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Finite Element Method for a Class of Nonlinear

Problems (Il )——Applications®

Wang Ming (X %)
(Dalian (= .eriv [ Technology , China)

Continuing the work in {1 ), we apply the results in (1 Jto the finite
elcment methods for the Navier-Stokes equations and the von Karman equa-
ticns, and show the convergence of some conforming elements, nonconforming
elements and quasi—'conforming elements, which are convergent in the cases

ot the linear problems.

| . Finite Element Spaces

Let Q be a polyhedroid domain in R", Denote f the multi-index with

n

[B]= 2 B« For m>0 and 1 <o <eo, define L™ Q)= {u=(u") |, |u%LQ),
i=1

[41<m}. For w in L™ ), |ul, , o= (2 Hu””‘{g(g))lTif o< oo, otherwise,
1B 1<m

denote |u|, .. o= max esssup|u’(x)
| B81<m xeQ

. f w is an element in Sobolev space

W" 2(Q), let it correspend to the element M*fw) in L™ (@), then W™ Q)
is a closed subspace of L™ 7(Q).

Let x4 be a set consisting of some n-simplexes or n-parallelotopes. Let
K, for he(0,1), be a finite subdivision of . Assume that all the elements
in ¥, are in 4 and K, satisfy the usual assumptions (see (2 —5]).

Finite Element Spaces U, ,. For each K in «, we give two linear
operators of interpolation, say I%.C'(K)—=P(K), I1,.C'(K)—~L™@K), and
n finite dimensional spaces N.‘S'CP(K),],g}'gn. Here P (K) consists of all poly-
nomials on K and e,= (4,,, *», &,;). Then define My .C'K)—>N¥, 1 <i <
as follows, for any » in C'(K), Mg » is determined by the following

n

s

equations ,

1<i<n ,fK pMgwdx={, pll N ds-[ Deplljpdx, vpeN{, A.1)
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where N= (N,, =, N,)T is the unit outward normal of /K.
Define, for he ©,1), M}.C'@)—~L!"*(Q) by the way that for each u
in C' @),
AL P =T w |x), KeK,, |81, 1.2)
The finite element spaces U ,, [OJL,,are obtained by setting
U, ,=I,Cc @)

{Ui,,l,:{u’: |w=l'I’},u, ueC' () and D% |,q=0, |B|<1}, (-3
and they are used to approximate W "’(Q) and %V‘f"(Q )= {w |weW "?(@Q) and
wla=01.

Suppose there exists a group of linearly independent functionals on C'(K),
say g, k.5 ¢y, k» and polynomials G, yxand g, L™ (@K), 1 <i <M, such
that, for any » in C'(K),

M M

Mgy = Z‘Pi,x(v)Gi.K’naK”: 24?’.'.1((”)&’1.1(- d.4)

i=1 i=1
and ¢, (@)=0 with 1< i <M when II;2=0 and Il,=0. call ¢,  the para-
meters of TIQ, IT,g.
For space Nf, |8 |=1, choose a basis of N£, say p?¢,1<j<\,. Denote
the coordinate vector of Ilfy with respect to this basis by S5 k0)e Set (k)
= o, k@), de g@NTand Br(0)= (@, k@), .04 @) ", then equations

(1.1) amounts to

Ak k() =04k ). (1.5)

n
where Ay is symmetric positive definite matrix and Q}( is (Z L,)XM matrix.
i=1

Finite Element Spaces U,,. Now let n=2. For each K in x, we
give four linear operators IT% C*(K)—P () and IT,, M5, MY C2(K)—L ™ @K)

and five finite dimensional spaces N4, 1 <|B|<2, consisting of polynomials.

