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O .Preliminaries. Let R be an associative ring with identity, and let Mod -R
denote the category of all unital right R-modules. A set of right ideal # of R
is called a Gabriel topology on R if # satisfies

Ti. If 1e# and ICJ, then Je& .

T2, If I and J belong to # , then INJeF .

T3. Ie¢# and reR, then (I:r) = {xeR:rxel}e¥ .

T4. If I is a right ideal of R and there exists Je# such that (I:r)e# for
every reJ, then I¢# . ’

The set of all essential right ideals of R forms a Gabriel topology, called the
Goldie topology on R. If E is a injective right R-module, then the set ~#3= {I:I
is right ideal of R, Homz(R/I,E) =0} is a Gabriel topology on R, and it is
called the Gabriel topology on R cogenerated by E. Specially when E =E (R),
the injective hull of R, zz,yg is called the dense topology on R.

Associated with each Gabriel topology # on R, there exists a left exact tor
sion radical (M) of Mod-R such that t(M) ={xe¢M:Anng(x)¢¥ },MecMod-R .
For MeMod-R, the quotient module My of M with respeci to # is defined as

M, = lim Homg(I,LM/t(M)), TeF .

For other terminology about localization, the reader will refer to [ 1 ].

1. Let # be a Gabriel topology on R and let ¢ be the associated torsion
radical, For each right R-module Mg, the quotient module My of M can be defi-
ned as

M, =lim Homg(I,M/t(M)) .
7 T

In a similar way, if PeMod-R and #(P) is the set of all g -dense submodules
of P, we can get an additive abelian group
Ig’, Homg (P, M) = lim

=

Pe 5 (P)
Define a pairing I; Hompg (P, M)xE; Homg (P, P)—»I; Homg (P, M ) as follows : sup-
pose xek Homg(P,M)and ae¢P, Homg(P,P) are represented by ¢. P'>M /T (M) and

Homg(P', M/t(M)).
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a:P">P/t(P); ¢ induced a homomorphism ¢&: P’ +(P)/t(P)=P’/t(P')>M /t(M);
we then define xae¢F;Homy(P,M) to be represented by the composed homomor -
phisms ,
a (P + t(P) 1 (PSP’ + 1(P) [1(P) M /t(M),
it is easy to see that xa is well defined; and the pairing is biadditive. When
P =M, this makes P, Homg(P, P) a ring (briefly we denote it by P, EndgP), and
in the general case it makes PyHomg(P, M) a right F; EndgP-module, We call
the elements in £ Homg(P, M) (I;, EndgP) partial homomorphisms (partial endo
morphisms ) from P to M (of P) with respect to. % .
Theorem 1.1. Let Py, M, be right R-modules, and let # be a Gabriel topo-
logy on R. Then there exists a additive group homomorphism
@, \: B Homg (P, M)»HomR’(I; » Myg)
such that

(i) @, , is a ring isomorphism .

(ii) The right EndRny -module HomRy(P » My) can be made into a right
EndgP-module by defining xa = x®,,(a), where eromRﬂ(I; » My), aePEndgP.
Then &, , is a B EndgP-isomorphism.

Before the proof of the theorem we need the following lemmas .

Lemma |.2. Let P'c #(P) and feHomg(P!M). If Ne g (M), then f (N)e
FP).

Lemma |.3. Let M be a #-torsionfree R-module and feHomg(P, M) . If
ker fe# (P) then f=0.

Proof. Let x¢P, then there exists an Ie¢ # such that xICker f; f(x)I=f(x1)
=0.Hence f(x)et(M)=0.

Let x¢P, then there exists an R -homomorphism x, :R->P /t(P), setting a¢R to
xa+t(P), x representes an element in F;, which will be denoted by x.

Lemma |.4. Let {f,-}jd be an arbitrary set of representatives of F :E{T},
Homg(I,P/t(P)). Then

jgjlmf,e?(P/t(P)).

Proof . Assume that P is #-torsionfree. Let xe¢P, since {f;},,be a set of

Jjel
representatives of I;, the element x can be represented by fj(x), for some j(x)
¢J; that is, x, and fj(x) coincide on some # dense right ideal I, contained in the

domain of f, , xI,CIm f, . This shows that Z;xlxg glmf,., with prl;? (P).
xe€ Jje xe

The proof of Theorem |.|]. Without loss of generality, we assume that M
is #-torsionfree. The mapping @,y can be defined as follows : Assume xePy
Hom (P, M) be represented by ¢:P’>M, with P’ # (P); then ¢ induces EP+
t(P) 't(P) »M . Define d)p,M(x)eHomR’(I}, M;), which sets a¢E, represented by
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[:I1—=P/t(P); to the element of My represented by the composed homomorphisms

f“(P’+t(P)/t(P))—f>P’+ t(P)/t(P)gM;
it is easy to check that @,,, is well defined, i .e. independent of the choices
of representing homomorphisms ¢ and f; and @, is acturally an additive group -
homomorphism. If we make Home(R,, M,;) a right B EndgP-module as done in
Theorem 1.1, then @, \ is also an B EndgP-homomorphism. We claim that ®,m
has the properties stated in Theorem 1.1, To see this, it suffices to define a
mapping
Y’,,,M=HomRi(I;, M) —>F, Homg (P, M)

such that WP.M.¢P,M:IdI; Homg (P, M), and d,P,M'WP,M:IdHOITlR!’(_I; » Mg) .

