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{ . Introduction
A theorem of Carleson (1(2] 55 generalized by Duren (] characterizes
those positive measure 4 on the unit disc U= {z€ C:|z|< 1} for which the H’
norm domiates the L‘(#) norm of elements of H?, Later on, Hasting sl proved
an analogous results with H” replaced by A’, the Bergman space of fuctions f

1 x s
which J;J: | f(re’® Prdrdd <co. Actually, his result is more general in that

it-applies to positive measure and positive n-subharmonic functions on the
unit polydisc U" in C", the purpose of this article is to generalize the theore-

ms of Duren and Hastings.
2 . Extension of the theorem of Duren

Theorem | Let 4 be a finite, positive measure on U, and suppose that
the function ¢#( 7 ):[ 0, oo)—>R satisfies the following conditions,
(i) #(0Y=0, d(2)>0, >0,

(ii) ¢ is increasing and limﬂg?t-l =oo or finite,
(iii) ¢’ exists and is increasing in ( 0, oo0),
(iv) limd(ctMHo(tH =0,

-0 .
( v) there exists a constant B>>0 such that

' (t)d(ct™
b SR YRS

for all ¢>> 0. Then in order that there exists a constant C> 0 depending only

=B

on ¢ such that

s { [ pd fPauE <c|rl @D

for all fe H?, 0<{p<{oco, it is necessary and sufficient that there is a positive
constant 4 depending only on ¢ such that
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u(Sp <o(Ah) 2)
- for every set S, of the form
Si={z=re":1-hr<lr<1,0,<8<8, +h} . (3
We need the following lemma which is obtained by elementary calculus.
Lemma Suppose that function ¢(#):(0,00)—>R satisfies the following
conditions,
(i) 6(0) =0,6()>0, t>0,
(ii) ¢ is increasing and
(iii) ¢’ exists and is increasing in (0,c0).
Then the following properties are true,

o(ct) =cop(t), for c>1, (4)
#(1) /t is increasing in (0,c0), (5)
P(11) tO(D<&(t;+1) . (6)

for all ¢,, 1,€(0,00) .
Proof of necessity Suppose that ( 1) holds with p, 0<p<oo, it is easy
to see that
u(Sp =¢<c||fl|§)/¢<géi§‘|f(z> o (7

for all feH’ and for every set S, of the form ( 3).

Let z,=pe’, and let p=1-h, and consider the H” function f(z) ={5h*(1-
2,2) )'?, whose norm is | fIE=5h%1-p? '<5h.

A geometric argument (4,p.157] shows that | f(z)[/>1 in S,. Therefore,
by (7), u(Sy =6(5ch)/p(1) and ( 2) holds with A=5c/p( 1) for ¢(1)<1
and A=5c for ¢(1)>1.

Proof of sufficiency Suppose that ( 2) holds for every set S, of the fo
form ( 3), we first prove ( 1) holds with p=2. For feH? it is proved in
{ 3] that

| f(z) |<16%o(2) +o D, (8)

here 6(1)= f(e”), and P(z) =SUF—|-TI-I—JI |#(r) |dr, where the supremum is taken

over all intervals I containing I, of length |i|<1, and I, be the boundary
arc

L={e"0-2(1-n<t<s+3(1-n }

for each point z =re'*=#£0 in U.
Therefore, by ( 8), elementary inequality (a+5)2<2(a*+b?% and the
downward convexity of ¢,

| 2 7 Pau <[ #1016%G (2 +lo )12 1du
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% {fu $(ciF ()" du +IU —";(Cl lo |5 du} (9)

with ¢, =512x%.
It suffices then to show that

J, scc@@Hau<sce:lold (10)

To do this, let

E,={z€U:p(2) >s/[c,; >0}, a(s)=u(B),
then

J, e Hdu=~[ o(sHdacs)
[

<2f s¢’(s2)a(s)ds+a(s)¢(s2)L:o . 1
~ 0
We will show that
R lima(s)#(s?) =0. Coe (12
s—>0
Let ¢(r)€L!(dU), and let for >0,
A= {z&U:JI |@(o) |dt>s(e +I,)} ,
B:={ z€ U:exists w€ Afsuch that I,DI, } .
It is proved in [ 4] that
E,=1limB;, u#(E) =lim (BY), (13)
£ e—=0
and there exists a finite number of points z,, z,, e, z, in U such that the
N arcs Iz, are disjoint and
m
BiC | J{zeU:1CL, ),
n=1 .
and
m m
s R CHILD <Y, loar<aloh, (19
n=1 n= Za :
where J, is the arc of length 5|I.| whose center coincides with that of I,.
Therefore, since u(S,)<é(Ah), by ( 6) and (14),
mn m
u(BH < Y u({z€U:LCI, H < Y u(S),)
n=1 n=1
~ <YL o(54 |1 p<s ( 154|1,[) <10z 4o |y /5) .
n=1 n=1
Letting ¢—0, it follows from (13) that
a(»=u(B)<¢(A o /s (15)
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with A, =101 4.
Thus, a()é(s*)<s(A| e h/5)é(s?, and (12) holds by condition (iv) of ¢.
Then from (11) we have

