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§ | Introduction

‘As is well known that the multivariate spline function plays an important
role in both theory and application . The paper [ 1 —[11] hove studied the
multivariate spline functions and obtained a lot of results concerning this topic.
Especially in [ 3], the existance theorem has been shown for the case of n-dim-
entional spline functions. A . Zenisek [10] and P. Alfeld [11] have established
some of results about the tetrahedron partition. In this paper. we will show a
kind of cubic C'—interpolations for any n-simplicial partition in R". Of course,
some of the subdivisions will be needed .

" § 2 The structure of cubic C'—-interpolation

Let Q, be a polyhedron in R", A, a simplicial subdivision of Q,, and j-sim
plex S/,i=0,1,n; j=1,2,+,T,. Suppose A,is a refining subdivision of N,
- formed by the following steps :
i). Take an interior point O/’in each i -simplex S/, respectively, i=2,3,
see, N j:1,2,"‘9T,' .
) ii). Let %, 8%, « S0 be the vertices of the i simplex S, we join
Of”to each Sj‘,”’respectively, Pi=2,0n; j=1,2,T, 3 k=0,1,,1.
. iii). Let 8, 8}’ (0<k<0i) be the same as ii). S/, S/}3 S/ ) =, 8}
the vertices of the (m)—simplex S"4: and O]’,be the interior point of S7),.,
We join. O‘j.” to each O], respectively , where i =3,+,ns j- 1.2, T3 m=2,
By i—1: and A= (g, i1, orryinlCli=1.2.00em} . "
iv). When two n -simplices S," and S/ have a (n-1)—dimentional common
surface S, !, the interior points O,. 0", O," " have to be collinear.

- It is obvious that the refining subdivision zn exists, in fact, we can take
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point O as the center of inscribed sphere of S, where i=1,2,+,T,. When two

n simplices S and S{” have a common surface S;" !, we set point O "'as the
intersection point of the surface S;" and the straight line 070 ", the others
point O’ may be any interior point of S{'), respectively .

For the refining subdivision Zn', we have the interpolation conditions as
follows : ‘

1). Values of position, gradient at S/, i =1,2,-,T,.

2). Let §,.(”be the mid-point of Sim, e; a unit direction vector of S,-(”- and
e,.,_the vectors sotisfying the following conditions:

(e; ve;,)=0d,,.

where 6, is kronecker symbol ,] Jok=0,1,,n-1. We give the directional deri

vatives —geL(gﬁ“), J=1,2.000,n— 15 i=1,2,,T, .
i

For any simplicial subdivision A\, of a polyhedron domain in R", we define
S¥A,. » RDY:=1{SeC*(A); the restriction of § to each n simplex
of »,is a polynomial of degree k|

We have

Theorem |. The interpolation conditions |) and 2) determine a unigue multi
variate spline function S¢S'(A,,R"), and

dimS{(A,, R = (n+ DT+ (n— DT, .

To prove Theorem 1., we need the following three Lemmas.

Lemmas |. Denote by V(X,,X,, «+, X, ;] the n-simplex with vertices X,,
X, X,y o If X eVIX,, o, X, ], then

nt+tl °
2, (X=X =0,

where (u,,u,,+.u,, ) is the barycentric coordinatesof X, .

Denote by D, ;=D  _x ,the (unnormlized) directional derivative of (X;-X,),

we have
Lemma 2. Let X,, X,, X; be the vertices of a triangle /\,,;, and P(x) a

polynomial of degree 3 satisfying the following conditions :
P(X,) = f(X,),
Diij (Xi) :Di,jf(xi)v i,j=1,2,3.

Then . .
P(x)=dupu,+ Y( 3 uD, f(X)+ (3-2u) f(X,))u}
i=1 j=1
and
XitX, 0 b, 1, 1
D, (P(—5—) =3d +—(D, . /(X)) + D, , f(X ) =D, , f(X) +3£(X)),

where i.j,k=1,2,3: i+~j+k+i: d is a real constant and the vector (u,,u,,u,)
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is the barycentric coordinates of X.
Similarly, we have
Lemma 3. Let X,, X,, X,, X, be the vertices of a tetrahedron V(X,, X,,
X,,X,J, and P(x) a polynomial of degree 3 satisfying the following conditions:
P(X)=f(X); D, PX)=D,, fX), i,j=1,2,3,4.