Then define TI¢; C*(K) —=N{, 0<|f]|, as follows, for any p in C*(K), Mgy

.are determined by the following equations,

. _ ) _ I - f o o B
1—I,Z,IKpHﬁ'vdx—J'KpHﬂKyN,ds LlKD pllgedx, v pe Ng .
J 1 mdx=[ | p (NI o= N NS00 ds = [ DepTigads, vpeNi"),

Al — s e,
fxzpnk ‘vdx—j“(p(zN,NZH{;’szr (N2- NI, 0)ds —fK(D Py +
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+Delp[1:'v)dx, v peNb a4.6)
J 2 vdx=[ pNiISw+ N NoITe)ds - [ DeopTgadix, vpeN &2

Define, for he (0,1), T2 .C*(@)>L*™(Q) as follows,
ueC? @), AWl =Mwul), |61<2,KeK, . (1.7)
Then finite element spaces U, ,and ITJZ‘ » which are used to approximate
W2 2Q) and W2>(Q), hre obtained by setting,
Uz'h:H}fCZ(ﬁ)o
{ S 2 2 . 8 (1.8)
U, ,={w|w=Mu, ueC*(Q) with DU |,,=0 for all |8 |<2}.

Suppose there exists B group of linearly independent functionals ¢ g, *-,
gy.xkon C*K), and G, ¢P(K)and ¢, «,&5 x &%l (WK), 1<j<M, such
that, for any » in C*(K),

M M

My = 2 ?, k()G ; g, = Z‘pj,l((”)gj.l(’
T - =1

{ J ! (1.9)

: 7
M = jilw,-x(v)gﬁ,x,ﬂfxv: th_ij.K(v>g7,‘K,
and ¢ ;  @)=0 for j=1, %, M, when Tgp=0 and Il w=Mw=Mw=0. ¢,
are called the parameters of IT%, IT, IT% and IT%.

For space Nﬁ, 0 < |p|<2, we choose a basis of Nﬁ, say pf’K, 1 <j <L,
Denote the coordinate vector of Hﬁy with respect to this basis by ¢, ((@).
Set (k @)= (£ 3oy k(s £, k@ Lasy x@N' and P @)= (@, @), +,
<pM‘K(v))T. Then the last three equations of (1.6) amount to

Ak )= 0k ), (1.10)

where Ag is a symmetric positive definite matrix and Qg is (Y, L,) XM
: [81=2
matrix.

Finnally, we must point out that the conforming element spaces, noncon-
forming element spaces and quasi-conforming element spaces are special

cases of U, ,and U, ,(see(2 ).
2. Some Properties of Finite Element Spaces

First, we give some definitions. Choose a fixed n-simplex (or »n parallelo
tope) K. Then for each n-simplex (or n-parallelotope) K, there exists an

f N
affine transformation, Fyx'=Bgx+by, such that K= FK, with Bg is an nxn
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nonsingular matrix and bg a vector in R”,

We define, for every function w defined on K (or on JdK),

P = wF&), yReK (oriK). @ 1)

And for the linear functional ¢ on C"(K), we define a linear functional )
on C' (K), such that,

P = p(w), v iweC (K. 2.2)

where w and W satisfy (2.1) . .

{Hﬁ,HdK,Nﬁ} is called a properly affine continuous family, if i) for a
sequence of n-simplexes or n-parallelotopes {K,},.,, if K,en, reN, and By
converges to BKo’ then Kge #, and for 1< j<M, a/’,K,_’ﬁ’;LKo in the dual
space of C' (/K), Gj,K, converges to G/j\9Ko uniforrn}\y and g/;’K, convef\ges to
<g'/j\,K0 in L“’(é/f(), and for 0 <|g|<1, 1< i <Ly, pf’K' converges to Piﬁ,K,
uniformly; and ii) for each Ke 4 and constant C >0, denote K=(x |x=Cx,
vxeK}, and for function w defined on K or JK, define w(xX) =w(C 'X),

%K or JK, then Ke y, and M= M%w and M,w=T11,zw for weC!(K), and for
0< |B|<1, pf 1<i<L,, is a basis of N

The properly affine continuous family is the generalization of the affine
family . The operators Ilg, I1, actually used all satisfy the conditions of
the properly affine continuous family (see (3 ]). And the simplest case of
N,"(satisfying the conditions i) and ii) is that Nﬁz {p |p(x)=1?(FK_ 1x), V;’\(N’fi}'

{%, M, N4 is strongly continuous if for Ke 4 and every (n-1)-dime-
nsional surface F of K, IT,w [¢¢C (F) when weC'(K), and there exists a line-
ear continuous functional g¢gg on C(F) such that, i) {gg is an affine family,
i.e., for weC (F), ap(w)=q7(») when F=FyF, ii) ¢o(1)#0, and iii) if F
is an (n-1)-dimensional common surface of K’ and N”, then (T, w |p)=
gy, wip when weC'(K LUK ).

