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Abstract Two new proofs of a discrete Ky Fan inequality of the comple-
mentary A-G type are given. Its continuous version and determinantal analogue
on a set of pairwise commutative positive definite matrices are established. A
further extension concerning general positive definite matrices of the inequality

is also suggested.

{. Introduction

In the early sixties, Ky Fan established a remarkable and interesting inequa-
lity relating the A-@ (abbreviation of arithmetic and geometric) means in a com -
plementary manner, now known as a Ky Fan inequality of the complementary
A-G type (cf. [22,], [23]), which was first recorded in Beckenbach and Bell
man [3,p.5] (see also [13, p.3631): - '

For xje(o,%],j;l,---,n, we have

(Mx) /(Zx;)"<(T(1 - x)) /(Z(1 - x))" - (1)

with equality iff all x; are equal . o

Here and in what follows £ and Il are used to designate 2:, .- and ﬂ::) .
respectively, whenever confusion is unlikely to occur. ‘

In 1964, Levinson [ 9 ] generalized inequality (1) to an inequality involving
a nonnegative thrice differentiable function. Along the same line of Levinson,
further generalizations _and variants can be found in Bullen [ 4], Chan, Goldberg
and Gonek [ 5], Lawrence and Segalman [ 8 ], Popoviciu [15], and, Vasi¢ and

Janic [18]. e
Recently, Wang ([22], [23]) extended (1) to the case of unequa] weights

as follows,
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I(x,/(1- %)< A/ (1 - A) , - (2)
where xj([O’%:]’ a,>0,%a,=1, A=Za;x;, j=1,, n, with equality iff all x; are

equal. Then, he established ( 2 ) respectively in[22] by introducing an inequality
of Rado type associated with (2) and in [23] through the functional equation
approach of dynamic programming (e.g.see [3,p.6]).

It should also be noted that the original unpublished forward and backward
induction proof (c¢f [ 37]) and a usual induction proof of (1) are given in Ozeki
14, p.128,p.601, while a proof of (1) by a Schur-convex function can be
found in Marshall and Olkin [11, p.98].

In order to unify our subsequent arguments, we shall use an equivalent form
of (2) as follows;

Eaj[lnxj—ln(l—x,-)]<\‘.lnA—ln(1~A)_ (3)
where xje(o,—;—], etc. as above,

In this paper, we shall not only add two new proofs of (3) (and a fortiori
(2) and (1)) to the colléction displayed above, but also establish its continu
ous version and determinantal anologue on a set of pairwise commutative positive

definite matrices,

To this end, in section 2, we shall summarize notations and definitions that
will be used. In section 3, we shall present theorems concerning concavity of
functions as well as nonlinear functionals. In the following sections , we shall
successively establish the aforementioned results by means of the theorems provi-
ded in section 2, and conclude with some remarks and a conjecture concerning
the Ky Fan inequality of the complementary A-G type on a general set of posi-

tive definite matrices.

2 . Notations and definitions

Let us begin by displaying some notations and symbols that we shall need.

R = the field of real numbers.
R = {x¢R|x>0}, I:(o,%].

R"= {(x,, % %) |X,€R, j= 1, n}.

Q = an open convex subset of R” (or I").
X={f|f:Q—->1} =the set of integrable function on Q.
U=an open convex subset of X,

F={F|F:U—->R*} = the set of functionals on U.
{x, y> = the inner product of x and y, x, yeR".
[,=00/0x;, Vf(x) = (fi(x),, f,(x)), xeR".
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f,=9f/0x8x,, xeR".
Q= LS (xX)u, uy = ,-Zk Fiattja.
S, &> = ffgdu, [, geX.
Here and in what follows j and dy are used to designate f and du(x) = dx e
Q

dx, respectively, whenever confusion is unlikely to occur.
(M) = F(f+A4ih), Fe¢F, f, heX, A1€eR,

$(0) =——d%—F(f+/Ih) .., =<0, F, Y= QF, k),
2
8000 =22 F(f+aR) |-y = QUF, W) = O'F, i = @,

where ¢'(0) and ¢”(0) are said to be the first and second Gateaux differentials
(e.g.sec [17; p.35]) respectively.

Definition 1 The functional A: F-»R is affine if for every feF, A(f) =
L(f)+b where L: F~R 'is linear and b is a constant in R,

Definition 2 A concave functional F: U-»R has support at geU if there is
an affine functional A4: F—>R such that A(g) = F(g) and A(f) >F(/f) for every
feU,

Similat definitions concerning the support of a concave function on R” are
typical . (cf. Roberts and Varberg [14, p.108] for details).

3. Theorems concerning concavity

In this section, we state a simple concavity theorem as Theorem 1, and cite
Theorem F on page 103 and Theorem B on pagé 108 of [12] with some modifica-
tions as Theorems 2 and 3 respectively, Then, corresponding to Theorems 2 and
3, we adopt the idea of Vainberg [17] and present Theorems 4 and 5 concerning

the concavity of nonlinear positive functionals for our purpose (see also [21],[241).
Theorem 1 Let 7(x) =lnx-In(1 -~ x) be defined on I. Then # is concave on

Theorem 2 Let f hava continuous second partial derivatives f;, throughout an
open convex set Q of R", Then f is concave iff the quadratic form Q is nonposi-
tive of all x, ueQ. Moreover, if Q is negative on Q, then f is strictly concave.

Theorem 3 The function f is concave on Q iff f has support4(x) at each point
x,€Q, A(x)) =f(x) and A(x)> f(x) for every xe€Q.

