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| . Introduction, Let E,,(f)[a,bjbe the best approximation of degree n to
f(x)€Cp, 4y WilSs 8)(, ,; is the k-th modulus of smoothness of f(x) in (a,b].
In 1914, S.Bernstein [ 1] proved that lim E,{|x]),_, ,, exists.Since then, S.

Bernstein, S.Nikolskii, M. Hasson and the author worked in this direction to
find the accurate order of approximation of some classes of functions. We don’t
mention the all results here, the details can be seen, for example, in the refe-
rence [ 2 ]. One of the recent results shows that (cf.[3 ]):Let f(x)eC['iH] ,

wz(f‘k), 8)e_, n= 0@, If there exists ae ( - 1, 1)such that
imCp W fP@+h)+ f©@-h) -2 % @) >0,
h—=0+

then E(f) _  y~n"pn™),

where ¢(x) is some modulus function on [(,o0), which we shall define below.
Now we ask:If a is the endpoint of [-1,1], is there a corresponding result
for E,,(f)[_l_lj? In some applications, this is an interesting subject . In this paper,
we shall discuss the problem.
For convenience, in the following we are restricted to the interval (¢,1],

and let E,(/) = Ex(f)ey 1y wills 8)=willy 8y o I = 1S gy 1y= max 1f o),
) ! ' <x<1
A,,(x):—————————M-I—;'% , 8, =h/x(L=x) +h®.

n

@ is such a class of some functionsg (x) satisfying the following properties :
G) @(x) >0, xe (0,0), @(x).7in some interval (0,t,JC(0,1], lime(x) =09,
N X +

(ii) there is a 0, 0<o <2 for some ¢, x wilh 0<le<{go<l and (0 <x<xy<1

such that ¢ (ex) >e% (x),
Gin 62 [ 2 dar = 09 (5)) .

Define
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"8 ,(a) 2x,
F,,(f,a,dh(a),n)=_]‘* dx,J' dxz---f (% @+d,a) +x,)
2 "dua) Xy
, +f®@+64a)-x)-f% (a +d,,(a) +nx) — £ ® @ +6,(a) - nx))dxs -
2. We prove the following results.

Theorm | . Let k>0, p(x)e®, f(x)eCEoU
ﬁ

exist a¢(0,1) and 5,>0 such that
(1) 1im(35a)e (B,@NI |Fulf, a, 84 (a), no)|>0,

h—>0+

If w,(f%, 6) =0(p(8)) and there

then there is a n-th algebraic polynomial P,(x) such that

(2) Ci< U/ ) = PaGOI A )9 CACM a0 v b 4 o
<[CS ) = Pex)) AL ()0 CAL) |<Cy
- where C,, C, and M are positive constants independent of ¢ and n .

Proof . From the pointwise estimate (cf.( 4]) we can deduce that there is
a n-th algebraic polynomial P,(x) such that
If () = Pox) | <A MKW (S P, Aux)),
so that the second part of inequality (2 ) is established. Now we establish the
first part qf (2). For 2/<n<9’™ , write

P,(x) =P,(x) - P (x) + ?-?,Pz'“" =P ,(x) +Py(x),
then noticing .
IPx) = Pyi) | ACA T Iwaf 0y 4, G) + alomwa(F

A 4 <A A fxow,(f @y LX),
we have

- [PE2 () |<AL A (x)p( A, (x)) + ;l[ Az, )@ CALxN],

due to the properties (ii) and (iii) of @(x) it follows that
. (3) |p+® <x>|<A, A9 CALx)).

,,(a)

'Fk(P,.,a, ala), ”O)I = |j xlf dxz"'_[ xk.f dx’“.1 J' "'P(k.+2)(a +

5,@)
Xpu2 t O a(@Ndx | <2657 (a )llP.‘"”’II
It is not difficult to see that for small A

[WNSESTIQ E D] NN Y. ¥ (a)q:(A.(a)),
hence by (3)

cla,a+26,(a))

(4) |Fe(Poyay 6,4(@), 10)| < A5 @) A7Ha)p (Ana)) .
On the other hand, from the condition for small 4 we get
-
(5) |Fi(fsa,84(a), no)|>A446,(a)p (8,(a))

> Agbi(a)min{1,06,@) A7 (@))%} (A.@)).
Without lossing generality we assume that A,>>Ag. Set h= (Ag/ (24)) 2 %7 |
combine (4) and (5)
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'Fk(f, a, 6;,((1)9’70) *Fk(Prna’ 6/.(0)7’70)'

>A“a"<>< @))(é AN @) >4, Aa)
/"'é‘ K@) Aya) Sa)A, (a)) > 7A;,(a o (A.a)).

1
’

Notice that when A~n"
A 0O0 CAE) |0 asss@p<As An@ o An(@)),
therefore there exists a x"e¢(a, a + 2J,(a)] such that
E'f—Pn"c[a,a+26,,(a)] =7 = Pax®)],

As AL 9 (ALX")) <4, AX@)p (ALa))
CNF S,y a5 64(a)y mo) = FilPr)s ay 84(a), no) | <<Ajo|f(x*) = Po(x®)],
thus the proof is completed .
For convenient application, we raise the following
Theorem 2. Let k.>0,p(x)e®, f(x)eCF If w,(f*, 8)=0(p (6)) and there

€o,13°
exists ae((,1) for 2 *§,(a)<<t<é,(a) such that

(6) limle 3 1f % @a+6,a)+t)+ fPa+6a)-1) -2 a+d,a))| >0,
ko0t
then there is a » -th algebraic polynomial P,(x) such that
Cr JUfx) =PI A0 (AR | a ae mpan
U =P A0 AL | <C,y
1t is a corollary of Theorem |, the details of proof is omitted here.
Let P,(f, x) be the n-th polynomial of best approximationgto f(X)‘C(o.xJ'

From the proof of Theorem 1. we can assert if f(x)-P,(f, x) =0 (A x)p (A, x)))
and the condition (1) is satisfied , then the inequality (2 ) is valid.Therefore
we give the following theorem. :
Theorem 3. Let A>0,¢ (x)e®, f(x)(CéMj. Define g(x)=f(x? . If
g(x)eCEZ'il_”, wz(g(zk), 8)=0 (¢ (6%)), then
E(f)~npwm™)
It’s obvious that
E (&), y=E.).
S0
If 06) = Py fy 0L E () <Cn P wy (g™, n™H<C A W, (6%, AP (x)),
the other part of the proof can be deduced from Theorem ] or Theorem 2.
3. Application. Let g=r+a.
|x [ﬂ, if r is even,

R ae(0,1/2)U1/2,1)
x|x /7L if r is odd, /DU ’

fox) = {

applying Theorem 3, we get

E (fs)~n"?,

Again (to 1",05)
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