The definitions of the properly affine continuous family and the strong
continuity for {(Ig, IT,., M}, M5, N£} can be given in a similar way. For
the details see (3 ). From (3 ) we know that {Ily, I, N% and {IT%, Mg,
HQVK.NQ} actually used are all strongly continuous.

{Ig, I,,, Nf} passes the IPT test, if for Ke 4 there exists another poly-
nomial interpolation operator ﬁ,K;C'(K) —L7(K) with the properties. i )
{Ng, T ,., N£ | is a properly affine continuous family and the parameters of

nY, N, are the linear combinations of those of TIY, IT,.; ii) /P~ P o for
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pePo(K) s iii) if K and K'e 4 and F=KNK’ is (n-1) dimensional, then

fFﬁ“(wds =fFﬁ,,K, wds for yweC' (KUK ); and iv) for yweC!'(XK) and Ke Ay

[ N (M- Tiowds =0, 1< i <n. Where P, (K) is the space consisting of all

polynomials with degree not greater than ¢.
Similarly, {IT%, IT 4, ‘H;K, I'If,VK,Ni} passes the IPT test, if for Ke , there

exist another two linear operators INI’,,K, ﬁ;‘;{, C?(K)—>L“@K) with the properti-
es.i) {I% I, %, 3%, N& is a properly affine continuous family and the

parameters of IIg, IT,., fI5,, TI% are the linear combinations of those of IIg,

M Wy i1) Mop=22 |, and Mhp= T84, for peP, (K); iii) if K and K ey

and F is a common side of both K and K', then fp(ﬁf,’,gv+ﬁ)dvx,w)ds=
‘ o Mok I wyds =0 for yweC (K _K' ); and iv) for any weC?(K),
NI A= TTow = NN, @ T 0w A
LK 2NN, AT - TI¥ow + (N? = NDYAT, - T ow |ds = 0.
Ny 0w+ NN, (- T ow

{I%, M, N4 satisfies the rank condition of element if the rank of
matrix Qk is M- 1 for yKe . (TR, Mg, [Ty, M)k, N4 satisfies the rank con-
dition of element if the rank of matrix Qg is M -3 for yKe 4.

By the way used in (3,4), we can get some properties of U, , and U, ,.
We list them without proof .

'i'heorem | Let 1:<o<<>o and the following (H1) and (H2) be true.
(H1). {Hg, I, N§ i§ a properly affine continuous family, satisfies the
rank condition of element, has the strong continuity and passes the IPT test.

(H2). There exist two integers r, and r, such that, r,>>1 for i=1,2, IT%
can be extended to a bounded linear operator from W7 "1:9(K) to W' “(K)
and I, to a bounded linear operator from Wn*1.9(K) to L*(K), and [gp=
p for pePrl &), o= p|,x for pePrz(K); and for i =1, n, P, (K)CONE .
Then then following conclusions are true; 1) if y>0 and u<no/(n—-o0) when
n>g,u< oo when n=¢ and u<co ;vhen n<o, then there is a constant C
independent of k, such that,
upeU |y 6l Lm0 SC [luy Ii,0.05 @2.3)
is true for h sufficiently small; () if x>0 and u<<no/(n-o0) when n>o,
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u< oo when n=0¢ and u<cc when n<o, then for yu in W"(Q), lim inf
h=~0 veU

