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Minimum Norm Reflexive Generalized Inverse A, and

Least-Squares Reflexive Generalized Inverse A,
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There are many applications of minimum norm reflexive generalized inve-
rse A and least-squares refiexive generalized inverse in practice. This paper
is devoted to the development of their theoreticai properties, reverse order law,
representation and general expression.

In this paper R(A) denotes the range of A, N{A) denotes the npll space of
A, r(A) denotes the rank of A, n(A) denotes the nullity of A, Preay denotes the
orthogonal projector on R(A), P, ; denotes the oblique projector on subspace S
along subspace T.

An n by m matrix G is called as Moore-Penrose inverse if G satisfies the

four Penrose equations

(1) - AGA=A
(2) GAG=G
(3) (AG)*=AG
(4) (GA)*=GA
- An n by m matrix G satisfying the ith, jth, and kth equations in (1) —-(4) is
called an (i, j, k)-inverse of A.
Classification
- Satisfied
Name Symbol l
equation
{1, 2}-inverse or reflexive g-inverse A:2)0p A (D,(2)
{1,3}-inverse or least-squares g-inverse ALDop A/ (D, 3)
{1,4}-inverse or minimum norm g-inverse ALDor A~ (H,d)
{1,2,3)-inverse or least squares reflexive g-inverse A2, Aj (D,2),(3)
{1,2,4}-inverse or minimum norm reflexive &-inverse A2, AL (D,2)H), D
T

The following are main results.

* Receiped May 9, 1986.
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Consider the space decomposition
(5) C"=N(AYPN(A), C"=R(APNG) .
Then we obtain from definition A

GA =Py e, =P
(6) GeA{1,2,4) ¢ { RAD T IROG)
AG =Pra), NO)
GAx=x, x€¢R(A*) =R(G)
= {
Gy=0, yeNG) .
It is easy to show that if there exist a nonsingular m xm matrix R and nons-

ingular axn matrix P such that

I 0
(7 RAP= i
0
then
I U
8 A= i R
(8) mr [V w
where
L G |- . . .
(9) wW=VU, P v 0 P! is a Hermite matrix.
Furthermore, if
R1 ’ r n-—r
(10) R = R ’ Pz[Pl 23 9
2 Jm—r
then
_ - PP) ™! U
(11) A, = (P ‘[ ( '0‘) O}R ;

where UeC"*™ Djs arbitrary.

Sinailarly, if we consider the space decomposition
(12) C"=R(G)PN(A), C"=R(A) +R(A)",
then we have

AG=P
(13) GeA{l,2,3)e> { KA
GA =P, N&)

For an inconsistent linear system Ax =5, p&cC” if b=b +b,, where b €R(A),
b, R(AY:, then GeA({l,2,3) implies that

(id) Gb=G(b, +5,)=0Gb,
and ‘

(15) Gb, =GAx=x, Vx€R(G) .
If A has a decomposition (7), then

- L v

(16) A,r:P{ v WJR ,
where
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LI U
(1n W =VU, R ‘{ g ]R is a Hermite matrix.
0 0

Furthermore, we have
_ (R,RH™ 0 _
(18) A,=P (RH™
A" 0
where VeC" ™" *"is arbitrary.
By means of the reverse order law of Moore-Penrose inverse and theorem
2.5 of Bouldin 2]

Reverse order law,

, it follows that

b (19 (AB),, =B, A (orB, A €AB{1,2,4})
R(BB*A*)CR(A*)
= { N _ .
both BB, and AA are commutative.
(20) (AB), =B, A, (or B A, €AB{1,2,3})
R(A*AB)CCR(B)
= {

both BB, and AA, are commutative.

We also characterize A, and A, without proof:

r

(21) A{1,2,4}={YZ|ZAY =1,,R(Y) =R(A*), YEC, ZeC™™}
(22) A{1,2,3)={YZ|ZAY =1,,N(Z) =N(A*), YEC' ZeC/*™)
Finally, we give representations and weighted representations of A, and A, :
(23) A=A AA" |
(24) AL = A*(AA%,
(25) ANy, r = AmyAAT
(26) A,:,(N)’,= NT'A*(AN A% ™ |
- 27 A, =ATAA;,
(28) A, =(A*A) A* |
(29) Ao, r = ATAA
- 30 Ajowy, r = (A*MA) A™M,

where A, yis a minimum N-norm generalized inverse, A;ompyis a M-least-squa-

res generalized inverse.
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