Assume eromkf(I;, M) . For each ye¢E, let y and x(y) eM, be represented
respectively by f, and g,. Without loss of generality we can assume that the
domains of f, and g, coincide. Since {f,} is a set of representatives of E;;

}”y(P]
by Lemma 1.4 we have

S Im f,=P'/t(P)eF (P/t(P)).

e

Let x’ be the R-homomorphisn

x’: > Im f,~M,
ye by

3 f(x) >3 g,(x,), x,=0 for but a finite set .

ye By yeI;
x’ is well defined. Since, if pry(x,) =0 th;n }_'_I,,y°—fy=0 in B, with X € Ry

yeh yeF,
hence 3} x(y)-x,=0; and g= Zgy(xy)L=R—>M is a representative of Y x(y)-x,,
}"’; ye P ye P

thus there exists some Le# such that g/, =0.By Lemma 1.3 we have g=0.Hence

yezl’f’(xV) = g(1) =0.Define ¥, (x) in P,Homg(P, M) to be the element represented

by the composed homomorphism
P'EP//t(P)= Im f,5M.

veh

where 7 is the canonical epimorphism. ¥, \(x) is independent of the choices of
representing homomorphism of B, It is routine to check that W, ®@pm
=1dp Hom, (P, M) 20d Pp ¥,y =1dHomg (B, M,) .

Proposition |.5 Let R be a ring and let g denote the Goldie topology on R
R. If My is a nonzero nonsingular right R-module, then R,HomgM, R)+#0.

Proof. Let 0#meM, then r(m)&E , thus there exists an nonzero right ideal
I of R such that r(m)(I= 9.1 is isomorphic to mI under the homomorpzism a-—
ma, and the nonsingularify of M gives that INZ (R) =Z (I) =0, where Z is the
Goldie torsion radical of Mod-R. By Zorn’s Lemma there exisic a submodule N
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of M such that mI(\N =0 and mIEDN< M. Define xeF, Homg(M, R) to be repre
sented by the composed homomorphism
ml+N—->mI—-I-+R/Z (R),
then x is a nonzero element in B, Homg(M,R).
Corollary {.6. Rgis a cogenerator of the Grothendieck category Mod-(R, € ).
2. In this section the right maximal quotient ring of EndgP, for a quasige-
nerator Py, is discussed.
Definition 2.]. Let # be a Gabriel topology on R, and let Pg, My be right
R -modules . We say that
P #-generates M if and only if Trace  Pe¥ (M) .
Pis a g- generat'or' if and only if P #-generates R;
P is a g-quasigeneiator if and only if P g-generates all the submodules of
P, neZ" .
If P # generates M and M ¥ -generates N, then P #-generates N. Thus a
# -generator must #-—-generates every R modules. If < f, then P#—-generates M
provided that P # -generatos M.Henee a generator is an g-generatr for every
Gabriel topology  on R. |
Example 2.2. Let R=2Z({x] and P=(2,x), the ideal of R generated by 2
and x. Then Py is a & -generator but Py is not a generator, where D is the

dense topology on R.

Lemma 2.3. Let R be a ring and Py be a right R -module. Let #} denots
the Gabriel topology on R cogenerated by the injective hull E(P) of P, If P
f:,dgenerates each of it submodules, then

(i) For each P'e # %P), Homy(P, P')= {seEndgP:s(P)CP’'}CEndgP is a -
dense right ideal of EndiP.
(ii)Conversely, if J is a dense right ideal of Endy P then
JP =AY f(p):fied, piep)e Fp(P).

Proof. (i) Let P’ f;(P), we will show that Homg(P, P) is dense in
EndgP. Let f, 0#£geEndgP; then P”:f"'(P’)eyg(P) by Lemma 1.2. Since P
f; generates P’, Trace ,,Pe FOP"C #F%P), by Lemma 1.3, we have g(Trace P

#+0s hence there exists an se Homg(P, P")CEnd g P such that g(s(P))#0, and
fs(P)Cf(P"YCPjiegs+0 and ffe Homg(P, P').

