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This paper is a continuation of [ 1], (2], [4].In this paper, we shall con-
tinue to constitute the formal theorems and the important substituting theorem
(see theorem 16 in this paper) of the propositional calculus system of medium
logic MP.The order numbers of following formal theorems follow those in re-
ference [ 4 ]

Theorem 11 MP: '

[1] A-B, 4> 1B |4

{23 1If *B, 4B are different ones of B, ~B, =B, then A—» *B, A—
4B — A4

{3 A=-B,4—>B +—B

L4] A—+B,T4—+B+—B

(61 I', A—Band I', 54 —Band I',~4 —B.Then I +B.

Proof of [11:Using(— ) and (1))

Proof of [ 2 J:Let *B be~B and 4B be B, we are to prove

A—>~B, A—> 7B |14

(1) 4 >~B (5) OO0 =B (4) (Y
(2) O4a—-"B (6) TJOCTTTIB (2)(3)(=2)
(3) OO 4 (7)) OO0 74 (5)¢6)C T

(4) JOCIOO~B (1)(3) (=)
Proof of [3 1

(1) A~ R (4) OO0 74 (1)(3)MP7[4 D)
(2) O3 14—B (5) OO0OOB (2)(4)(—)
(3) OO0 7B (6) (OB (3)(5)(™D

Proof of [4 1:Similar to [ 3Jand using theorem 7( 117,
Proof of [5]:

(L r | (7) OO0 4
(2) OODO00r 4 (8) OB (1) (Mhypotheses
(3) (JOOOCOOB (1) @)hypotheses (9) O~714
(4)-O0000O0~4 (10) [J~4 (9)(MP4[1])

(5) OO0 B (D (Hhypotheses (11) 1B (1)(10)hypotheses
(6) A—=B 3)(B)(—>,) (12) TA—>B @)U (=)
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(13) B (6)(12)(MP11[4 D)
Theorm 12 MP:

(1] ~A,~Bl—~(A—B)
[2] ~4,71 B +—~(A—>B)
{314, ~Bl—~(4—+pB)
[4] ~(4—>B), A—~B
(5] ~(A—B),"1Bt+—~4
Proof of [11:

(1)~A4 (6) [ [IT1(4—>B)
(2) [J~B (7)) 04 (6)(=1)

(3) OO0 J4~ B (8) (114 (1))

(4) OOOOOB W3 (=) (9) [I~(A—~B) (@ BXT7)(8(TH6[2])
(5) L] aB 2y )

Proof of [ 2], [31:Similar 1o [ 1Jand using rY_p.
Proof of [4]:

(1) ~(A—>B) (6) 13 B '
(2) 4 (7) [0 Sca—B) @) (1)
(3) [0 B (8) LI 1 ~(4—=B) (MY

(4) OO0 4-B () (MPLL2Z D (9) JOO~B (0B (1)(8) (MP6[2])
(5) DDDDDDD7 (A=~ B) (1Y)
Proof of [51:
(1) ~(A—B)
(z) L= B
(3) DOOOOO0Oo4
(4 DODO00000=4a>B) (201
Cs5) OO0 1=14a—=B)  (1)(Y )
(6) 14
(7)) O] A—>B (6)MP5[ 1D
(8) 1A= B) (1))
(9) T~ A4 WGBXD B (MPgL2 ]
Theorem 13 MP:
(1] 4+B,~4 +—~B,=4+—=1B,
then B —A4, ~B t—~A4, =1 B—T14.
'2]1If 4+4 B,—1A4+H4 =B,
then ~4+H ~B
Proof of [ 1]:With the hypothesis we first prove B —A.
(1) B (3) DO~ B (2)hypothesis
(2) 1000~ 4 (4 OOOODO00 B (3)(Y))

— 458 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



(5) [ 4 (7)) JOJ1B (6)(Y=7)

(6) 5™ B (5) hypothesis (8) 4 (LMW MP6L1D

Similarly, under the assumption we can use Theorem 62 Jand [3]to prove
~B|—~4 = B}—=1 A respectively.

Proof of [2]):Under the assumption we first prove ~AF—~B, the proof of
~B }—~Ais similar to this.

(1) ~4 (5) [JJ=1B
(2) JOOUods (6) [ ]J= A (5 hypothesis
(3) [CC]A (@hypothesis  (7) (371774 (H(Y )

(4) OO0 4 (DY (8) ~B (D W(BI(TH(MPg[2D])
Theorem 14 MP:

(17 Ab—~~4

[2] =A—~~4

Proof of [11:By theorem 1[2]and (~~).

Proof of [2]:By theorem 5[ 1Jand (~~),.

Note that this theorem has already fixed the truth values of connective ~
complelely i.e.