Then
4 o4 4
P(x)= Y (du" [u,+ (2u, s SXD) + (3= 2u) f(X) i} 3,
i=1 o J=1 ji=t
and ’
X, +X, 1 1 1
D, (P (— 5D =-d,+— (D, f(X)) +D, , f(X ) =5 (D, f(X)+3f(X,)),

where (i, j,k,/) takes all of the permutations of the four numbers 1,2,3,4; d,,
d,,d,,d, are real constants, and the vector (#, ,u,,u,,u,) isthe bary centric coor-
dinates of X .

The proof of Theorem 1. -

Without loss of generality, we will only prove the theorem in the space R’.

First, Let subdivision A; have only one tetrahedron V(X,, X,, X,, X,J,
and the refining subdivision A, be shown in Fig.l,we aim at a function SeS}(A,
R’) satisfying the conditions 1) and 2).

First of all, we consider the tetrahedron V,: =V[0,X,, X,, X,]J(See Fng ).

It is not difficult to verify that
dimS;(V,, R®) =22,
where V, is the refining subdivision of V, which is generated by A\, .

By using the condition 1) and 2) and the values of position, gradient at point
O, we can obtain a unique function §zeS'3(v2, R). ‘

Similarly, we can get the functions S,eS}(V,,R’). where V,and V; (i=1,2,
3,4) are similar to V, and V, as above state .

Define the spline function S satisfying S|V,=S,, for each i, it is obvious
that S€SJ(A,, R'). Next we will get the values of pasition, gradient o S at the
point O, such that SeS}(A,, R®).

In fact, in the process has been indicated as above, we used the directional
deriatives D, ;S (O) (1<Ci<4) othersthan the gradients, where we have supposed
O is origin .

In order to get the values of $(©) and D, S (0), we set

4 1 X, .
= o —J = ; =
E”o,iDo,iS ©) =0, ;uO,iDO,i‘S( D) ) |/~0X,X, 0, j=1,2,3,4. )

where /soxx, represents the segment OX,, D, :Dx,.- and the vector (u,,,u, ,,
0,30 Ug,q) 18 the barycentric coordinates of O.

Without loss of generality, suppose the correqpondmg values at points (X, +
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X;)/2(,j=1,2,3) appeared in the conditions 1) and 2) vanish.
According to (1) and Lemma 2, we have

4
3 4y, Dy ;S (0) = 0,
i=1
35 (0) +D, 8 (0) = 2u, (D, . f(74) + Do,f<x ),

3 p—
38(0)+Dy SO)=2 3 uy,, (D, o fli4)+— Do,f(X M) Fuy (3(X,) - DMf(X ».
i=1

Hence s
$(0) =u, af (X)) - ‘_“o Do (X + §”0,4 Z“O.iDi.Of(M),
i=1 :
Do, ;S (0) = 2uo0,4(Dy 0 f(id) +—41-Do,if(X4)) - 350,
3 —
Dy S (0) =2 3 u,,; (D, f(14) +%D0,if( 4))
o . (2)
+u0,4(3f(x4)_7D0,4f(x4))'3s (O)’
. X, +X, R
where f(i4):f('—2—“); i=1,2,3.

To prove ses;@]; R’), we only need to prove the function § belongs to c'
on the joint of arbitrary two tetrahedrons in V, (1<l <(4). Using conditions ])
and 2), for example, we have
X +X; . = X, +X

) ! ):D(),4Sq(—1-—'L) ’ ivj: 1, 2.

D0:4§3( 2

Moreover, from (1) and Lemma j., we have
D, ,S,0) =D, ,S,(0)
and X _x
Do,4s3(7’) =Do'4S4(~2—' ), {=1.2.
Thus
D,..Si roxx,~ Do '4§4|/;0x‘x,
Iv, v, S}(V,1jV,, R’). That being so S¢Si(A,, R*).