[ #Ceid2Hducz) <f ¢'(sHa(sHds* . (16)
0

For 5s>0,let
{(p(t) wherever |o(1)|>s/24, ,

otherwise .

b (D=

Here we assume A,>1. Let ¥ {2) :squ—I-Ilelw,(t) ldr defined as $(z), and

let F,={z€ U (2)>s/2/c,>0 }, then it is proved in [4) that E,CF,. There-
fore, from (16) and (15) for ¥, we obtain

J, s DHau <[ 6/ sHucF st

<[, 8/ sHocAly.li/ods? . (17

Since ¢(1) /r is increasing in (0,o0), then
oAl b/ =[G, o docolar D /(4 55 a4 oy o PO O T ¢
TZ_’?;_ JZA:IW)DS [ocojdr)

< {aﬁ(z,TAS PRSI OIDLY /

2
(2” 24| 00 |>J<2A,l¢(t)| /s)de) } e

4,

n |ds
Vs sz,|¢(,) i>s|"’( >lar }
s 247]e I3/5% A,
) Dldr}.
24 @ |3/4? 21s JZA.lw(t)(>sI‘p( ylde )

Substituting this inequality into (17) we have

fU d(c\@(2)Hdu

L7 E j o' (sHeC2AY| g |} /s )s(—j lo(n |dr) ds?

24, " 24, 9(6) [>5
Exchanging the order of integration, since su>pt¢ (et HY<Bp(c), we have
t>0

jU o(c1@(2)Hdu(z) <2Bp(24%| ¢ |5, and (10) holds with c,=44%B.
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Substituting (10) into ( 9), we have
[, ¢d 1Py <étea o | +oeilo I -u(0)

<s#ccle > =l FI - (18)
This proves the sufficiency of ( 2) for p=2.
Finally, for arbitrary p, 0<p<co, if fEH’, then f(z) =B(z)(g(2))*"*,
where B(z) is the Blaschke product and g(z)#0,g€H? and | f{=}e ;.
Therefore,

J,ed P aun < jU o &(2) Pydu(z) .
Since u(S, <¢(A4h) for every set S, of the form (3), then by(18) we have
[ ol radu <acclelp =sce | rI,

and this completes the proof of the theorm 1.

Apply theorem 1 to ¢(r) =r"?, 0<p<<g<co, we obtain the following
corollaries immediately.

Corollary | .l Let 4 be a finite, positive measure on U, and suppose
0<p<g<<co. Then in order that

{f, 1 [ duc2> Y=c|riz (19)

for all feH” 0<p<oo, it is necessary and sufficient that u(S, <(Ah)*” for
‘every set S, of the form ( 3).

As in [ 3], [ 4] two inequalities follow immediately from above corol-
lary 1.1. ‘ '
" Corolary 1.2 If 0<p<g<oo, then feH?’ 0<p<oo, implies

{f,(l—r)""*zM:(r, Hary el i, (20)
where a=gp’/p and MXr, /) =%{-f:' | Are'H|°’dg . This generalized a theorem
of Hardy-Littlewood ( 6],
{f:,u =M, Har}<e | 1], -
Corollary 1.3 If 0<p<g<oo, and fEH’ 0<p<oco, then
- ( c-nerl ey <e I (a1

Particularly, for p’=p all of these corollaries reduce to that of Duren
in {33,
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3. Extension of the theorem of Hastings

Let U"={z=(z,,ee,z)€EC" |z,|<1, 1<j<n} and let ¢, be 2n-dimensional
Lebesgue measure restricted to U”", normalized so that U” has measure one.
Theorem 2 Let 4 be a finitie, positive measure on U’ and suppose
that function ¢(7) satisfies the first conditions ( i )—(iii) of theorem 1, and
there exists a constant K such that

(1)) d(1) <Kb(t12) (22)
for arbitrary #,, 1,>>0. Then in order that there exists a constant ¢ >0 such
that

¢ {IU,,¢<I fz)Paucz) }<c ||f||:p=cfunl f(2) "o () (23)

for all f€ AAU"), 0<p<co, it is necessary and sufficient that there is a
constant A>>( such that

u(Sp <é(4 TTr]) (20
ji=1

for every set S, of the form
Sp={z=(re®1, ., re'n:1-n1<r,<1,
05=6,=6%+h,, 1<j<n)}. (25)
Proof If inequality (23) holds for f€ A%(U™, then for every set S, of
the form (25) we have

u(Sp <écc | Fltp /¢ min | AP (26)

We assume f(z) = [2‘, lelhj(l —E,z,)-4]l/p , where a;=(1 —h,)exp{i(a(}+'hj) /2},
1<j<n, then ’
I rbo<ei[In3 . 1A l>1, z€s,.
Therefore j
u(Sp <o (cclll_:IIhf) /6D

and (24) holds with 4=cc,/#(1) for ¢(1) <1 and A=cc, for ¢(1) >1.