AF—=~(~4) means that~A4 fyz when 4 is true,

=1 A—~(~A4) means that~ A4 fuz when A is false,

~A4t—~Ameans that~A is true when A4 fuz.

Theorem 15 MP:

(1] 17 ~4 [31 =~A+—B
[2] —"T17171 4 r47 =—14H8B

Proof of [ 1]:

(1) Do ~4 (6) J)il=4

(o) OO0 =~4 WYy o7y OO0 ~~4 ) (MP14r2 D
(3) L4 (8) =1 ~4 Txy.)

(4) JOOO0~~4 3)(MP14L 117 (g) —=~4 (2)(5)(8)(MP11[ 5]

(5) T =~4 WY

Proof of [2]:

(1 =4 (4 OO =~4 (MP15[L D

C2) I A>~4) AXD(7))  (5) 7171714 (W (1)

(3) [T m~4 @(=-)

Here we must point out that 4 =,,B(.e. 4 is definded as B ) denotes
that A4 is a different writing of B, and vice versa.So 4 (or B)in formulas
can be substituted by Bl(or A).Then,from D(T1): 1 4=4;4>~4.We can get
=t 4f—=(A4—> ~A4) .Besides, in putting™1 =}~ Astraightly into the below of=~4
by Theorem 15[ 1 ], we in fact used the following rule of inference:
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If A4, thend}—A(4 is non-empty),

which is the special case of (7)( is emply).In the method of inclied proof,
the procedures of using the inference rules (¢) and (1) are usually omitted.

Proof of [ 3 J: Using Theoren 15 [ { ] and Theorem 2[ | J.

Proof of [ 4 1: Using Theorem 15[ 2 ] and Theorem 2[ | ].

Theorem|p (Substituting theorem): If 4+~ Band ~4r-Band AT B,
then for any well-formed formulas we have

S(A)YHF(B) and~f( AH~f(p) and =1 fl AT f(B).

‘Proof According to the generating way of well-formed formulas of MP,the
theorem can be proved by induction on the following four cases:
(i) If f(p) is proposition variable P,then the conclusion of the theorem
is just the premise of the theorem.
(ii) If f(P) is a well-formed formula in the form of ~g(P),where g( P)
a well-formed formula meeting the requirements of the theorem, we have:

—t
(€]

(A) g(A)2(B) and~g( A)—g B) and =g(A)—=1g(B),and ~g( A)+~g(B)
is just fiA)HHSf(B).
(B) It is easy to prove =1 ~g( A)F"3~¢(B) by theorems 15[ 1] and 2[ 1 1,

and vice versa.So
=_H~g( A)HH=1~g(B)

and which implies = f( )= f( B).
(C) From ( A),(B) we have
LA A B) and = A= f(B),
and then ~f(A4)H~f(B) can be derived directly by using theorem 13[ 2 ].

So, form (A)J(B).(C) we know that when f(P) is the well-formed formula
in the form~g( P),the theorem holds.

(iti) If f(P) is a well-formed formula in the form of =Jg( P),where g( P)
is a well-formed formula meeting the réquirements of the therom, we have

(A) g A)Hg(B) and ~g(A)—~g(B) and T g( )41 g( B),and ~Ig( A)
=g(B) is just f(AHS(B).
(R) We first prove I g 4A)=1=1g B).
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Proof (1) T1T1e(A)

(2) & A) (1) (5571
(3) & B) (2) inductive hypothesis
(4) Mg B) (3) (33

then = =Ig( B)l—=1=9g(A4) can be proved in the same way,so =I=Tg(A4)— ==
g(B),and that is = f(AHTFf(B).
(C) From (A).(B) and Theorem [3[ 2 ] we immediately have ~f( A)~

fB.
(A)(B).(C) imply that if f(P) is a well-formed formula in the form of
=rg(P),they theorem is also valid. ‘

(iv) If f(P) is a well-formed formula in the form of g,(P)—>g,( P),
where g, (P) and g,( P) are both well-formed formulas meeting the demands
of the theorem,

(A) First, we prove g,( 4)—>g,( A)—g (B)—~>g&,(B)

Proof (1) g(A)—=>g,(A)
(2) ODOO0O0OCe, ¢ B
(3) JOUOO0Oe: ¢ 4> (2) inductive hypothesis
(4) OJOCO0O0e0 4 (D=0
(5) JOOO0JJe:(B) (4 ) inductive hypothesis
(6) OJO~&:1(B)

(7) OO0~ (4) ( 6) inductive hypothesis
(8) CI0eL(4) (D (T (=)
(9) O )e( B) . (8) inductive hypothesis
(10) & (B)—~g:( B) (5)(9) (=)

then, g,( B)—>g,( B)—g,(4)—>g,( A) can be proved in the same way,.So g,( A)
—g,(A)-g,(B)—>g,(B), which is just f(4) ,Hf(B).

