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Abstract Let M, , , denote the class of functions f<z)__1_+TT+__:"xT_+
- -°-+a“p_lz +ee+, regular and p-valent in the annulus ¢ |z]-"1 and satisfying
T patp + —_
L+__L(_z_2_.__2)(__.’1___l7___1_, |z|<1,n>—p
Dn P If(Z) 3 n+p
n+2p-t
h Dn+p—l :_1__ z f(Z) (n+p-1)
where f(z) zp(——————(n+p_1)!)
M, ,CM,. ., isproved. Since M, is the subclass of p-valent meromorphically
starlike functions, all functions in M, ,_, are p-valent meromorphically star-
like functions. Further the integrals of functions in M, ,_ , are considered.
. | . Introduction Let X, pe the class of functions
1 a
f(z) ___p zp—l + see +a”+P_lz"+ ses sse ( 1 )
-~ which are regular and p-valent in E- {0} where E={z:|z|<{1} and p a positive
integer. A function f in X pis said to belong to 2:, the class of p-valent mero-
morphically starlike functions, if and only if Rezf’(z)/f(z)<0, zeE. A func-
tion f in X is said to belong to E:(a), the class of p-valent meromorphically
starlike functions of order a, 0<{a<1, if and only if Rezf'(z)/f(z)< - pa, z¢E,
The Hadamard product or convolution of f, geX , is denoted by f«g. Let
n+p-1 _ 1 ___ 2PN f(2)  mep-1)
D" f(2) - *f(z) pr ——_~(n+p—1)! )
-1, n+p (n+p)(n+p+1) -
ST T at (2)
where n is any integer > —p .
- In this paper we shall show that for a function f(z) in £,, which satisfies

one of the conditions
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nt
Re(_DDT;;%—Z)<“—£%1_9 lz|<i,n>-p (3).
is p-valently starlike in 0<|z|<1. More precisely it is shown that for the classes
M, ., of functions in Z, satisfying (3) '
M CM (4)

Ladd ntp-1

holds. Since MOCE;, it follows that all members of M, , , are p-valent mero-—
: morphically'starlike functions ,Further we obtain class preserving integral operators
for functions in Mn+p—1' While obtaining these _integral operators we have been
able to extend some of the earlier results of S.K, Bajpai [ 1 J. Similar problems
were treated in (2] and [ 3]. !Techniques are similar to those in [5 ].
2 . The classes M, .
Th-orem | M, CM, L, , n>-p,.
Proof Let f(z)eM and

n+p

g(z) =;1;[2’D"+’_lf(z):lp/("+p) 5)
Differentiating (5 ) logarithmically and using the identity
z(D"*7 f(2))'= (n+ p)D""? f(2) - (n+2p)D""7 f(2) (6)
we obtain
D" f(z)
u(z =2z / Z) = —T e
)=28'(z)/8( X D" £ (2) 2) (7)
Equation (7 ) may be written as '
L(ﬂgﬂzbn+Ff(z)/D"+P'lf(z). (8)
Again taking logarithmic derivative of (8 ) and using (6 ) we obtain
DM f(z) n+p 1 n+p . zu’(z)
Df(zy P Tarpel A pril ] MTPY DA v 2pt gaayey)

In order to prove the Theorem it -suffices to’ prove that Reu (z)/p<- (n +p(-1Y(n
+p) for |z|<(1, Define a regular function w(z) in E by 7

n+p-1
o 1—(1—2—-7:,7)”’(2) _ P ntpt(nt+tp-2)w(z) (9)
u(Z)——"P 1+W(Z) - n+p 1+W(Z) . 9

clearly w(9)=0. From (9) we have

zu'(z)

n+
u(z)+2p

p” (u(z) +2p) +

—-(n+p+ 1)+

n+p+(n+ p+2)w(z) 2zw’(z)

= —(n+p+1)+ T+ w(z) (n+p+ (n+ p+ 2)w(2)) (1 +w(z))

We claim that |w(z)|<1 in |z|<], for otherwise by Jack’s lemma'‘] there
exists z,, |z,|<1 such that
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s zow'(zy) =kw(z,) where k>1,

Then
n+p+l '
Re D,,+ f(‘zo‘)A_2+ nrp
D" f(zy) " ntp+i
=Re—01 . n+p z,4'(2y)
Re ntprl | (n+p+1)+ 7 (u(zo)"'ZP)‘f”m
2kw(z,)
=Re 1 { ° 1 >0 .

n+ p+1 (1+w(z))(n+p+(n+p+2)w(zy)) i> 2n+ p+ 1)z '
which contradicts the fact that f(z)eM,, .
Hence |w(z)|-" 1 in [z]|~ 1 and the result follows . ‘
-Theorem 2 Let p be a positive integer and n any integer greater than —p.