Conversely, suppose that (24) holds for every set S, of the form (25).
For m=(m,, «, m)EZ" and k = (k,, -, k,)EZ" with m,>0 and 1<k, <2""4,
1<j<n, set T, ={z=(re'’, e, rettyil -2 e, <t -27m T ok /2L
0,<20k,+Dr/2"1<j<n}, and let z™=(z7", ., z7%, where zf=(1-27")-
expl2(k,+1/Dxi/2M "4, 1<j<n, and Un,={z=(z,, », z)€C™ |z,~27¥|<
(7/8)2™™ 1<j<n}, it is proved in [ 5] that
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n
| (=) |"<cz(r[14’"f) [, 1#DMho(2), €T (27)
j= Imk
and ‘
L[ A= Mo (2) <N [, | o (), (28)
m_ k Umk U
where N =(135)". Therefore by (27)

fplfahdun = 5 D fr,f(' f(2) [Hduz)
m>0  <k<2mt
: <L YT 00 {czln'[4'"fj' | A z)|Mo (2) | (29
m k J=1 Umk s
Since T, S, which is the set S, of the form (25) with h,=2—m/, 1<jin,
~ then .
"o, .
HCT ) <u(Sw) =6 (A] 12 iy (30
j:

~ Substituting (30) into (29), by (22),(6) and (28), we have

[ #AFPAu<E T6 (4]1272™)6 fea [14™[ | Pdo,)
U mE =1 j51 YU
<K ;as( Aczfu | S 1Mo ) <Ké( AczNJ'U"J fIrdo D

m mk

<o ([l S0y =ecc | fln

where ¢ = Ac,NK for K >1 and ¢ = Ac,N for K<1.

Hence (23) holds for all f€ A(U" . This completes the proof of the
- theorem 2.

It follows the following corollaries immediately.
Corollary 2.1 Let 4 be a finite, positive measure on U” and suppose
0<p<g<co. Then in order that there exists a constant c>0 such that

{fU,I A2 ™ duz) Ypla<e /o . (3D

for all fe A%(U", 0<p<loco, it is necessary and sufficient that there isv a
constant A>0 such that ' :

? n
u(sh)<(A1‘[lh,)24/P (32)
j:
for every set S, of the form (25). \
- Corollary 2.2 Suppcese 0<p<g<oo, if f€ AAU), 0<p’'<co, then
U L b =n2/many e | £l (33)
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and

{J (a=-n*"""Myr, pdr}°<c'| f i, (34

where a =qp’/p, the constnat ¢ and ¢’ are independent of f.
Remark All these corollaries also hold for every positive n-subharmonic
functions f in U" if 1<p<g<lco.

4. Another example

Let ¢(0) =¢°/(1+1), t>>0,it is easy to see that for a >2
#(0) =0, ¢/ (D >0,6"'()>0;5 d(1) (1D <B(titD, 1, 1;20;
limé(ct Ho(th = 0.
=0
Finally, we show

1/ (H¢et™ _
s;gpo ) a. (35

Since

W' (Ddct™ _ lcyfat(a-bn Lre {l/t, for 0<t<1,
#(c) Gve (1+n?* 7 ttc 1, for t>1,

therefore

ar@=DI - ror g<i<1,

' (DéCct™ et = (1+n?
é(c) — 1y 2
et¥(@ ZDIT - for 1>1.
(1+n

In case of 0<{r<{1, since g’(r) <0, therefore g()<la. In caée of t>1,
since g’(t) >0, hence g(H<Ca —1. So (35) is true.

Thus ¢(t) =t9/(1 +1) for a>2 satisfies all the conditions of theorem 1
and 2. Thereforc we have the following corollaries.

Corollary 1.4 Let 4 be a finite, positve measure on U, anll suppose a >2.
Then in order that

Az <o I .
UL AR L+ 15

for all feH? 0<p<loco, it is necessary and sufficierft that

ha
1+h

u(Sy <4 (37)

for every set S, of the form (3).
Corollary 2.3 Let 4 be a finite, positive measure on U”" and suppose
¢ >2. Then there exists a constant ¢>>Q such that

AP < d sl 28
S T AP P <71 (38
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- for all fe 4A%(U™, 0<p<oco, if and only if there exists a constnat A>0 such
that

u(Sp<d4—Lt (39

«

for every set S, of the form (25).
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! x(1—-x)\ a/2
B, f, %) - f(x) | <K (2=
n+ 1
holds for xe[0,1] iff feLip*a.
-~ Theorem 4  Let feC[0,1] and 0<<a<{2. Then the following two statements
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. fong . —a/
D D -fl=0"?; (n>+o00);
. 2
i) o) [AXf, x) |[<KKh'3 (xe[h,1-h], B>0), where ¢(x)=x(1-x).
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