(B) We first prove =g, (A4)~>g, (A g, ( B)—>g,(B))

Proof: (1) T(g(A)>g,(A4))

(2) &,(A4) RGP IGaN

b (2) g (A (1)(7)
(4) &(B) (2) inductive hypothesis
(5) T1g&,(B) (3) inductive hypothesis
(6) —Xg (B)—>g(B)) (4)(5)()

=g, (B)—>g (B))—=Ng, (4)—>g,(A)) can be proved in the same way.So we
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have =g (4)—~g0),H (g, ( B)—>g,( B)), Which is just =If(4A)—=f(B).

(C) From (A4) . (B) and Theorem 13[2] we immediately have ~f( A4 )~
f(B).

(A4) (B) (C) imply that if f(P) is a well-formed formula in the form of
g, (P)>g,(pP), the theorem is valid too.Q. E. D.

It should be pointed out that in the theorem, we have f( A)f(B) for
any well-formed formula f( P).Since ~f(P) and =1f( P) are both well-formed
formulas, we immediately have ~f( A)H~f(B) and =|f(A)l--{==lf(-B);But for
the convenience and requirement in proof,we still describe the conclusicn of

the proof as: for any well-formed formula f( P) we have

flAY f(B) and ~f( AW ~f(B) and = f(HH=S(B).

It seems that the procedure of the proof has become more tedious and unn-
ecessary owing the strenthening of conclusion,but in fact we have strenthened
the induction at the same time of strenthening the conclusion, therefore the
proof of ~f( A/)b+~f( B and = f( )= f(B) is necessary.

Definition If for any well-formed formula f(P) in MP we always have

SCDHSf(B),

then Aand B are called equality-valuations,in other words,any appearance of
A and that of B in formula,can be substituted by each other, which is expressed
as A= B. '

Here we must note that the symbol |={ is not a formal symbol of the
vocabulary, but an abbreviation with some meaning, and we have only definded
the meaning of Al={ B, but not the notation of =( A4 =B)or ~( A4 =B),thus
these notations are all meaningless and we can not construct such expressions
as |—A4 H=B.

Theorem 17 MP:

[1]JIf A—Band~A+—~Band —14+H=7 B,then A B.
[2]1f A4 Band = 4+=1B, then AMB,
[3]If ~4H~B, then ~4 = ~B.

Proof of [ 1 J:From the hypothesis of the theorem and theorem 13[ 1] we
have

Br—A4 and ~Br—~4 and = B+=14 .

It meets the hypothesis of Theorem ]6(the Substitutive theorem),so we have
SCAMWHS(B) for any well-formed fomula f(P),that is A4 B.
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Proof of [ 2 ]J: From the hypothesis of the theorem and theorem 13[ 2 ], we
have ~A4A}4~B, thus 4H Band =Y AHH=% Band ~A+~B. By the substitutive
theorem we have f(A4)Hf(B)for any well-formed formula f(P),that is 4= B.

Proof of [ 3 J]:First, we prove = ~A4}—=1~B.

(1) = ~4
(2) T=i~4 (MP15(1D
(3) =1~B (1) (2) MP2[1])

Then, similarly, we have = ~Bl—=%~4, thus with the hypothsis we have
~AH~Band S ~4+—+4=1~B ,

Theorem I8 MP: )
(1] AT179 4; [2] A Al ~~4:

[3] ~=4=~4.

Proof of [ 1 ]J:From (==9,) and (77 7. we have A H =171 4,and similarly
=1 AF{=1=9=% 4. Then

A==t d4and S AT 4,

so, with Theorem117(2],we learn A= =1=7 4.
Proof of [2]:First, we prove = 4—>A)}—=(~~4)
(1) =(A4—4) (4) 714 (3T
(2) 4 MWL (5) =I~~4 @O AMP2[1D)
(3) =14 (1))

we have =1~~4|}—=3(A4—> A4) by Theorems 15(1] and 2[ 1], so with the Rule
(~~) and by Theorem 17[2] we obtain A—>Ak=~~4.

Proof of [3]: We have ~A+4~=14 by Theorems 4[1].[2],and thus ~A4|=~
=9 4 is verified by Theorem 17[3].