{ Ju= oYyt -2 1, 0 =0, and for yu in W@, lim inf { Ju-2"]_«q,
h—=0 o2eUy ,

+ ju-vl, , of =05 II)let u satisfy the requirement in [l ), then for each
bounded sequence {u,} of L"’(Q) with ufU, , for meN and h,>0 as m—>oo,
there exists a subsequence N° of N and u, in W"’(Q), such that, {u,) ,

A . .0 _ .
weakly converges, in L"’(Q) sense, to u, and =~ lim lo = umlpn o) =05 if
meN ,m—>occ

U, ,and W"?@Q) are replaced by U, , and W 19(Q) respectively, the con-

clusion is also truey [V) there is a constant C independent of A, such that,

upeUy s Nuy |y, o<C “; ”u”L”(Q) (2.4
=1

hold for A sufficiently small .
Theorem 2 Let 1<o< oo and the following (H3) and (H4) hold .

(H3). There exist integers r,>2(1 <i <4), such that, [1% can be extended
to a bounded linear operator from W' * 17 (K) to W>“(K),and IT,,I1}, and T,

to bounded linear operators from W’: 7Ky W: 19Ky and W+ 17 (Kyto L~

(@K) respectively, and I%p= p for pe P (K), I p=p |,k for pePrz(K), IS p=
; d _

3—5—“,( for peP, (K) and ﬂavxpzjﬁ_bxfor peP, (K); and for 0 <C|f|<2,

P, ., (K)CNg

H4). TR, I,y 15, 1Y, N% is a properly affine continuous family, satisfi-
es the rank condition of element, has the strong continuity and passes the
IPT test. Then the following conclusions are true; I ) if for j=0, 1, ;>0
and p;<<20/(2-20+ jo) when 2>~ j)o, u;<eo when 2= (2~ j)o and u,;<oco
when 2<C @2~ j)o, then there exists a constant C independent of 4, such that,

uel, 4, Z Z “”ﬁ”L"’(Q)gC”“h ”2.0,9 (2.5)
JE01 4By =

_hold for & sufficiently small; M) if for j=0, 1, 4,>0 and u,<20/(2-20 + jo)
when 2>(2~- jdo, u;<oo when 2= (2 - j)o and u,<oo when 2< (2-j)o,
then for yueW >7(Q), :

lim inf  {fu-ol,, ot 2
h >0 ueUz‘h ’ /=01

if ueW*7Q), the U, , in above equality can be replaced by LOIZ,,,; m) let

!le D=0 n q)) =05
1=J

Mo, #; satisfy the assumption in ] ), then for every bounded sequence {u,}
in L%7(Q) with ueU, , for mN and h,>0 as m—>oo, there is a subsequence
N of N and u, in W>°(Q), such that {u,) men' Weakly converges, in

L*7(Q) sense, to u, and

— 432 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



lim 2. ; 1D ug=unln, )= 0
J=nt [ B1=J

m—>o meN

if U, ,and W>7(Q) are replaced by U, , and W2 7%(Q) respectively, the con-

clusion is also true; [V) there is a constant C independent of h, such that,

”AFU 2w a5 0, 0<C i |—2”u/5 ”L”(Q)a (2.6 )

hold for h sufficiently small .

It can be shown that the spaces U,  ,, constructed by well-known con-
forming elemints, Wilsoh's element and the element of Crouzeit- Raviart,
satisfy (Hl1) and (H2)(see (8 ]), and that the spaces U, ,, constructed by
the element of Fraeijs de Veubake (®7, Morley’s element and 9-parameter,
12- parameter and 15- parameter quasi-conforming elements, satisfy (H3) and

(H4)(see (8 and (2,3]).
3. Navier-Stokes' Egquations

This section is devoted to the finite element method for n-dimensional
stationary Navier-Stokes: equations with n<(3. Let fe(L?(Q))" and 1>0 be
Reynolds number, the problem is finding (u, p)e (W 2@Q)) xL?(Q), such
that , :
A At Nt Up=f, Veu=0in Q. (3.1)

X o o L
Set X= L"2(@))", U= W"2@»", U,= (U, p»", denote X={plp = ).