(ii) Assume J is a dense right ideal of EndgP. We will see
that J Pey‘;(P) . Suppose it is not the case, then there exisfs submodule
P’of P such that P/QJP and Homg(P’/JP, P)+0 (See Lemma vi .3.8, [ 1]). Let

.0#fe¢Homg(P’, P) be such that f(JP)= 0. Since Tracep,Peg‘}(P’), we have
f(Trace,P)# 0.Thus there exists a geHomg(P, P)CEndiP such that fg+0 (fge
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EnggP). If se(J:g), then gseJ and fgs(P) = f(gs(P))C fAP)=0,that is fgs=0;
(fg)+(J:g)=0 which contradicts the density of J .

Let Py, My be right R-modules, and let # be a Gabnel topology on R, Then

the following diagram , '
Hom g (P, M) > P, Homg(P, M) T

g \q 7‘¢P,M (%)

Homg (5, My)
commutes, where i is the canonical mapping , and ¢ is the mapping f —»f, If
M is # -torsionfree, then i is injective, and so is ¢. If we regard P Homg(P, M),
Homn,(l} » My) as canonical right End zsP-modules , then all the mappings in the
diagram above are End;P-homomorphisms.

Theorem 2.4. Let Py be a right R-module such that P is a fg—quamgenera--
tor. If My is a gi(;—torsionfree right R-module, then Homg(P, M)-+Homg « Ps,,
MW) is the localization of Homg( P, M) under the dense topology &P of EndRP'.
Spe'&ially, EndgP —»EndR”PP is the maximal right quotient ring of EndgP.

Proof . By Lemma 2.3 and Lemma 1.3, we knowthat Homg(P, M) is D~
torsionfree. Using Diagram (* ),it suffices to show that Homg(P, M)—»P HomR(P
M) is the D localization of Homgz(P, M). We will show this by two steps

(i) There exists an End g P-monomorphism ¥ :(Homg(P, M))z—fszHomR(P, M)
such that the following diagram
Homg (P, M) —i>Pf,HomR(P, M)
g Wl
(Homg (P, M),
commutes, where i, g are the canonical homomorphisms. ‘
Let xe (Homg(P, M)y be represented by ¢ :Jg p>Homg(P, M)g, with J¢ D,

Then JP¢ #,(P) by Lemma 2.3. Let n:JP—=M, Zn] s.(p) = g sp(p)s n is well
i=1 i=1
defined: for, if 3.s(p)=0 then for every f¢Homg(P, (p;, -+, p,)R) we have
i=]

n
3. sx.f=0,where r; is the i-th projection P*=P; since ¢ is an End g P -homomor -

i=1

phism and 7,f¢eEndgP we have Zg(s)(n f)=0; but Trdceu, Py PR P‘?ﬁ(p,.
i=1

Py, +, pOR), hence iZ:l;(s,.) (p;,) =0 by Lemma 1.3. Define V’Cx)ePngomR(P, M)

to be represented by 7, then ¥ is an EndgP-monomorphism. Moreover, the dia -
gram above commutes. ‘

(ii)i(Homg(P, M)) is a rational Endy P—submodule of P;,Homg(P, M). Let
x, OiyengHomR(P, M) be represented by ¢:P’-+M and »:P">M respectively.
Then Trace,,  ,.Pc F3(P'(\PYCF4(P", and n(Trace,. . ,.P)#( by Lemma 1.3,
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Hence there exists an seHomg (P, P’(\P”)e¢EndgP such that ns#0, and ¢scHomg (P,
M) . That is, xse¢i(Homg(P, M)) and ys+0. ’

With slight restriction of the terminology used in [ 7 ]J, we have the following
corollary.

Corollary 2.5.(c.f.Theorem 3.5, [31). Let Pz be a right R-module such
that P generates each submodules of P", neZ'. Let S=EndyP, H=Endy(E (P)).
Then the following statements are equivalent .

(1) H is a right selfinjective ring and is isomorphic to S, .

(2) Hgs:m(Heﬂ»MPj:) .

(3) H=E (S,).

(4) IA) =0 for every JeK (S) (Definition see [3 1) where I(J) denotes
the left annihilator of J in S.

(5) E(Pp) =Eg:(Pk) :Pﬂ

(6) For any R-submodule M of P and any R-homomorphism a:M —P there
exists a rational submodule L of P and R-homomorphism g:L -P such that MCL
and Bly=a.

(7) Anng(M) =¢ for every MeK (P).

Example. 2.6. Let D be a field and K be a proper subfield of D. Let
K D
R = oD’ then R is a right nonsingular ring. Let P=¢,R, then Py is a faith

D
ful nonsingular uniform right ideal of R with a minimal right ideal Nz[g O]’

and Homg(P, N) = 0, EndgP==e, R;=K. It is easyto see that R], =~M,(D) and B,
gel,R:m, End:m(l"” )==D; and the inclusion homomorphism (0—>K —D is the cano
nical monomorphism (0-—>EndgP—>End, (B) . This example shows that Theorem
2.4 is not true for right R-module whlmch is not a quasigenrator, even in the case
when Py is finitely generated projective .

Remark. This example also gives a negative answer to the conjecture of
Amistur (Remark 10.A, [4 D).
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