Theorem 4 Let F have continuous second Gateaux differential on U, Then
F is concave iff the quadratic form Q is nonpositive for all feU, hA¢F. Moreo
ver, if Q is negative on U, then F is strictly concave.

Theorem 5 The nonlinear positive functional F is concave on U iff F has

— bl15—

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



support A(f) at each point (€U, A(s)=F({)and A(fH  F(f) for every feU,

4. Two new proofs

In order to give two new proofs of inequality (1) (or (2)), we establish ins-
tead its equivalent inequality (3 ) as follows. First, since 7”(x) = - (1-2x)/x*(1 -
x)%< 0 on I, the concavity of Theorem | is established, which in turn establishes
the inequality (3).

To prove ( 3) alternatively, we consider the function

f(x) =Za,(inx; - In(1~ x,)] (4)
Since fj:aj[%+ 1ix J, and
j j
1 1 ,
af -4 4—— " Y k=,
f{ A T
0, kEJj,
_ _ u; 2
Q=-Z(-2x)( x,(l—X,)j . (5)

From ( 3 ), if follows that Q<. on I". Thus f is concave on I" by Theorem 2

and the support of fat x=x"=(A4, e+, A)(where A=<a, x)) is

A(x)ZVf(x")(x~x')+f(x‘):(%+ 1iA><a,x~x">+f<x“>
() (@) - )+ fx% = S =A== 4D (6)

Hence the inequality ( 3 ) is established by a use of Theorem 3 on (4) and (6).

Also, tiie sign of equality in ( 3) holds iff x; = e = x,.,

.

5. Continuous version

We state and prove the continuous version of a discrete Ky Fan inequality
( 3) of the complementary A-G type as follows; '
Theorem 6 Let | denote the constant function on £ whose value is | and
Az(w/f wdu, f> for w, feU, Then we have
Cw/ [ wduy Inf=1n(L = f))<Ind=In(1 - ), (7)
with equality iff f=k, where k¢l,
To prove Theorem§, we consider the functional

K(f) =<w/ [ wdu,inf=Inc1- )7, (8)
Since OK:\'w/fwd/z,f“+(1—f)”> and

FK=Lw/ |wdu, - f2+(1-HD,

Q:—<w/ﬁwd/4, (-2 N0f(L- NI h. (9)

From ( 9) if follows that Q-0 on U. Thus f is concave on U by Theorem 4
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and the support of f at f=A is
A =K (A) (S~ A) + K(A) =(w/[ wdd, (4" +
A-AD 'YW f-AD>+K(A=K(A=lnd-In(1-A) (10)
Hence the inequality (7 ) is established by the use of Theorem 5 on (8) and
(10> . The conclusion of the Theorem is now clear,

6 . Determinantal anologue

In this section, we consider (cf. Beckenbach [3,p.57], Marcus and Minc
(10, p.69], Minsky [12, p.394]), and Wang [19, p.202], [20, P.109Y)])

A= MeM]| <Mz,:f><—12<2. 2y,

where M= the set of positive definite matrices of order m, zeR™, We use a se
quence M=(M, «--, M,)of positive definite matrices M -, M, in A in place of
the sequence x = (x,+-,x,) of positive numbers x,+-, x, in I considered above.
For simplicity, we use 1 and |W|to denote the identiry matrix of order m and
the determinant of a matrix W respectively., We now state the determinantal ano-
logue of a Ky Fan inequality ( 3) as follows:

Theorem 7. For MjeA‘ a; -0 with Za;=1,j=1,++,n, we have

Za,(in|M |- in|1- M,]J< in|Ze;M |~ n|Za,(1 - M) |, (11
with equality iff all M, are equal.
~ Choosing M, to be diagonal matrices (A,"“):":1 L J=1,,n,0f A, (11) becomes
Za,(Inl” 4" — il (1-4,7))
<inl) (Za,i”) -1} 0 Za, 1 - 470, (12)
A simple rearrangement of (12) yields
EN (A LEm AU, (13)

where f(A,) and A(4,) are given in (4) and ( 6 ) respectively. For each ¢,
f(A,)-{A(A) is a copy of inequality (3). Thus (13) holds and the case of
equality is hereditary. This establishes Theorem 7 for the case of diagonal matri-
ces of A, v )

However, by a use of Theorem 10.6.6 given on page 320 of Mirsky [12],
Theorem 7 can be readily established for any s matrices M; of A which cmmute
in pairs. Practically, this is slightly better than the case of diagonal matrices, For
general matrices of A, Theorem 7 requires further investigation (see below) .

7. Remarks and a conjecture

The condition given in Theorem 6 for the equality case is stated as “f=k”,
In fact,itcan be replaced by «f =k almost everywhere”(e.g. see Halmos [6,p.86]).
Now let us point out that in turn inequality ( 3) follows from Theorem § immed

iately by letting f(x)=ZXxx ; ., w(x)=2a,x;,; ;. ;(see Halmos [6,p.84]), du=.
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dx, xeR, and Q=[1,n+1].

Instead of a direct investigation of Theorem 7 for the general case, we pre
sent the following.

Conjecture Let f(M)=InM|-1n/1- M|be a real function defined on A.
Then f is concave on A,

Since the Jensen concavity is equivalent to the usual concavity (cf. Hardy,
Littlewood and Pdlya (7,p.711, or Mitrinovic [12, p.12]), the conjecture amo
unts to establishing the inequality

| M ML/ (1-M) (- My) [V2< l—é—(M‘ +My |/ —%(Ml + M|

for M, M A,
Finally, we conclude that it may be interesting and worthwhile to extend the
inequality (3 ) to the case of M-matrices in the sense of Ando [ 1], [2].
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