup{max(X’'¥V,: the number of terms contai-
Fad!] n i

ned in ¥’ does not exceed ke¢)}.

In this paper we discuss the case that {Y,} are censored by random variables
{7,}) . It means that we can not observe Y, and instead of Z,=min(Y,, 1), J;=
Iy <, . We always suppose that ¢, i.i.d. and independent of {Y;}. Let 'F, be
the distribution function of Y for fixed x and G be the distribution function of
t. Denote rpx=.irif{u;‘Fx(u) = 1},» 1g=inf{u:G(u) =1} . Tt is clear that if the censor-
ing is too heavy we can not get the enough information of Y;,. As a basic assum-
ption, it is reasonable that -
(4) Sup7 <160 .

x

where x over the range of X. We denote H,(y) = P.(Z;<1), rg=infl{u; H,(w) =1},
Thus 74, =15 for any x, furthermore we let
(5) y=G(suprg) <1 .

X

Now our problem here is how to fit the regression on the basis of only obser-
ving (J;,Z;, X;) . A naive idea is that if Y, is censored we add something to it to
make up for the censored part and if Y; is uncensored we also modify it approp-
riately to ensure unbiasedness in the sense that the modification Y; has the same
expectation as Y;. In view of this consideration, ~we always assume G con-
tinuousAand suggest using Y of the form (for known G) '

(6) Y;.zfslfpi(zi)"'(l—dl)q’z(zi)
where ¢,, 9, are- continuous on ( —oco, a] (a<lzg)
such that

(7 { (i) [1-GM 11 +[ 9,(0dG(D) =¥
(ii) ¢, , ¢, are independe;'noto of distribution of (X,Y) (but may depend on G)
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We used this technical in the censored data linear regression model’*} , and
we will show the success in non-parametric case. The class of all pairs (¢, ¢,)
of such functions will be denoted by K. For simplicity we also use K to deno-
te the class of all ”estxmator” Y =6,0.(Z,)+(1-6,)9,(Z) of Y, with (¢,,0,;)
€ K. Note that

E(Y:IXl)zEXE61¢l(Zi) +(1-6,)e,(Z)]

= [ 010146 aFx, (1) + [] 0200 dG () F, ()
t>y <y

j ?1(») (j a6 ()aFx» + [ (" tpz(t)dG(t))dFX (»

-0 —oo

-J LG I0 I dF 5, + | ([ 020G ()dFx,(»)

—o0 —coo

- (-6 10 () + [ 0200 A6 1 dFx ()

= [ ¥aFx () =Er|X).

We will give some examples below (omiting the substript i for simplicity).

Example | Suppose that we mant to keép Y* =Y when Y is uncensored (i.
e., 6=1). Then ¢,(Z)=2Z. Assuming that G has continuous positive density g,
we have ¢,(Z)=Z+G(Z)/g(Z) by (7). Therefore Y*=6Z+(1-8)(Z+G(2D)/
g (2)).

Example 2 In developing least squares estimates for the linear regression

model with censored response, Koul, Susarla and Van Ryzin“’]

proposed to rep-
lace the censored response by 0. This means that ¢,(Z) =0. Then (7 ) leads
the solution ¢,(Z) =Z/(1-G(2Z)). ,

Example 3 Suppose that we want to augment the censored and the uncen-
sored data equally. This means that ¢,(Z) =¢,(Z). We have -
Z

ds
Jo1-G(s) °?

o Y ds
since [1—G(y)3_fw—1_———G-Ts—)—+_f (j = 45 a6

—r1_ G(y) -G (s)
=01 G(y)]_f 1- G(s) +f 1-G(s) ds

=“"G‘y”_f o G Id’ f = ((;}'((s; =y

Now we turn to non-parametric regression estimates. We assume that G (1)

01(2) =0,(2) =

is known first and consider the estimator
n

(8) my(x) = Y Wu(OY'
i=1
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Theorem | If (B1), (B2), (B3) and (4) hold, (¢,¢, €K, then
limm,(x) =m(x) a.s..

n-» 00
n

Proof my(x) ~m(x) = YW, (0 (Y -m(x))= YW, () X'-YD)
i=1 ]

i=1

W) (Y, —m(X)) + YW, (x)(m(X)-m(x))
1 i=1

-

+

i

s

War(x) (Yp—m(Xg)) + ZW,,R,(x) (m(Xg)-m(x))
=1

[}

i=1

k
+ YW () (Yr=m(Xp)) + Y W (X)(YR=Yg) + YW .g(x)(Yg —Yg)
i>k i=1 i>k
L () + Ty (x) + Tyn () + T () + T (x) .

Chen Xiru proved that J,,(x) + J3,(x) + J;,(x)—=0 a.s. We only need to de
deal with J,,(x) and Js,(x) .

Since that Y, are bounded and y = G (suprg) <1, there is a constant A4 such

X

that ~ A<<Y<(A4 and G(A4)<1. Therefore on [ — A4, A] ¢,, ¢, are cantinuous and
there exists constant B such that |¢,(Z)|<B, |¢,(2)|<B for Z=min (Y, n<Y<A,
It leads that |Y*|=60,(2) + (1~ 8¢, (2) |<max{|g,(Z)], |p,(2D)|}<B, i.e., ¥V*
20YT )
bounded. On the other hand EY™ E(E(Y*|X))= E(E(Y|X)) = EY.Let u = —— g
be independent bounded ( lu,|<2/5) random variables with mean zero, For given