i=1

C;U;,0, ¢ U U,, c;¢R, LeN}. Define A, XX, G.X—=X as follows,
he (0, 1) !

n
(Au,v) = 2 L ufipfidx, wvyu,veX, B.2)
N

Gu,p)=- 3. f'Qu?u‘ivffdx- ?_::lfgf,.z;?dx, yueX,veX, 3.3)

i,j=1

where (-, *) is the praoduct of X. For peX and pel?(Q), set
b(p,»)= 3. [ pofidx. ‘ 3.4)
i=1"Q
Let L3@)=1{p |pL* (@), [ pdx=0}. Consider the problem,

(uy p)eUg xLE(Q), (Au,0)+ A((Gu,0) —b(p,v)-b(qg,u))=0,

V(”yq)(UOXLg(Q)y
It is well known that the solution of (3.1) is the solution of (3.5). and
equation (3.5) always has a solution for 1>0.

3.5)
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For he(0, 1), choose a finite dimensional subspace W, of Li(©Q). The fin-
ite element method for problem (3.5) is solving the following problem;
Upy pr)Uy X W,y (Auy vt A(GU y0,) = B(pysts) ~ b(G4,uy)) =0,
¥ @hy g4 deU X Wy,
Denote Xo= {2 |0eUy, b(g,2)=0, yqel* ()}, X,={v|veU,, b(qs0)=0,- vq,eW,i.
Then equations (3.5 ) and (3.6) are equivalent to the following (3.7 ) and

3B.6)

(3.8) respectively,
{ueXo, (Aug,0 )+ A(Gu,p) =0, yveXy,

3.7
peL2Q), b(p,0)=4 Au,p)+ (Gu,v), yoeUy , ©-7)

Xy, (Auo,)+AGuy v4)=0, yoeX,,
(3.8)

DWW, BCprv,) =24 N(Aup0,) + (Guy 04, VoueU, .

Lemma | Let H1)and (H2) hold for 0 =2. Then there exists hge (0,1),
such that, i) G, X=X is infinitely Gateaux differentiable, d"GeL, X, X),1<
r<oo, and for h, K in (0, ko), T4G:X,—X is infinitely Frechet differenti-
able; ii) the set {|T,d'G) |y (x, x, v¢X; B, W e, hy), 0<r<oco} is
bounded when B is a bounded set in X; iii) if umeXhm, meN, and », conver -
ges to p, and h,—~0, then for 0 <r <oco, lim ||Thm(d'G @) —d'G (”o))"L,u(X,, , X))
=0; iv) if y,,,éth, meN, and p, weakly converges to 0 and 4,—0, thenufor
yueXy, 1imdG Wwdo,, v,)=0; v) 4 is uniformly U,-elliPtic.

It is not difficult to show lemma 1 by theorem 1 and Sobolev's embed-
ing theorem.

Lemma 2 Let (H1) and (H2) hold with o0=2. Suppose that there is a
constant C independent of A, such that, for he (0, Ay),

inf  sup  |b<gs o/ o l9nlL @ )=C>0, 3.9)
q,.W, v,U,
gelg(Q), lim inf |g-g,] :@,=0 . 3. 10)
>0 q,eW,

Then i) for u, satisfying the first equation of (3.8), the secondvone of
(3.8) has a unique solution p,; ii) {X,}, X, has the approximabilty =nd
the weak closeness.

Proof Conclusion i) is obvious when (3.9) is true. If v,,thm for ‘mEN R
and p, weakly converges to y, and A,—~0, theorem 1 tells us pcU,. For yge
L2 (Q), there exist q£W, such that lim lg= gmlLi@,=0. Thus b(g.z) =
lim bd(g@n,0,)=0, that is,p,X,. The weak closeness is true.

If uyeX,, let u, be the solution of ihe equations,

Wony Pr)EU , X Wy (AU ,0,) = BCPys04) = D(Gay us) = (Al v,y W (04,960, X W, ,
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then u,eX, and lim |ug—u,|=0 by theorem 1, (3.9) and (3.10) and Brezzi's
theorem . The approximability is true.