Theorem 19 MP:

(1] Ab—~14;[2] TA—~T1714; [3] ~4l—~71714.
Proof of [11]: 4

(1) A4 (4) [ 14 (MP15[4D)
(2) OO 4 (5M~"T14 (1)(2)4)(MP6[2]
(3) 191 4

Proof of [2]:
(1) 774 (2) 714 (DY
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(3) ~71714 (2)MP19[1D)
Proof of [3]:

(1) ~4 : (3) ~T1714 (2MP19[1D)
(2) 774 (YD

It should be noted that by combination of Theorem 19[1] with axioms
(Y and (Y.) we have completely defined the truth values of —1 A,i.e.

AF- ~71 4 implies that —14 fuz when A is true,

=1 AH"14 means that T4 true when A is false,

~A+—"1A4 means that 14 is true when 4 fuz.

By the combina-tioyn of Theorems 19[ 2] [3] with theorem 3[2],the truth
values of —177 A4 have also be completely defined.

AH—"1714 means that —1—1 4 is true when 4 is true.

~AF—~"171A4 means that™171A4 fuz when A fuz,

= A+ ~—1"14 means that — |14 fuz when Ais false.
from these we know that AF{—1714 is invalid because we do not have =1 4

—=114.
Theorem 20 MP:

"[1] ~~~Al=~4
(2] 317144

Proof of [1]:First, we prove ~Al—~~~A

(1) ~4 - (4) OO=t~~4
(2) OO0 ~~4 (5) OJ179~~4 (MP15[1D)
(3) OOOOO0 1 ~4 (DY) (6) ~~~4 (D)4 (5)MPs[2D

Then we prove ~~~A4F—~4

(1) ~~~4 | (5) [JC= 4
(2) O 4 , (6) JO~~4 (5 (MP14[2])
(3) [T ]~~4 (@ (MPL4[1]D) (7)) OO ~~4 (1))

(4) OO ~~4 (D) (YD (8) ~A4 (301 ) (7T)(MPg[2])

so ~4F-H~~~A4, and further by Theorem ’12‘[3] we have ~AE ~~~ 4,
Proof of [2]:First we prove 1Tl Al—14
(1) T4 (3) DOOOO0 14 (2)(TH3(2D
(2) OO0 4 (4) 714 (LG,

Then we prove ‘_IAkI—“vl*‘l“‘I A
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(1) 4 (3) [O004 @ «(TH31D
(2) OO0 4 (4) 171714 )

It means —JAt{—]74
Now we prove =11 171 4=1"14

(1) =711 4 (3) =714 (W(2HMP2L1D
(2) 1M1 14 (MP15[2])

=1=9 A|—=171714 can be proved in the same way, so =11 4H=T1"7 4.
Hence by Theorem 17[2] we get —1A|=—171—14. \

This theorem says that if there are more than three defining symbols —
or connective symbol~before any well-formed formulas,these symbols or con-
nectives may be cut down in even number while left at least one. But for
connective symbol =there is no such a limitation as leaving at least one
while it can be added in or cut down in even number at will.

Theorem 20 [1] and theorem 14 have completely defined the truth values
of ~~A, that is

Al—~~A means that ~~4 is true when A4 is true,

=|A|—~~4 means that ~~4 is true when Ais false,

~A }—~~~A4 means that ~~A fuz when A fuz.

From the definition of the equality-valuations of 4 and B and the substi-
tutive theorem we immediately verify the folfowing theorem.

Theorem 21 If A|=B, then f(A) f(B) for any well-formed formula
fep).

Theorem 22 A~ A=T1B—>"14

Proof Let+« B be =B and 4B be B.By Theorems 7[7] and 9[3] we first
have 4—~BF=1B—>=14.

Now we prove (A= B)—1(=IB—>A4)

(1) =(A4~B)
(2) OOOOO0O0= 8- =4
(3) 000000048 (2)(MP9 3D

(4) OOO0O0OD W4—-B)  AXY)
(5) OO0~ B—=4) °

(6) OJOJO=1B (DL

(7)) OO0~ 4 B (6)(MP12[4])
(8) OOO04 W=

(9) OJOO0==14 @) (=)
A0 OO ~=4 0y
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(1) = B> =1 4) (D710 MP[3 D)
Then we prove = =IB— "14)—=1( A—= B)

(1) = TIB—>=1 A4)

(2 JOOO00OC0 4—-B

(3) OO0 B>=14  (2)MP7[7D
(4 OOOO000 (= B->=14) AT
(5) OO0~ c4—~ B)

(¢) 00" 14 (D)

(7)) JO0O004 =)

(8) DO ~B  BXTH(MP112[4])

(9) OO0 1= B (8)(Yo)

(10 OO0/ B ()

(11) =|(A— B) (3)4)(9 (10)(MP6[3])

Then we have also =|( 4 > B)I-1=1( B B—=1 4). Therefore from Theorem 17[2]
we have A—> B|===|B—>=14.
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