2.’4,,(X)

m is the same as that of

x, X,,++, X, the conditional distribution of

k
Zciu, , where c;, s+, c; are constants which satisfy
i=1

k k 1
d,= 2c,~2= ZW?,R‘(x) =o0( ),
=r

&= log n
Now we can use the following inequality due to Tao Bo-Cheng Ping[”, just ‘
as Chen Xiru used for J;, part;
n
(9) E( Yau)¥<3°(2s-1)1] maxEu?  (5=1,2,%)
i=1 1I<i<n
where {u;} are independent random variables with mean zero and {a;} satisfy
Ya@-1 (25— =—22L
ARR) :

k
Let T,= zc,u,/Jti_,, then
=1
k . 2
P(| Yewl>e) = PC|T>e/ Jd,) <exp(—¢*/d)E (e
i=1
_ 2 v A s 2 - 1, _ 2 a5
= exp( —¢*/d,) S;)S!ET,, < exp( E/d,)[1+s;s! 3 (25 - D11 (7]
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3-2.22

oo 0 k
<exp(-&*/d )1+ Y ( 55 ) 1 <25exp( -¢*/d,) and Y} P(| Ylcu|>e
s=1 n=1 i=1

<25 Y exp(-¢*/d,) <co. Hence by Borel-Cantelli lemma we have proved
n=1

hat for any fixed X, =x;, lim J,,(x,x;, Yi,***, %, Y,) =0 a.s.This in tum proves

n—> oo

that }lmh,,(x) =0 a.s..

On the other hand, by the boundedness of Y!-Y,, it is clear that Jg,(x)—>
-0 a.s. according to (B2).
If G(p) is unknown, we can think that ¢, are censored by Y, and use Kap

[73

lan- Meier - “estimator é\,,(t) instead of G(r), where

- 1 (1-6)
(10) 1-G,( —Zgu‘—n—_i—ﬂ—)
It is well known that
an sup IC/;\,,(I) -G |0 a.s. (1,<supry)
= 001ty X

From now on, we use the notations ¢,(Z;, G), ¢,(Z,, & in place of ¢,(Z,),
¢,(Z) respectively to signify their dependence on G. For G unknown case, it
is natural to substitute it by an estimator G and use ¢,(Z,, G, ¢,(Z;, G,) instead

We will restrict (¢,, ¢,) to certain “nice” subsets of the class K to be defi-
ned below, .

Let K* be the class of all (g, 92) € E w,ith‘ the following boundedness pro-
perty. For every d with 1>>d>0 and every s, there exists C such that
max|g, (£,G')|<C '

j=1,2
{<s

for all distribution function G’ with G () <d. .
Let EZ be the class of all (q)l,tpz)ei' with the following continuity pro-
perty at the censoring ;distribution G: :
For every ¢>0 and every s with G(s)<l, there exists #>>0 such that

o

(12) max |g;(t, G) —9; (1,6 |<e.
zhe

for all distribution function G’ with supr'(t) —G(t)|<t7.
<s
We can verify that (¢,,¢,) in example 2 and example 3 belong to KE We
suppose that G and all the conditional distribution ‘fu'nctions Fyx are continuous
in the rest part of this paper.
Theorem 2 Suppose that we know y =G(sup 1y )<1. Define
X
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- G (1) (Kaplan-Meier e tlmator) if G <y,
G, (D= y if t<maxZ,, and G (t)>2) .
and Y, —d,w,(Z,,G)+(l-d )q)z(Z,,G) For fixed x,

t’r}:(x)' £ ZW,., (x) )/’\,‘
=1

. If (@, @) €K and (B1), (B2), (B3) hold, then lim m*(x) =m(x) a.s.

Proof - .
max) —mG) = YW (x) (Y —m(Xg))+ 3 Wi (x) (m(X g) —m(x))
i=1 ) i=1 - -

k
+ Y Wk, (x) (Y —m(Xg)) + Y W,p (x) (Y ~Yg)

ik i=]

+ Y War (x) (YR —Yg) + ZW,,, (x)(Y, -Y})

ik
_ —Jl,,(x) + (X)) + T3 (x) +T4n (X)) + J5, (x) + J6u(x)
We have proved that J,,(x), Js(x), J3,(x), Jeu(x), Js,(x) converge to zero a.s.
For Je(x), let ¢>>0 arbitrary small and we can find T*<co such that 1>infHy
x

(T*)>1-¢. Thus

I.’Gn(X)'<‘lZIW,,1 (X)()/}i._ nll+|1n2|3

ni

oyt
A. L V
|1_n1|<S?P|Y1 ~Yi 1 z<rt
=S}lp| (61¢| (Z,, 6,,) + (1 —6,)¢2(Z,, 6,,))" (61¢1 (Z“ G) + (1 "61)¢’2(Zi, G)) II(Z,<T')
<siup m?)z(t I‘Pl (z,, 5;1) ~9.1(Z;, G l’ I?’z(zu 611) “¢’z(zn G) I]I (Z,<T")
Jj=1

By the definition of ﬁ'and 'the consistency of Kaplan-Meier estimator

| Ia]—=0 as supIG () =G (w)|—=0.
w<T*

n
|, < ZWnl(x)IYi.‘YTII(Z,>T')

<supt IY‘! +|¥7])- len, (x) 1<z>1‘)<DZ W ()1 (z>1

DY W (0T oy = EW o (D L g7 | Xy o X))

n

Z (W (x) I(Z,>1")lX19'"Xn)

ZW (x)[l(z>1~) E(I(z,>1~)|X,)]+D ZW,,(X)P(Z;>T X;)
p i=1

where D is a constant (by the definitions of K* and G,).
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E

For given X, =x,,let u/=1 z ~7+), “E (I ;7 -7+,|X;) and use (¢) again, we get
YW, (x)(z-1y-EU (z-7,|X)) >0 a.s. On the other hand
i=] ‘

Y W (D EUzsm|X) = LW, (1-H (TN LW, (0sup(l - Hy(T*)) <.
i=1 i=1 i=1 X

It completes the proof.
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