According to Lemma 3, it is easy to get _ ,

Sx) |y =(uy,D,,S(0) +u,,D, ,S(©)+u, ;Dy ;S (0)+ (3~ 2u,,)S O 4,
where vect‘or Uy, sty,5s Uy 35U,,) is the barycentric coordinates of XeV, ,

Let the barycentrc coordinates of O, in the tetrahedron V(X,,X,, X,,X,)

be the vector (ug, 0, ug, p 4o, - Similarly: we can obtain

S(02)=u202,4f(x4)_—;,—”0 D0 4f(X)+ 340, 4Zu° i ’Of(““

Do, /S (0, = 2ug (D, o f(4)++Dg_,f(X,) - 35(0,), (3)
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= Do, S (0 =2 izz;luoy,.fu—ﬁ,) + --%-Dor,.f(Xn) tug (3£(Xy) - -%—Dol_Jf(x‘,)) -3S (0,
where f(i4) are similar to (2 ); uo.2=0; D j=Dix o, andi=1,3,

. Suppose £,=8|v(0,0,, X;, X,J.

£,=8|v(0, 0,, X;, X,J,

f,=S|V(0,0,, X;, X,J.
then (f,- f,) divides by II;, where (i,/,k) takes the all of the permutations of
the three number 1,34, and II, is the plane determined by three points 0,0,
and X, (k=1,3,4). We have

DOZ,ofl :Doz,ofsz Do, /4 (4)

It means that the restriction of DO”OS to the tetrahedron V, is only a poly-

nomial of degree 2, and

-
4V
DOz.OS (X) l -»\X1XSX4 - fg:lDOz.Of(Xi)uz’i(zuz"i - 1)
+ 4(“1.1”2,31)02. uf(ﬁ) + ”2.3“2,4D02_g|f(§:1.) tu,, 1”2,4Do”(,f(TZ)
where the vector (u,,,u,,,4, ,u,,) is the baryceatric coordinates of XeV,, and
u,,=0.Denote by F (u,,,u,;,u,,) the function defined by the above equality
we have
D0:_\,S (Oy)=Flug g 5 g, s
X,+0, L 1 1
DO?OS (~——2 ) = F\Tl-- togto, 5 oy 5 Uo 1)
X,+0, L 1,1 1
DOZ.{)S (’— 2 ) = F(";)-Ilorl. ——2—‘?’—2—”02,3, 71102’4) N ( 5)
X,+0 1 1 1
= DO:,(IS( 42 ) = F( yHo, ";:'”02.3" o +_2'”01.4) .
By using Lemma 3, the systems of equations (2), (3) (5), the condition |)
' and 2), we can get the explicit expression of S. For example. the expression of
S on the tetrahedron V(O, O,, X,, X,] is
3, 3 & 3 R
) S |vioo.x.xy= ldu+ [Tu;+C Y uD,,; fid)+ 3~ 2u;) f(A)u])
EA i=g i=0 iz
where 4,=0, 4,=x,, 4,=0,, A;=x;; D, ;=D ., the vector (g Uy Uy, Uy)
is the barycentric coordinates of xeV{A4,, 4,,4,, 4;]; d, = 4D2,OS(——iT—2—) -
— A+ A
D, oS (4,) +D, (f(A4)) +2(D, S (4,) +35(4)), i=1,3; and d,= 4D3,,.f(_‘2____3_-),
Ry i= 0,2.

For general subdivision A,, using the preceding results, we have established
an interpolating function § such that S|SPeSYiS,%", R®), i=1,2,%+,T;; and SeS;

(Ngs R’). In the next place, we will prove when tetrahedrons S/*'and S * have
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a common surface S;%, the function S¢C'(S/¥US¥). Let 0¥, 0%, O{* be
collinear,dusing ( 4), the restriction both of D;,S, and DS, to S? are polyno-
mials of degree 2. It follows from conditions 1) and 2) that

1 - 1 .
I Y Dl?,iSiIsk S | T Dl?,jsj'siz) ’
where S, =S‘S,‘3’; 5,=§ 'sl((zﬁ Dz, =D(0f3’ —0?)’ f_“d Ly, =l0/-0:7].
Therefore S¢C'(S;2JS (), furthmore SeS}(A,, R’).
It is obvious that the interpolation scheme will reproduce the functions
belonging to S;(Zs, R’), especially, it will reproduce the polynomials e #, .
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