Now we can apply the results in (1) to prove the convergence of the
solutions of equation (3.6).

Theorem 3 Let (H1) and (H2) hold for 0 =2, and @3.9) and (3.10)
be true. Then i) if A is a bounded closed interval and {(4,u(4)) |AeA} is a
branch of nonsingular solutions of the first equation of (3.7), then there

exists, for A sufficiently small, a unique branch of solutions {(u,(1),p,(1))]|

leA} of equation (3.6), such that, for i >0,

Lim sup { |d' )= u, G|+ " (6 = ps (A JL0)) =0,
h—=0 AeA

where (@ (A),p(A)) is a solution of (3.5) for AeA; i) if (4g, #g)eRx X, is a
limit point of the first éequation of (3.7), then there is ¢, >0 and a branch
of solutions {(A(a),u(a),p@))|la|<a,} of equation (3.5) with @A), u(0)) =
(Ao,uq), and for h sufficiently small, equation (3.6) has a unique branch
of solutions {(A,,(a),u,,(?z),p,,(a))]]a |<ay}, such that, for i >0,

lim sup {[d' d@ =4 @) [+ [d @@ = u, @) |+ |d' (p@) = pat@) ligi =0-

@< a,
It can be verified that the conforming elements and nonconforming elem-

ents , discussed in (11) for the Stokes problems, satisfy the condition of

theorem 3. And it is valid to use them to solve equation 3.5).

4. Navier-Stokes Equations in the Stream Function Formulaticn

The finite element method for equation (3.5) requires the condition
3.9), and it is very difficuilt to verify it. In the case of n=2, we can

introduce the stream function and get a equation of 4th order,

{11A2¢+7";<¢—,,ﬁ—2w>-%x—2w;’x—lm>=f, in Q s
‘P|an:7d’}%"|m:0,

where feL?(Q) and p disappears. .
Let X=L2'2(Q),on\i’vz’z(Q),X,,:EIZ‘ as he 0, 1), Set X={yp= i i, ,

it

c,R,LeN, ¢,¢ | ) X,}. Define 4; X=X, G: Rx X~ X as follows,
he {0,1)

(Ap,$) :J‘Q(q) (z,0)¢<g,0)+2q)<1,1>w<1.1 1 w<0.2>w<o,2))dx, Ve, peX, “.2)

(G (A, @),0) = '{jg{ (@& Op 10— g0 Dy @y (Ll
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+ @l VgD tT 20y f @ dx, yoe&, peX, “4.3)
The weak form of problem (4.1) is
peXo, (Ap,¥)+ G A, 2),9)=0, ypeXy. 4. 4)

For 1>0, (4.4) has at least one solution. The finite element approxim

ation of problem (4.4) is the following problem,

PreXy, (Apy, ¥+ (G A4, 90),¥94)=0, V¥,eX,. 4.5)
By the way used in the above section and theorem 2, we can prove the fol-
lowing results,

Theorem 4 Let (H3) and (H4) hold for ¢=2, Then i) if A is a bo-
unded closed interval and {(A,@(1))|d¢A} is a branch of nonsingular solutions
of equation (4.4), then there exists, for A sufficiently small,a unique branch
of solutions { (4,¢, (1)) ’261{} of equation {4.5), such that, for i >0,

limsup |[d' (@)~ @, W) =05 ii)if (4, v, ) is a limit point of equation
h-=0  AeA

(4.4), then there exist e, >0 and a branch of solutions {(1(a),p(a))]||a |
<a,} of equation (4.4) with (1(0), @¢@©0))= 4y, ), and equation (4.5)
has, for h sufficiently small, a unique branch of solutions {(i1,@), @,(a))|
la |<lay) such that lim sup | l[d" (A(@) = Ay @) |+ |d @) —g, @) |} =0 for

R0 laj<a,

i =0,

From the above theorem, we can conclude that the well-known conform
ing elements, the nonconforming elements, such as Adini’s element and Morl-
ey s element etc,, and 9-parameter, 12-parameter and 15-parameter quasi-
conforming elements are convergent for equation (4.4) in the cases of nonsin

gular and limit points.