If f(z)eM_ _ and c- p+1>>0 then

p-1
alc—-p+ 1) 1

C—p+2 zp.l

F(z)=-S"211 (e pieydr=L o
z 0 2",

.

a(c-p+1) 1 _ & c-p+1l 1
c-p+3 P ’ —j};oC_P*'l"'j 2P f(z)
also belongs to M,
Proof Let f(z)eM, . , . and
1 pryn+p-l p/(n+ p)
g(z) =—(z"D F(z)] (10)
V4
In order to prove the Theorem it suffices to prove that
' _ PN it
Reu(z) =Re(zg'(z)/g(z))< - p n+ p
. Define a regular function w(z) in |z|- 1 by
u(z)=p(D"?F(z);D" """ F(z)-2)
_ n+.p-1 1 1—w(z) _ n+p+(n+ p-2)w(z)
TS n+p n+p 1+w(z))— p (n+p)(1+w(z)) (D
Clearly w(0)=0. Since f(z)eM,, , , we have
Re (D" f(z)/D"""™ f(z) - 2) < -T2 LL (12)
From the defination of F(z) we have the following identities :
(D" F(2))'= (n+ p)D"PF(z) - (n+2p)D"? " F(z) (13)
and
Z(D"P'F(zDE(c-p+ D" flz) - (c+ ND"PF(z) . (14)
. Using the relations (13) and (14) the condition (12) may be written as
n-p-l - n'p -y _ —
Re ! (n+ p+ 1D Fz) D" "Fiz) - (n+2p-0¢) gl - ntp-1 (15)

: R — !
l‘n-fp)-(n+2p--("1)D""'F(z)/D PF(z) n+p
we have to prove that (15) implies
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" p () - gy - AP L
Re(D""F (2) /D" F (2) - ) < - =22

Differentiating (11) logarithmically and using the identity (13) we obtain

(n+ p+ 1)D"?"F(z)/D""F (z) - (n+ 2p-¢c) _ )
(n+p) - (n+2P—c- 1)D"?" ' F(z)/D"?F(z) (16)

el L Lmw(a) 2zw'(2)
n+p n+p 1+w(z) (n+p)(1+w(@Z))(c—-p+ 1+ (c—p+3w(z)) °

we claim that |w(z)|<1. For otherwise by Jack’s lemma'*" there exists z,, |z,|

<1 such that
zaw'(zy) =kw(zy), k>1 (17)

combining (16) and (17) we obtain

(n+ p+ 1)D"?"'F(z,) /D"'?F (z,) — (n+ 2p- c)

(n+p) - (n+2p-c-1)D"?F(z,)/D"?F (z,)

2kw (z,)
(n+p(1+w(zy))(c-p+1+(c—-p+3)w(zy))

SPELL Julb N | 1—w(z¢)+

= n+p n+p 1+wlizy)
. . n+p-1
Thus the real part of left side of the above equality >‘—_‘—+ —+ .
. n+p :
1 "*P-1 which contradicts (12). Hence |w(z)|<{ and

2(n+ p)(c—p+2) > - n+p

from (11) it follows that F(z)eM,, , , .
Putting n=0, ¢c= p=1 in to the statement of Theorem 2 the following result

of S.K. Bajpai [1] is obtained.
Corollary | If f(z)eX" then F(z) =—12-foztf(t)dt also belongs to X* .
z

Theorem 3 Let p be a positive integer and n be any inter >-p. If

n+p a+p -1 _ 1"2(”+P-1)(C-P+ 2) B
Re (D" f(2) /D" f(z) - ) <AZZUL B2 VLB 1y 10y

and c— p+1>0, then F(z)=—S_£*1 oztcf(t)dt belongs to M,,, .
z

Proof is similar to that of Theorem 2.
Putting n=0, p=c=1 into the statement of Theorem 3 we obtain

Corollary 2 If Rezf’(z)/f(z)<1/4 for |z|<1 and F('z)=-z—15'foztf(t)dt,

then F (z)ez"

Corollary 2 is an extension of corollary 1.
Theorem 4 If n> - p and f(z)eM,, , , then the function F(z) defined by

P =23 [ pas
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- belongs to M,,, .
. Proof From the definition of F(z) we have
D™ f(z) =D"*F (z)
and

(n+ p)D"*f(z) = (n+ p+ 1)D"""'F (2) - D"?F (z) .
From these relations and the fact that fz)eM,, , |, we get

(n+ p+ DD"?F (2) - D"F (z) _

Re
¢ (n+ p)D""’F (z) 2

B D"**f(z) n+p-1

= Re(—Dn;:if—(z'T— )< T
from which it follows that

D""?'F (z) n+p
= R @y P " mr e T
Thus F(z)eM,,, .
References

[1] S.K. Bajpai, Rev. Roumaine Math. Pures Appl . 22(1977), 295—297.
[2] M.D. Ganigi and B. A, Uralegaddi, New Criteria for meromorphic univalent functions ,
(Submitted )
[31R.M. Goel and N.S. Sohi, Proc. Amer, Math, Soc. 78(1980), 353—357 .
. f411.8,Jack, J.London Math, Soc, (2) 3(1971), 469—474.
[5] St. Ruscheweyh, Proc. Amer. Math, Soc. 49(1975), 109—115.

My &
(from 402)
condition in a neighborhood of x*,.
IH - H*| <K |x-x*|, yHed’ f(x), H" =3"f(x*),
then the algorithm given above possesses the convergency of order 2.
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