5. The von Karman Equations

In this section, set n=2 and consider the finite element method for the

von Karman equation,
L\Zwl: —[‘1_72,¢7zj/29 InQ
N, = [¢’1y¢:j+'11[a,¢7zj+lzf, inQ

op do
L2 |aQ:<P2 bgzﬁhgz 'WVZ—IL;Q'_’ 0,

where ¢, is the Airy stress function, ¢, is the vertical «acilection of the pla-
te, 7,/ is an external vertical load on the plaic, feL’ (<« and @eW >%(Q2) are

known functions, and for u,ceW*(Q),
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% 9y +dzu % _, dlu My
xI ax?t o ax? oaxd ax,0x, 0x,0x,

w )= (5.2)

Let X=(L22(Q))?, Xo= (W2HQN?, X,= (U, p’ for he©,1), X={y =

L P
2 ciis Yi€ U X, LeN}. Define 4, X—+ X, G:R’x X—>X as follows,
icl he{0,1)
(Ap, ¥)= 22 f ©@,; (2’0)%(2' (])+2¢’id'l )(Pf(l'l )+¢’1(0'2)¢i(0’2))dx’ Ve, peX, (G.3)
’ ~ @

(G (L(I’),I/)): (a’Zs @i 1/’1)/2— B(‘P],QZ’ wZ) —AIB(¢_9(p2 9’/}2)- A ?J'waz(o’o >dx’

voeX., peX, (5.3)
. 2,2
where, for u,» and w in L*°@Q),
1,0y, (0,19 0,1, ¢y L1y
B(u.y,w):fq f "y +u w
U ln \l" [N “_12.’} Y u Wi, b \Dm,l )w(n_z de. (5.5 )

if the right hand of (5.5) makes sense,
The weak form of (5.1) is the problem,

Xy, (Ap,p)+ (G (A, @),9)=0. vveX,, (5.6)

And the finite element: method for (5.6) is the following problem,

PheXsn, Ay, pi)+ (G Ay 9y) 3¥0) =0, v¥reXy (5.7)
For the solutions of (5.7), we have the similar conclusions.
Theorem 5 Let (H3) and (H4) hold for ¢=2. Then i) if A is a boun-
ded closed set in R? and {(4,$(1))|i€A} is a branch of nonsingular solutions

of equation (5.6), then equation (5.7) has, for h sufficiently small, a uni-
que branch of solution {(4,¢,(1)) |leA}, such that for i >0,

lm sup ||d' (@A)~ 9, (1)) LR, xo =05 i) if (A%, %) is a limit point of equa-

hov0 e

tion (5.6), then there is @, >0 and a branch of solution { (), ¢()) | 1S}
with  (1(0),@(0))= (1%, ¢%), and for & sufficiently small, equation (5.7) has
a unique branch of solution {[(lx(r), @, (1)) |teS:'}) such that for i >0,

Nmosp AT 200 ] - d ) e, () [ ey F =0 HiE) now

set the second component of . be one, thus equations (5.6) and (5.7) are
equations only containing one parameter 4, if (4%, 9% is a simpie bifurcati

on point of (5.6), then there exists a neighborhood U of (47 %) in RxX

and Ao (0, 1), such that, for 4 <hy, the set 4, of the solutions of (5.7)

contained in U consisis of two infinitelv differentiable branches and the dista-
nce between ¢, and the set of the solutions of (5.6) contained in U con-
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verges to 0 as h-—=0.

From theorem 5, we can conclude that the well-known conforming eleme-
nts, the nonconforming elements such as Adini’s element and Morley' s elem-
ent, and 9-parameter, 12-parameter and l5-parameter quasi-conforming elem-
“ents are valid for equation (5.6 ).

The author wish to thank Professor Zhang Hongqging for his hearty support,
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